¢

Light Propagation
in Gain Media

Oprical Amplifiers

MALIN FREMARATNE
GOVIND I AGRAWAL

www.cambridge.org/9780521493482



This page intentionally left blank



LIGHT PROPAGATION IN GAIN MEDIA

Over the past two decades, optical amplifiers have become of key importance
in modern communications. In addition to this, the technology has applications
in cutting-edge research such as biophotonics and lab-on-a-chip devices. This
book provides a comprehensive treatment of the fundamental concepts, theory,
and analytical techniques behind modern optical amplifier technology.

The book covers all major optical amplification schemes in conventional materi-
als, including the Raman and parametric gain processes. The final chapter is devoted
to optical gain in metamaterials, a topic that has been attracting considerable atten-
tion in recent years. The authors emphasize analytical insights to give a deeper,
more intuitive understanding of various amplification schemes. The book assumes
background knowledge of electrical engineering or applied physics, including expo-
sure to electrodynamics and wave motion, and is ideal for graduate students and
researchers in physics, optics, bio-optics, and communications.

MALIN PREMARATNE is Research Director and Associate Professor in the
Advanced Computing and Simulation Laboratory, Department of Electrical and
Computer Systems Engineering, Monash University, Clayton, Australia. He guides
the research program in theory, modeling, and simulation of light propagation in
guided and scattering media.

GOVIND P. AGRAWAL is Professor of Optics and Physics in the Institute of
Optics, University of Rochester, USA. His current research interests include optical
communications, nonlinear optics, and laser physics.






LIGHT PROPAGATION IN GAIN
MEDIA

Optical Amplifiers

MALIN PREMARATNE

Monash University
Australia

GOVIND P. AGRAWAL

The Institute of Optics
University of Rochester
USA

5% CAMBRIDGE
;2; UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore,
Sdo Paulo, Delhi, Dubai, Tokyo, Mexico City

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521493482

© M. Premaratne and G. P. Agrawal 2011
This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.
First published 2011
Printed in the United Kingdom at the University Press, Cambridge
A catalogue record for this publication is available from the British Library
ISBN 978-0-521-49348-2 Hardback
Cambridge University Press has no responsibility for the persistence or
accuracy of URLSs for external or third-party internet websites referred to in

this publication, and does not guarantee that any content on such websites is,
or will remain, accurate or appropriate.



For Anne, Sipra, Caroline, and Claire
—Govind P. Agrawal

For Erosha, Gehan, and Sayumi
—Malin Premaratne






Contents

Preface

1

Introduction

1.1 Maxwell’s equations

1.2 Permittivity of isotropic materials

1.3 Dispersion relations

1.4 Causality and its implications

1.5 Simple solutions of Maxwell’s equations
References

Light propagation through dispersive dielectric slabs
2.1 State of polarization of optical waves

2.2 Impedance and refractive index

2.3 Fresnel equations

2.4 Propagation of optical pulses

2.5 Finite-difference time-domain (FDTD) method
2.6 Phase and group velocities

2.7 Pulse propagation through a dielectric slab
References

Interaction of light with generic active media

3.1 Reflection of light from a gain medium

3.2 Surface-plasmon polaritons

3.3 Gain-assisted management of group velocity
3.4 Gain-assisted dispersion control

References

Optical Bloch equations
4.1 The bra and ket vectors

56
60

64
69
75
79
85

88
89

vii



viii Contents

4.2 Density operator 91
4.3 Density-matrix equations for two-level atoms 93
4.4  Optical Bloch equations 101
4.5 Maxwell-Bloch equations 104
4.6 Numerical integration of Maxwell-Bloch equations 107
References 111
5 Fiber amplifiers 113
5.1 Erbium-doped fiber amplifiers 114
5.2 Amplifier gain and its bandwidth 116
5.3 Rate equations for EDFAs 119
5.4 Amplification under CW conditions 122
5.5 Amplification of picosecond pulses 124
5.6 Autosolitons and similaritons 131
5.7 Amplification of femtosecond pulses 138
References 140
6 Semiconductor optical amplifiers 143
6.1 Material aspects of SOAs 144
6.2 Carrier density and optical gain 147
6.3 Picosecond pulse amplification 151
6.4 Femtosecond pulse amplification 164
References 171
7 Raman amplifiers 173
7.1 Raman effect 174
7.2 Raman gain spectrum of optical fibers 177
7.3 Fiber Raman amplifiers 183
7.4  Silicon Raman amplifiers 188
References 205
8 Optical parametric amplifiers 208
8.1 Physics behind parametric amplification 208
8.2 Phase-matching condition 211
8.3 Four-wave mixing in optical fibers 212
8.4 Three-wave mixing in birefringent crystals 224
8.5 Phase matching in birefringent fibers 229
References 235
9 Gain in optical metamaterials 237
9.1 Classification of metamaterials 238

9.2 Schemes for loss compensation in metamaterials 241



Contents

9.3 Amplification through three-wave mixing
9.4 Resonant four-wave mixing using dopants
9.5 Backward self-induced transparency
References

Index

ix

246
250
255
262

265






Preface

Everything should be made as simple as possible, but not simpler.
—Albert Einstein

An optical fiber amplifier is a key component for enabling efficient transmission of
wavelength-division multiplexed (WDM) signals over long distances. Even though
many alternative technologies were available, erbium-doped fiber amplifiers won
the race during the early 1990s and became a standard component for long-haul opti-
cal telecommunications systems. However, owing to the recent success in producing
low-cost, high-power, semiconductor lasers operating near 1450 nm, the Raman
amplifier technology has also gained prominence in the deployment of modern light-
wave systems. Moreover, because of the push for integrated optoelectronic circuits,
semiconductor optical amplifiers, rare-earth-doped planar waveguide amplifiers,
and silicon optical amplifiers are also gaining much interest these days.

Interestingly, even though completely unrelated to the conventional optical
communications technology, optical amplifiers are also finding applications in
biomedical technology either as power boosters or signal-processing elements.
Light is increasingly used as a tool for stretching, rotating, moving, or imaging
cells in biological media. The so-called lab-on-chip devices are likely to integrate
elements that are both acoustically and optically active, or use optical excitation for
sensing and calibrating tasks. Most importantly, these new chips will have optical
elements that can be broadly used for processing different forms of signals.

There are many excellent books that cover selective aspects of active optical
devices including optical amplifiers. This book is not intended to replace these
books but to complement them. The book grew out of the realization that there is a
need for coherent presentation of the theory behind various optical amplifiers from
a common conceptual standpoint, while highlighting the capabilities of established
methods and the limitations of current approaches.

Xi
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Most of the existing literature on amplifiers covers the advances in amplifier tech-
nology related to their fabrication and operation. While it is important to be aware
of these developments, this awareness is being achieved at the cost of skipping the
fundamentals and the material related to the important physical concepts and under-
lying mathematical representation. We try to bridge this gap by providing a theoreti-
cal framework within which the amplifier theory and device concepts are presented.
Our objective is to provide a comprehensive account of light propagation in active
media and employ it for describing the signal amplification in different optical
amplifier structures. Whenever possible, we obtain approximate analytical results
to estimate the operational characteristics of amplifiers, thus enabling the reader
to build a detailed intuitive picture about the device operation. We provide suffi-
cient details for numerical implementation of the key algorithms, but we emphasize
throughout this text the value and utility of having approximate solutions of different
amplification processes. Such an approach not only provides a thorough understand-
ing of the underlying key process of light interaction with matter but also enables
one to build a mental picture of the overall operation of the device, without being
cluttered with details. However, we have intentionally not included the analysis of
noise in amplifiers because a rigorous treatment of noise processes requires sophis-
ticated mathematical machinery beyond the scope of this book. Interested readers
may find a thorough discussion of amplifier noise in the book by E. Desurvire,
Erbium-Doped Fiber Amplifiers: Principles and Applications (Wiley, 1994).

Our presentation style is multi-folded in the sense that we use different descrip-
tions of light, as rays, scalar waves, or vector electromagnetic waves, depending
on the sophistication needed to carry out the intended analysis. Our intention is to
equip the reader with such sophistication and understanding that he or she gradually
develops adequate insight to use a combination of these different descriptions of
light to describe the operation of modern optical amplifiers. More specifically, we
show that the optical gain of an amplifying medium either can be derived from the
first principles using the material susceptibility based on a quantum-mechanical
approach or it can be deduced from empirical phenomenological models based on
experimental observations. Most importantly, our approach is not to pick a specific
model but to show diverse models and techniques to the reader so that reader can
make the best possible choice of the method based on the circumstances and the
domain of applicability.

In this book, state-of-the-art methods and algorithms suitable for understanding
the underlying governing principles and analyzing optical amplifiers are presented
in a manner suited to graduate research students and professionals alike. The mate-
rial in this book may be suitable for scientists and engineers working in the fields
of telecommunications, biophotonics, metamaterials, etc., and for those interested
in learning and advancing the technology behind modern optical amplifiers. This
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book is also suitable for individuals opting for self-study as a way for continuing
professional development and for professional consultants evaluating technology
for industry and government agencies. The readers are assumed to have background
in electrical engineering or applied modern physics, including some exposure to
electrodynamics and wave motion. Knowledge of quantum mechanics, high-level
programming languages such as C++ or Matlab, and numerical software methods
is helpful but not essential. We recognize the importance of computer modeling
in understanding, analyzing, and designing optical amplifiers. By emphasizing the
mathematical and computational issues and illustrating various concepts and tech-
niques with representative examples of modern optical amplifiers, we try to make
this book appeal to a wider audience. While any programming language in conjunc-
tion with a suitable visualization tool could, in principle, be employed, we feel that
reader is best served by learning C++ or a Matlab-type high-level programming
language for numerical work associated with this book. We occasionally describe
algorithms in this text, but we attempt to avoid programming-specific details.

Our intent has been to provide a self-contained account of the modern theory of
optical amplifiers, without dwelling too much on the specific details of each ampli-
fier technology. The book should, therefore, not be considered as a compendium
that encompasses applications and design optimizations applicable to a specific
amplifying system. Brief derivations of many basic concepts are included to make
this book self-contained, to refresh memory of readers who had some prior expo-
sure, or to assist the readers with little or no prior exposure to similar material.
The order of the presentation and the level of rigor have been chosen to make the
concepts clear and suitable for computer implementation while avoid unnecessary
mathematical formalism or abstraction. The mathematical derivations are presented
with intermediate steps shown in as much detail as is reasonably possible, without
cluttering the presentation or understanding. Recognizing the different degrees of
mathematical sophistication of the intended readership, we have provided exten-
sive references to widely available literature and web links to related numerical
concepts at the book’s website, www.malinp.com.

Malin Premaratne
Govind P. Agrawal
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Introduction

In this introductory chapter we focus on the interaction of optical fields with matter
because it forms the basis of signal amplification in all optical amplifiers. Accord-
ing to our present understanding, optical fields are made of photons with properties
precisely described by the laws of quantum field theory [1]. One consequence of
this wave—particle duality is that optical fields can be described, in certain cases, as
electromagnetic waves using Maxwell’s equations and, in other cases, as a stream
of massless particles (photons) such that each photon contains an energy #v, where
h is the Planck constant and v is the frequency of the optical field. In the case
of monochromatic light, it is easy to relate the number of photons contained in
an electromagnetic field to its associated energy density. However, this becomes
difficult for optical fields that have broad spectral features, unless full statistical
features of the signal are known [2]. Fortunately, in most cases that we deal with,
such a detailed knowledge of photon statistics is not necessary or even required
[3,4]. Both the linear and the nonlinear optical studies carried out during the last
century have shown us convincingly that a theoretical understanding of experimen-
tal observations can be gained just by using wave features of the optical fields if
they are intense enough to contain more than a few photons [5]. It is this semiclas-
sical approach that we adopt in this book. In cases where such a description is not
adequate, one could supplement the wave picture with a quantum description.

In Section 1.1 we introduce Maxwell’s equations and the Fourier-transform rela-
tions in the temporal and spatial domains used to simplify them. This section also
establishes the notation used throughout this book. In Section 1.2 we look at widely
used dielectric functions describing dispersive optical response of materials. After
discussing dispersion relations in Section 1.3, we show in Section 1.4 that they can-
not have an arbitrary form because of the constrained imposed by the causality and
enforced by the Kramers—Kronig relations. Section 1.5 considers the propagation
of plane waves in a dispersive medium because plane waves play a central role in
analyzing various amplification schemes.
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1.1 Maxwell’s equations

In this section we begin with the time-domain Maxwell’s equations and introduce
their frequency-domain and momentum-domain forms using the Fourier trans-
forms. These forms are then used to classify different optical materials through
the constitutive relations.

1.1.1 Maxwell’s equations in the time domain

In a semiclassical approach, Maxwell’s equations provide the fundamental basis
for the propagation of optical fields through any optical medium [6, 7]. These four
equations can be written in an integral form. Two of them relate the electric field
vector E and electric flux-density vector D with the magnetic field vector H and
the magnetic flux-density vector B using the line and surface integrals calculated
over a closed contour / surrounding a surface S; shown in Figure 1.1:

d
Faraday’s law of induction: fE(r, t)-dl = I B(r,t)-dS, (1.1a)
1 S

d
Ampere’s circuital law: fH(r, t)-dl = o D(r,t)-dS+1(), (1.1b)
l N

where [ (t) is the total current flowing across the surface S;. The pairs E, D and
H . B are not independent even in vacuum and are related to each other by

surface normal

A

contour /

gds

dl

\\

direction of traversal

Figure 1.1 Closed contour used for calculating the line and surface integrals
appearing in Maxwell’s equations.
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Surface Normal

Volume V

Closed Sytface Sy,

i

Figure 1.2 Fixed volume used for calculating the surface and volume integrals
appearing in Maxwell’s equations.

D = &E, (1.2a)

where 110 is the permeability and ¢ is the permittivity in free space.

The other two of Maxwell’s equations relate the electric field vector E with
the magnetic flux-density vector B using surface integrals calculated over a fixed
volume V, bounded by a closed surface Sy as shown in Figure 1.2. Their explicit
form is

Gauss’s law: % D(r,t)-dS =q(1), (1.3a)
Sy

Gauss’s law for magnetism: f B(r,t)-dS =0, (1.3b)
Sy

where ¢(¢) is the total electric charge contained in the volume V.

In a continuous optical medium, the four integral equations can be recast in an
equivalent differential form useful for theoretical analysis and numerical com-
putations [6, 7]. Application of the Stokes theorem' to Eqs. (1.1) provides us
with

I A continuous vector field F defined on a surface S with a boundary / satisfies ; F - dI = |, s VX F-dS.
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0B(r,t)
Curl equation for electric field: V x E(r,t) = B (1.4a)
oD(r, 1)
Curl equation for magnetic field: V x H(r,t) = v + J(@r,t), (1.4b)

where J(r, t) is the electric current density. Similarly, application of the divergence
theorem” to Eqs. (1.3) provides us with

Divergence equation for electric field: V - D(r,t) = p(r,1), (1.5a)

Divergence equation for magnetic field: V - B(r,t) =0, (1.5b)

where p(r, t) is the local charge density.

The current density J(r, t) and the charge density p(r, t) are related to each
other through Maxwell’s equations. This relationship can be established by taking
the divergence of Eq. (1.4b) and noting the operator identity V - (V x F) = 0 for
any vector field F. The result is

dp(r, 1) —0

V.J(r,t
r.0+—

(1.6)

This equation is called the charge-continuity equation because it shows that the
charge moving out of a differential volume is equal to the rate at which the charge
density decreases within that volume. In other words, the continuity equation rep-
resents mathematically the principle of charge conservation at each point of space
where the electromagnetic field is continuous.

1.1.2 Maxwell’s equations in the frequency domain

The differential form of Maxwell’s equations can be put into an equivalent format
by mapping time variables to the frequency domain [8]. This is done by introducing
the Fourier-transform operator .%; {} (w) as

YOt w,..) 2 F (Y., 1,.. )} (@)

00 (L.7)
:/ Y(..,t,..)exp(+jot)dt,

—00

where j = /(—1) and w is the associated frequency-domain variable correspond-
ing to time ¢; w can assume any value on the real axis (i.e., —00 < w < +00). Even
though all quantities in the physical world correspond to real variables, their Fourier

2 A vector field F defined on a volume V with a boundary surface S satisfies fv V-FdV = [, sF-ds.
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transforms can result in complex numbers. Nonetheless, for physical and mathe-
matical reasons, the Fourier representation can provide a much simpler description
of an underlying problem in certain cases.

We consistently use the notation that a tilde over a time-domain variable Y
represents its Fourier transform when the Fourier integral is done with the plus sign
in the exponential exp(4jwt). The Fourier operator shows this sign convention
by displaying a plus sign just after its integration variable ¢. It is important to note
that by adopting this notation, we also explicitly indicate that the Fourier transform
takes the real variable ¢ to its Fourier-space variable w.

A very useful feature of the Fourier transform is that a function can be readily
inverted back to its original temporal form using the inverse Fourier-transform
operator .7 i {} (1), defined as

Y(oont, )220V 0,0} (0

1 o | (18)
= W/_OOY(...,Q),...)exp(—jwt)da),
where dim(w) is the dimension of the variable w. Because t — w is a one-
dimensional mapping, we have dim(w) = 1 in this instance, but it can assume
other positive integer values. For example, the dimension of the Fourier mapping
is 3 when we later use spatial Fourier transforms.

To convert Maxwell’s equations to the Fourier-transform domain, we need to
map the partial differentials in Maxwell’s equations to the frequency domain. This
can be done by differentiating Eq. (1.8) with respect to ¢ to get

oY (...,t,...) 1 > | ~ .
R N S A — —joY(...,o,...)exp(—jot)dw. (1.9)
ot 27 J_ o

This equation shows that we can establish the operator identity

W =7, [—joY (.. o,..)}0), (1.10)

resulting in the mapping % — — jo from time to frequency domain.
We apply the operator relation (1.10) to the time-domain Maxwell’s equations in
Egs. (1.4) and (1.5) to obtain the following frequency-domain Maxwell’s equations:
V x E(r,w) = joB(r, w),
V- D(r,w) = p(r, w),
V x I~1(r, w) = —ja)b(r, w) + f(r, w),
V. E(r, w) = 0.

(1.11)
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1.1.3 Maxwell’s equations in the momentum domain

Further simplification of Maxwell’s equations is possible by mapping the spa-
tial variable r to its equivalent Fourier-domain variable k (also called the
momentum domain or the k space). For physical reasons discussed later,
the Fourier transform in the spatial domain is defined with a minus sign in the
exponential, i.e.,

Y. k,..) & Fpr_{Y(..,r,..)} (k)

00 (1.12)
=/ Y(..,r,..)exp(—jk-r)dr.
—00

The Fourier operator shows this sign convention clearly by displaying a minus sign
just after its integration variable r. The hat symbol over a field variable Y represents
its spatial-domain Fourier transform.

We should point out that a second choice exists for the signs used in the temporal
(t — w) and spatial (r — k) Fourier transforms. The sign convention that we have
adopted is often used in physics textbooks. Using Maxwell’s equations with this
sign convention, one can show that a plane wave of the form exp(jk - r — jwt)
moves radially outward from a point source for positive values of r and ¢ [9]. The
opposite sign convention, where the temporal variable in Eq. (1.7) carries a negative
sign, is widely used in electrical engineering literature.

Similarly to the time-domain Fourier transform, a spatial-domain Fourier
transform can be inverted with the following formula:

Y(oour,. )27 Y0 k) )

1 0 (1.13)
= Y(...,k,..)ex ik -r)dk,
—— / R exp(tjk - 1)
where dim (k) = 3 because the mapping is done in three-dimensional space. Using
a relation similar to that appearing in Eq. (1.10), we can establish the mapping
V — jk from the spatial domain to the k space [10]. Applying this mapping to
the differential form of Maxwell’s equations (1.4) and (1.5) leads to the k-space
version of Maxwell’s equations:

L 9Bk, 1) ~
jkx Bk, 1) = ==, jk-D(k, 1) = p(k, 1),

jkxﬁ(k,t)_w+](k 1, jk-Bk,t) =0.

(1.14)

Further simplification occurs if we combine the temporal and spatial mappings
to form a w ® k representation of Maxwell’s equations. To achieve this, we define
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a function that takes us from ¢ ® r space to w ® k space (with a hat over the
tilde):

Y(.. ok, .o,0,..) 2 T Y., ) (K o)

F
o0
=/ Y(..,r,...,t,..)exp(jk-r — jot)drdt.
(1.15)

Application of this Fourier transform to Maxwell’s equations in Eqs. (1.4) and (1.5)
gives us their following simple algebraic form:

k x Bk, w) = 0Bk, »), k
jk x Hk, ) = —joDk, ) +Jk, o), k-

_These vectorial relatlonshlps show that, in a linear isotropic medium, the triplets
(E B k) and (D , k) form two right-handed coordinate systems shown in
Figure 1.3, irrespective of material parameters. However, such a general relation-
ship does not exists for the triplets (l~€ , H , k) and (IN), E, k). We shall see later
that the signs of the permittivity and permeability associated with a medium play
an important role in establishing functional relationships between the four field
variables.

The preceding Maxwell’s equations need to be modified when they are applied
to physical materials because of charge movement (conductance), induced polar-
ization, and induced magnetization within the medium. Charge movement in a
material occurs because the electric and magnetic fields exert force on charges.
Induced polarization within a material medium is a result of the rearrangement of
the bound electrons, and it is responsible for the appearance of additional charge
density known as the bound charge density. If these bound charges oscillate as
a result of an externally applied electromagnetic field, electric dipoles induce a
polarization current within the medium. In addition to the electric dipoles, a mag-
netization current can also be generated if magnetic dipoles are present in a medium.

B

2)

P
~

Figure 1.3 An illustration of the orthogonality of the triplets (l~§ , B, k) and (T) H. k).
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Table 1.1. Constitutive relations for several types of optical media

= uoH + poX,, - H 7,411 3 x 3 matrix
Bi-isotropic =¢E+E&H e, & constant, scalars

= ;E‘ + Mﬁ g, u: constant, scalars

Medium type Functional dependence Description
Simple § = SE'; g: constant, scalar
B=uH J:  constant, scalar
Dispersive i) = ?(k, a))EA ?(k, w): complex function
B =uk, o)H i (k, w): complex function
Anisotropic § = 802};+ 8076 . EA ?e: 3 x 3 matrix
B
D
B

All of these phenomena are incorporated within Maxwell’s equations through the
so-called constitutive relations among the four field vectors.

1.1.4 Constitutive relations for different optical media

The most general linear relationship among E, D, H, and B occurs in a
bi-anisotropic medium, and it can be written as

Dk, w) =3k ) - Bk, ) +Ek, ) - H(k, o), (1.17a)
Bk, w) = ek, ) - Bk, 0) + ik, ) - H(k, o), (1.17b)

where ?(k, w), E(k, ), Z(k, w), and ﬁ(k, w) are in the form of 3 x 3 matrices.
However, some of those matrices are identically zero or have scalar values depend-
ing on the nature of material medium. The constitutive relations for several classes
of optical media are classified in Table 1.1, based on the dependence of the four
parameters on w and k. A medium is called frequency dispersive if these parameters
depend explicitly on w. Similarly, a medium is called spatially dispersive if they
depend explicitly on k.

Frequency dispersion is an inherent feature of any optical medium because no
real medium can respond to an electromagnetic field instantaneously. It is possible
to show that the frequency dependence of the permittivity of a medium is funda-
mentally related to the causality of the response of that medium that leads naturally
to the Kramers—Kronig relations [11, 12] discussed later. Using these relations one
can also show that a frequency-dispersive medium is naturally lossy. Since the com-
monly used assumption of a lossless dispersive medium is not generally valid, the
notion of an optically thick, lossless medium needs to be handled very cautiously.
In certain cases, we may consider the frequency dependence of the refractive index
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but neglect such dependence for the absorption. Generally, these kinds of assump-
tions lead to the prediction of noncausal behavior (e.g., a signal traveling faster
than the of speed of light in vacuum). However, if the frequency dependence of the
refractive index is considered only over a finite frequency range, absorption can be
neglected over that range without violating causality [13].

We do not consider spatial dispersion in this text because optical wavelengths
are much longer than atomic dimensions and inter-atomic spacing. It is interesting
to note that spatial dispersion is implicitly related to the magneto-electric response
of a medium. In a magneto-electric medium, the presence of electric fields causes
the medium to become magnetized, and the presence of magnetic fields makes the
medium polarized. It is evident from Eq. (1.16) that the magnetic field is completely
determined by the transverse part of the electric field in the w ® k space. Thus, it
is not possible, in principle, to separate the roles of electric and magnetic fields.

Most physical media are neither linear nor isotropic in the sense that their prop-
erties depend on both the strength of the local electric field and its direction. Also,
there exist optically active media that can rotate the state of polarization of the
electric field either clockwise (dextrorotation) or counterclockwise (levorotation).
Although we consider the nonlinear nature of an optical medium whenever rel-
evant, unless otherwise stated explicitly we do not cover this type of optically
active medium in this text. Furthermore, unless explicitly stated, we assume that
the medium is nonmagnetic. In such a medium, the parameters &£ and ¢ in Egs. (1.1)
vanish and the magnetic permeability can be replaced with its vacuum value .
With these simplifications, we only need to know the permittivity € to study wave
propagation in a nonmagnetic medium. It is common to introduce the susceptibility
x of the medium by the relation ¢ = go(1 + x).

1.2 Permittivity of isotropic materials

In this section we focus on an isotropic, homogeneous medium and ignore the
dependence of the permittivity & on the propagation vector k. In the frequency
domain, this dielectric function is complex because, as mentioned earlier, it must
have a nonzero imaginary part to allow for absorption at certain frequencies that
correspond to medium resonances. As we show later, the real and imaginary parts
of the dielectric function are related to each other through the Kramers—Kronig
relations [11].

1.2.1 Debye-type permittivity and its extensions

In some cases one can model an optical medium as a collection of noninter-
acting dipoles, each of which responds to the optical field independently. The
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electromagnetic response of such a medium is given by the Debye dielectric
function [14],

- |: Ag, :|
8Debye(a)) =& |0t T |- (1.18)
I - jot,

where €4, is the dielectric constant of the medium in the high-frequency limit and
Ag), = &5 — & 18 the change in relative permittivity from its static value &5 owing
to the relaxation time 7, associated with the medium. The parameter &, represents
the deformational electric polarization of positive and negative charge separation
due to the presence of an external electric field [15]. The ratio &/gg is sometimes
referred to as the relative permittivity of the medium.

The permittivity epepye () of the medium in the time domain is obtained by taking
the inverse Fourier transform of Eq. (1.18). If we introduce the susceptibility as
defined earlier, its time dependence for the Debye dielectric function is exponential
and is given by

2% exp (-é) ift > 0,

XDebye(t) = { fr (1.19)
0

otherwise.

This equation shows the case of a medium with only one relaxation time. The
Debye dielectric function in Eq. (1.18) can be extended readily to a medium with
N relaxation times by using

N
~ Ag
8Debye(a)) = & |:8oo + Z l—m:| . (1.20)
— joty,
m=1
To account for the asymmetry and broadness of some experimentally observed
dielectric functions, a variant of Eq. (1.18) was suggested in Ref. [16]. This variant,
known as epgn (w), introduces empirically two parameters, o and B:

Fomn (@) = ¢ [s + Acp ] (1.21)
DHN =<0 o0 [1+(—]a)‘[p)°‘]:3 . .

The value of « is adjusted to match the observed asymmetry in the shape of the
permittivity spectrum and S is used to control the broadness of the response. When
o = 1, this model is known as the Cole—Davidson model [17] and has the form

Agp

S Ty —jm,,)ﬂ} ., 0<p<l. (1.22)

gcp(w) = €0 [800
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It is interesting to note that the Cole—Davidson form can be seen as a continuous
superposition of multiple Debye responses by replacing the sum in Eq. (1.20) with
an integral:

- ® Geplt
SCD(w):go[goo+A8p/ Gen@)

- dr], 0<pB =<1, (1.23)
—oo I = jotp

where the weighting function has the specific form

; B
sin(mr ) .
Gep(r) = ™ (fpr—f> if —oo<7 <1,

0 otherwise.

(1.24)

The average relaxation time for the Cole-Davidson model is given by 7.

1.2.2 Lorentz dielectric function

The classical Lorentz model of dielectric materials is of fundamental importance
in optics because it has the ability to describe quite accurately many observed dis-
persion phenomena such as normal and anomalous types of dispersion [5]. It can
also accurately describe the frequency-dependent polarization induced by bound
charges. In practice, it provides a simple way to model materials with optical prop-
erties dominated by one or more resonance frequencies associated with a specific
medium.
The Lorentz dielectric function [14] has the following form:

- Aepwf,
ELorentz(®) = &0 | Eco + ) ; 5| (1.25)
wy, —2jol’y —w

where £, as before, is the permittivity of the medium in the high-frequency limit.
The two parameters, w, and I"j,, represent the frequency of the medium resonance
and its damping rate. This function has two poles at frequencies

wr =,/0d —T2 T, (1.26)

that form a complex-conjugate pair.
The time-dependent susceptibility associated with the Lorentz model can be
found by taking the inverse Fourier transform of Eq. (1.25) and is given by

Aepa)f, rr .
Xorents (1) = ——2P_¢=Trt sin ( Jo? -T2 t) .G >0). (1.27)
W2 — T2

p FP

It vanishes for ¢ < 0 as required by causality.
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Similarly to the Debye case, the Lorentz dielectric function in Eq. (1.25) with
a single relaxation time can be easily extended to the case where the medium
has multiple resonance frequencies. In the case of N resonance frequencies, it is
given by

N 2
~ Agywp,
ELorentz (@) = €0 |:Eoo + mE_l 60,2,1 “2jwl, — 0)2:| . (1.28)

1.2.3 Drude dielectric function

The Lorentz model is applicable to materials in which bound charges dominate the
dielectric response. In contrast, the response of a metallic medium is dominated
by the free electrons within the conduction band. For such a medium, the Drude
model provides a very good approximation of the dielectric properties over a wide
frequency range [18]. It can be obtained by setting w, = 0 in the Lorentz model,
which corresponds to making the bound electrons free. The simplest Drude response
is of the form [14]

0)2
gDrude(w) =&0| €0 — 2—[7 s (1.29)
w* + Joyp

where w), is the Drude pole frequency and y, > O is the relaxation rate. The
corresponding time-domain susceptibility is given by

2
‘;’—If[l —exp(—y,t)] ift >0,

XDrude () = (1.30)

otherwise.

The extension of the Drude dielectric function to a case of multiple relaxation
rates is straightforward. As before, we sum over all multiple resonances (or relax-
ation rates) in Eq. (1.29). For a a metallic medium with N relaxation rates, we
obtain

N a)z
Eprude(@) = €0 |:8oo - Z —m:| . (1.31)

2 .
met @7 T J@Ym

1.3 Dispersion relations

In w®k space, frequency w and propagation vector k are independent variables cor-
responding to time and space variables. When an optical wave propagates through
an optical medium, Maxwell’s equations establish a functional relation between w



1.3 Dispersion relations 13

and k, known as the dispersion relation of the medium. This relationship can be
written in the following symbolic form [19]:

Pk, w) = 0. (1.32)

This equation can be solved to find an explicit relation between w and k which
defines a solution of Maxwell’s equations that can be sustained by the medium.
Such solutions are known as modes. Its physical meaning is that an electromagnetic
wave at a specific frequency w must propagate with a propagation vector k that
satisfies Eq. (1.32).

1.3.1 Dispersion relation in free space

As an example, consider wave propagation in free space or vacuum by using
Maxwell’s equations (1.16) with the “simple" constitutive relations given in
Table 1.1. In the case of free space, ¢ and u are replaced with their free-space
values g and pg. The resulting Maxwell’s equations in w ® k space are

k x E(k, 0) = powH(k, w), (1.33a)
k x Hk, 0) = —wso E(k, o), (1.33b)
k-Ek, o) =0, (1.33¢)
k- Hk, )= 0. (1.33d)

Substituting ﬁ(k, w) from Eq. (1.33a) into Eq. (1.33b), we obtain
k x k x E(k, w) + pnoeow’E(k, w) = 0. (1.34)

Using the well known identity k x k x F = k(k - F) — (k - k)F, valid for an
arbitrary vector F, together with Eq. (1.33c), we obtain

[k k— uosoa)z] Fk. o) =0. (1.35)

The term in square brackets has to be identically zero for a finite electric field to
exist. Thus, wave propagation in free space must satisfy the dispersion relation

k> = pogow’ = w?/c?, (1.36)

where we have used k> = k - k and the well-known definition for the speed of light
¢ in vacuum:

(1.37)
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The propagation modes can be identified by solving Eq. (1.36). One can use
either w or k as an independent variable. If we use w as an independent variable
and solve for k, we obtain

k=w/c, or k=—w/c. (1.38)

These relations show two possible modes for each frequency w, corresponding to
forward and backward propagating waves in free space. This result is not going
to be different if we change the choice of the independent variable. However,
we need to keep in mind that w can be positive or negative in Eqs. (1.33). It is
traditional to use positive frequencies when describing dispersion phenomena. This
can be justified by noting that the field variables in Eqgs. (1.33) are not independent
when o is changed to —w. The reason is that the electromagnetic field is real-
valued in physical space and time. It can be shown using the properties of the
Fourier-transform integral that

E (k.w) = E(—k. —w), D (k.w) = D(—k. ). (1.39a)
H (k. w) = H(—k, ), B (k.w) = B(—k, —w). (1.39b)

where the superscript * denotes the complex-conjugate operation. As long as we
are aware of these subtle relations, we could operate anywhere in the frequency
domain and arrive at meaningful results.

1.3.2 Dispersion relation in isotropic materials

It is instructive to look at plane-wave propagation in isotropic materials to under-
stand some subtle issues associated with important concepts such as the group and
phase velocities and the refractive index. For the moment, we limit our analysis
to a passive medium with loss, and discuss the case of active media (relevant for
optical amplifiers) later [20,21]. We also ignore spatial dispersion because it only
complicates the following analysis without providing any additional insight.

With the preceding assumptions, the permeability ¢(w) and permittivity u(w) of
an isotropic medium can be written in the form

e(w) = & () + jei(w), &i(w) > 0, (1.40a)
w(@) = pr(w) + jpi(w), wi(w) > 0, (1.40b)

where the subscripts r and i denote the real and imaginary parts of a complex
number. The conditions ¢;(w) > 0 and wu;(w) > 0 ensure that the material is
absorptive. We can understand this by noting that the total electromagnetic energy
absorbed in a volume V of an isotropic medium is given by [22]
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1 > T 2 7 2
- [a)si(w)|E(r, )2 + o ()| H(r, )| ]da)dr. (1.41)
27 Jv J-oo

Clearly, the positive imaginary parts of the permittivity and permeability ensure
that this expression remains positive, in compliance with the thermodynamic
requirements for a passive system.

Following an analysis similar to that for the free-space case, the dispersion
relation for this material is found to be

K = w(w)e(w)o’. (1.42)

However, solving this equation to calculate the propagation constant k is not trivial
because of some subtle reasons. As we know, light propagates at a slower speed in
a material medium compared to its speed in vacuum. To quantify this feature, we
can rewrite the preceding equation by using pogo = 1/c? in the form

_ u(w)e(w)
Hogo

k* (@*/c?) = n*(w)(w?/c?), (1.43)
where n?(w) is a well-defined complex function of frequency.

To find k, we need to take the square root of a complex function. One has to be
careful at this point because such an operation exhibits a branch-cut singularity.
Formally, we can introduce two complex parameters n and n_:

ni(w) = + /%, (1.44)

where both have the same magnitude but opposite signs. However, only one of
these parameters makes physical sense, and the one selected is called the complex
refractive index of the material.

1.3.3 Refractive index and phase velocity

Physically, the refractive index provides a way to quantify the magnitude and direc-
tion of the phase velocity of light in a medium [23]. Recently, it has been argued in
the literature that the correct choice of sign for the refractive index in Eq. (1.44) has
no bearing on the solution of Maxwell’s equations in a finite domain because the
concept of refractive index is present in neither the time-domain nor the frequency-
domain Maxwell’s equations [24]. However, in practice, even the simple problem
of wave propagation in a homogeneous isotropic medium, occupying the entire
half-space z > 0, cannot be successfully resolved without specifying the correct
sign of the refractive index. In fact, knowledge of the refractive index provides
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n

Evanescent Wave | Forward Wave
(No Propagation)

Backward Wave Evanescent Wave
(No Propagation)

Figure 1.4 A map of wave propagation ability against material parameters for an
isotropic material.

the direction of the phase velocity of the medium and dictates whether light will
refract positively or negatively at the boundary at z = 0. A numerical solution
of Maxwell’s equations with the associated boundary conditions may resolve this
situation, for both active and passive media, without resorting to the concept of
the refractive index [20]. Nonetheless, the concept of refractive index is useful for
analyzing any amplifier, and we need to investigate it further.

It is clear from Eq. (1.42) that, even when p and ¢ are real (no losses), a real
solution for the propagation constant k exists only if ¢ and u are both positive or
both negative. If these quantities have opposite signs, the propagation constant k
becomes purely imaginary, leading to evanescent waves that decay exponentially
with distance. Figure 1.4 shows the four possible scenarios in e—u space. If both
&r(w) and u,(w) are positive, then taking the positive square root in Eq. (1.44)
ensures that the phase velocity is correctly represented and is in the direction in
which energy flows. This is the case for most optical media. Such a medium is
called a right-handed medium since E, B, and k form a right-handed coordinate
system as shown in Figure 1.3.

In contrast, a medium in which the phase velocity and power flow are in the
opposite directions is an example of a left-handed medium. Such media do not
occur naturally but can be designed with artificial structural changes at nanometer
scales, and a new field of metamaterials has emerged in recent years. A unique
property of left-handed materials is that both ¢, (w) and u, (w) are negative. In this
case, we may not know the correct sign for the refractive index, but nzi has a unique
magnitude with positive sign. We denoted this quantity by the variable n2(w) in
Eq. (1.43). More explicitly, it is defined as [25]

n(w)e(w) _
H0ED

n*(w) = nl(w) = A u(w)e(w). (1.45)
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If the real and imaginary parts of n are n, and n;, respectively, these two quantities
can be found by equating the real and imaginary parts of Eq. (1.43), resulting in
the following two relations:

n}(w) — nj () = lpr(@)er (@) — pi(@)e ()], (1.46a)
2, (0)ni (@) = i (@)e (@) + pr(@)ei ()], (1.46b)

The phase velocity v, of a plane wave in a medium is given by

vp(w) = (1.47)

ny(w) ‘
Itis clear that the sign of n,- determines the direction of phase velocity. It is logical to
choose the positive sign in Eq. (1.44) if the medium is right-handed. However, the
negative sign should be chosen for a left-handed medium. To prove this, we need to
find the direction of power flow using the Poynting vector. One can show [26] that
the direction of power flow is proportional to the real part of the ratio n(w)/u(w).
Denoting this quantity by &2, we obtain

P, — ke [n«o)} _ @it @ +n @) (1.48)
u(w) pi(w) + p;(w)
Therefore, the conditions for obtaining a left-handed medium are
ny(w)uyr(w) +nj(w)ui(w) >0 and n,(w) <O. (1.49)

Using n, and n; in terms of &, and ¢;, we find that the preceding two conditions
are simultaneously satisfied if

_ er(@)  pr(w) -
le(@)|  |u(w)]

We thus arrive at the following definition of the refractive index for a passive
medium with ¢; (w) > 0 and u; (w) > 0:

I (w)

(1.50)

ny if & (w) >0, ur(w) >0,

. (1.51)
n_ if H(w) <O.

n(w) =

A left-handed material with a negative value of the refractive index is also called a
negative-index material and constitutes an example of a metamaterial.

1.3.4 Instabilities associated with a gain medium

Even though we could deduce the sign of the refractive index by noting the hand-
edness of a passive medium, the preceding analysis cannot be extended even to a
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weakly active medium exhibiting a relatively low gain. It has been argued recently
that one needs to know the global characteristics of the permittivity and the perme-
ability functions conclusively to determine the sign and magnitude of the refractive
index in active media [27]. However, Eq. (1.51) remains valid for determining the
handedness of active media as well [28].

Because our main focus is on analyzing signal propagation in active amplifying
media, we need to understand where concepts such as refractive index and wave
vector, derived using linear properties of Maxwell’s equations, remain meaning-
ful. The main issue is that, if a weak signal launched into a gain medium grows
exponentially as it propagates down the medium, does it become unstable at some
point? A linear stability analysis can be carried out for this purpose. Such an anal-
ysis discards the effect of gain saturation that limits the signal growth and thus
allows for unbounded growth indicative of an instability. Instabilities in physical
media refer to a blowing up of the field amplitude with time. There are three types
of commonly encountered instabilities [20,29-31]:

Absolute instability refers to a blowing up of the field amplitude with time at a fixed
point in space. Figure 1.5(a) shows an illustration of this phenomenon. Abso-
lute instabilities arise from the intrinsic properties of the participating medium,
regardless of the boundary conditions. Mathematically, such an instability is
associated with the poles or odd-order zeros of the function &(w)u(w) in the
complex w plane. As a result, the refractive index n(w) is not analytic in the
upper half of the complex plane. If an optical wave strikes a semi-infinite medium
obliquely, component of the propagation vector perpendicular to the interface
may have branch cuts [28].

Convective instability refers to a blowing up of the optical field as it propagates
through the medium. The blow-up happens at a point away from the origin
(source) of the signal, as illustrated in Figure 1.5(b). Similarly to the case of
absolute instability, the convective instability is intrinsic to the medium and
occurs regardless of the boundary conditions. An example is provided by the
modulation instability occurring in optical fibers [4].

i f time
‘\|me ,
/
\ e
AN, -
Absolute Instability Convective Instability
(@ (b)

Figure 1.5 Illustration of two common instabilities in causal media. (After
Ref. [20]; © APS 2008)
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Global instability refers to an instability in a bounded medium such that both the
intrinsic properties of the medium and the boundary conditions contribute to
blowing up of the field amplitude within the medium. An active medium placed
inside a resonator constitutes an example of this scenario. Physically, the active
medium tends to amplify the signal without bounds. However, in the presence
of gain saturation, such an unlimited growth of the field is hindered beyond the
laser threshold [20].

1.4 Causality and its implications

When a dielectric medium is free of instabilities (or the situation can be modified
to remove instabilities in the complex frequency plane), it is possible to establish
two integral relations between the real and the imaginary parts of the dielectric
function. They are known as the Kramers—Kronig relations. The reasons behind the
existence of these relations can be traced back to the the fundamental concept of
causality, requiring that no physical effect can occur without a cause [11].

1.4.1 Hilbert transform

One can say that the Kramers—Kronig relations restate causality in mathematical
terms [19]. To gain an insight into this statement, it is instructive to consider the
Fourier transform of a causal function ¢(#) defined such that it exists only for
positive times ¢t > 0, 1i.e., {(t) = 0 forz < 0. If we use the Heaviside step function®
H(t), defined as
1 ifr >0,
H(t) = (1.52)
0 otherwise,
then £ (¢) can be written as ¢(¢) = H (¢)Z(¢).
We now take the Fourier transform of ¢ (¢). The Fourier transform of H(¢) is
well known and is given by
J
2w’
Noting that time-domain multiplication translates to convolution in the frequency
domain (denoted by a *), we obtain [32]

H(w) = %5(6{)) + (1.53)

~ 1 j
(@) = () * (53(60) + %>

1 e (1.54)
_le g
—f@+h@[

a2,
o @ —

3 This is also known as a unit step function. It can also be written as H (¢) = fioo §(t) dt.
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where & in front of the integral sign indicates that the principle value of the
integral [33] is taken (in the Cauchy sense). Solving this equation for ¢ (w), we

obtain the relation
C(w) = —9’/ g(Q) (1.55)

This equation forms the basis for the Kramers—Kronig relations. We obtained it by
considering only the causality requirement of the function ¢(¢). However, further
advances can be made if we employ the well-established machinery of complex
variables.

In this approach, the complex function E(Q) is a function of the complex variable
Q = Q,+jQ;, where Q, and ©; are the real and imaginary parts of €2, respectively.
We assume that this function is analytic in the upper half of the complex €2 plane.
Then, the application of the Cauchy theorem [33] leads to the result

Z(w) =y§ () o, (1.56)
C Q—-—w

where w is a real quantity corresponding to a frequency in physical terms and C is a
closed contour in the upper half of the complex €2 plane. If we choose this contour
as shown in Figure 1.6, assume E(Q) — 0 asymptotically as [Q2| — oo, and use
the residue theorem [33], we recover Eq. (1.55).

We now introduce the real and imaginary parts of E(Q) through E = Er + jzi
and equate the real and imaginary parts of Eq. (1.55). This provides us with the
following two relations:

A 7(Q)

-

Figure 1.6 Contour in the upper half of the complex plane, used for deriving the
Kramers—Kronig relations.
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2 () = —@/ “Q) o,

(@) = __g/oo é“z(Q)

These equations show that E, (w) and E, (w) form a Hilbert-transform pair.

(1.57)

1.4.2 Kramers—Kronig relations

It is useful to write the integrals in Egs. (1.57) using only positive frequencies. As
discussed earlier, negative and positive frequencies carry the same information for
a real function ¢(¢) because its Fourier transform satisfies the relation E* (w) =
E(—a)). Applying this to Eq. (1.57), we obtain the Kramers—Kronig relations:

~ 2 Q)
ol = ;9/ a2 - 2%
(Q) (1.58)
iPe _ Cr
i(w) = '@‘/ 92 )

These relations apply to any causal response function.

In practice, the integrals appearing in the Kramers—Kronig relations converge
slowly. A single subtractive Kramers—Kronig relation has been proposed [34] whose
use improves accuracy while evaluating it numerically. The idea is to note that
Eq. (1.58) holds for any real frequency. Thus, if we pick a suitable frequency wg
and subtract E, (wg), we obtain the relation

Qi (S2)

~o _ 2,45 foo
& (@) — & (wp) = JT(w a)o)gZ A (Qz—a)z)(Qz—a)g)dQ' (1.59)

A similar equation can be derived for the imaginary part. This process can be con-
tinued to derive multiply-subtractive Kramers—Kronig relations if the convergence
still remains an issue.

Let us consider how these relations can be applied to analyze passive dielec-
tric materials. For such materials, €(w) is responsible for the electromagnetic
response. As w — 00, the permittivity e(w) — €g, where &g is the permittiv-
ity of free space. This can be understood intuitively by noting that material cannot
respond fast enough to very large frequencies. As a result, an electromagnetic field
with an extremely high frequency sees any medium as a vacuum. However, one
requirement in deriving the Kramers—Kronig relations was that the function ¢ (w)
vanish at infinity. Therefore, we must choose €(w) — €(wp) as an analytical func-
tion in the upper half of the complex plane. Substituting ¢ (w) = e€(w) — €g into
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Eq. (1.58), we find that the real and imaginary parts of the dielectric constant are
related by

* Qi ()
Q2 — wz

£ (w) = ——,@f 8’(9)_8"(19.

It is important to realize that these two relations are valid only when no singularity
of (£2) occurs on the real axis. For example, conductors will have a singularity
at Q = 0, and this singularity must be subtracted from the permittivity function
before the Kramers—Kronig relations can be established for conductors.

The preceding example shows that causality alone is sufficient to establish the
Kramers—Kronig relations in a passive dielectric medium. This is not the case for
active, dielectric, and magnetic media because of the presence of instabilities [20].
If instabilities (or singularities) exist in the upper complex plane, the contour in
Figure 1.6 needs to be adjusted so that the integral is taken on a line above the
singularities.

2
sr(w)zeo+—@/ ds2,

(1.60)

1.5 Simple solutions of Maxwell’s equations

Plane waves form the most fundamental instrument for analyzing electromagnetic
wave propagation in optical media because, even though they are an idealization of
real propagating waves, they closely resemble waves found far from a point source.
For example, light incident on a detector on Earth from distance stars, or radio waves
reaching a receiver placed far from an antenna, can be considered plane waves for
all practical purposes. In this section, we first focus on the continuous-wave (CW)
case and then consider optical pulses in the form of plane waves.

1.5.1 Continuous-wave plane waves

In Section 1.3.1 we found two solutions of Maxwell’s equations in free space at a
frequency w in the form of forward and backward propagating plane waves with
the propagation constant k = £w/c. We saw in Section 1.3.2 that these solutions
apply even in a dispersive medium with frequency-dependent permittivity and
permeability, provided we multiply k by its refractive index. Here, we focus on a
plane wave at the frequency wq propagating forward in such a medium with the
propagation constant ko = n(wg)wop/c.

A plane wave has a constant phase front that propagates at the phase velocity
of the medium. Moreover, the direction of propagation is always perpendicular to
this phase front. Figure 1.7 shows a plane wave propagating in a medium with
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X

Figure 1.7 A general plane wave. Note that the propagation vector ko is
perpendicular to the constant-phase wavefront kg - r — wot = ¢o.

the propagation vector k. Consider a point on the phase front of the plane wave,
denoted by the vector r. The electric field of the plane wave at that point can be
written as

E,(r,t) = Re{Egexp[j(ko - r — wot)]} (1.61a)
= |Ey| cos(ko - r — wot + ¢o), (1.61b)

where Re denotes the real part and Eg = |Eg| exp(j¢o) is the complex amplitude
of the plane wave. The constant phase fronts on the plane wave can be tracked by
finding spatial and temporal points that satisfy kg - r — wot + ¢o = Yo, where the
value of v is chosen to represent a particular wavefront.

The magnetic field associated with the electric field in Eq. (1.61) can be found
from Maxwell’s equations, given in Eq. (1.33) in w ® k space. We first transform
the electric field to the w ® k space by taking the Fourier transform with respect to
both ¢ and r. The result is given by

=)

1
p(k, ®) = §E05(k — ko) (w — wyp), (1.62)
where we have ignored the negative-frequency component. Using Maxwell’s

equations (1.33), we then obtain the magnetic field in the form

~ kXE()
Hﬂhw):zwu@

8 (k — ko)8(w — wp). (1.63)
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Using the dispersion relation of the medium, given in Eq. (1.42), the preceding
equation can be written as

TR N S
Hp(k,a))—2 ,u(a))|k|XE08(k ko) (w — wyo). (1.64)

However, caution needs to be exercised when determining the sign of the square
root in this equation in view of our earlier discussion in Section 1.3.2. We discuss in
Chapter 2 how one can determine all field components in an active medium capable
of amplifying an electromagnetic field. We can get back to the time domain by using
the inverse Fourier-transform relations:

ko x E
2n(wo) kol

where 1(w) = /u(w)/e(w) is the impedance of the dispersive medium.

H(r,1) = exp(jko - r — joor), (1.65)

1.5.2 Pulsed plane waves

Temporal modulation of the amplitude of an electromagnetic wave can create
pulses. Although pulses propagating through optical amplifiers are not in the form
of plane waves and have spatial beam profiles, in this subsection we consider pulsed
plane waves in order to become familiar with the essential features of optical pulses
within the framework of Maxwell’s equations.

Consider a plane wave whose amplitude is modulated using a time-domain
function s (¢):

1
E,(r,t) = ES(I)E(} exp(jko - r — jowot). (1.66)

The spectrum of this pulse is found by taking the Fourier transform of this
expression. The result is

~ 1. )
E,(r,o) = Es(a) —wo)Egexp(jko - r), (1.67)

where 5(w) is the temporal Fourier transform of s(z).

The bandwidth of the pulse is governed by the spectral intensity |5(w)|>. However,
a unique definition of the pulse bandwidth is not possible in all contexts because it
depends to some extent on details of the pulse shape. Figure 1.8 shows three different
definitions of bandwidth used in practice. They can be summarized as follows:

Full width at half-maximum (FWHM) bandwidth is equal to the full width of
the pulse spectrum measured at half of its maximum amplitude. In mathematical
terms, this amounts to finding the largest continuous interval where w satisfies
s(w) > %s(w »), where w,, is the frequency at which the pulse spectrum peaks.



1.5 Simple solutions of Maxwell’s equations 25

Table 1.2. Three measures of spectral bandwidth for four pulse

shapes
Pulse s() S(w) FWHM  Abs NN
Square rect(2t/T) sinc(wT /2) 3.8/T oo  4n/T
Gaussian exp(—12/T?) exp(—w?T?/2) 1.665/T oo 00
Exponential exp(—|t|/T) 1/(14?*T? 2/T 00 00
sech sech(t/T) sech(rwT /2) 1.122/T oo o)
'Y
|B(w)| i, Nult-to-Null
|
max :

 Absolute

Figure 1.8 Commonly used measures of bandwidth of a pulse.

Null-to-null (NtN) bandwidth is equal to the maximum continuous interval sur-
rounding the peak amplitude of the pulse spectrum between two points of zero
amplitude. In mathematical terms this amounts to finding the largest continuous
interval near wo where the frequency w satisfies s(w) # 0.

Absolute (Abs) bandwidth is equal to the length of the largest continuous interval
[w4, wp] such that the spectral amplitude of the pulse vanishes for any frequency
lying outside of this interval. In mathematical terms, 5(w) = 0 for any frequency
w not in the interval [w,, wp].

The shape of pulses launched into an optical amplifier can vary widely. The
two most common pulse shapes are Gaussian, with s(r) = exp(—t?/2T?), and
hyperbolic secant, with s(#) = sech(z/T). Other possibilities are a square pulse,
with s(#) = rect(2¢/T), and an exponential pulse, with s(t) = exp(—|t|/T).
Table 1.2 lists the FWHM, NtN and Abs bandwidth values for these four types of
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pulses. The temporal width of a pulse can also be defined using the same three
measures. In practice, the FWHM of the intensity profile |s(r)|* is employed. For a
square pulse with s(¢) = rect(2¢t/T), the FWHM is just 7. In contrast, the FWHM
of a Gaussian pulse is given by Trwpm = ZMTO ~ 1.665Ty. The same relation
for a “sech” pulse takes the form Trwam = 2 In(1 + \/5) Ty ~ 1.763Ty. We shall
encounter Gaussian and sech-shape pulses in later chapters.

As mentioned earlier, plane waves are not realistic because the amplitude of a
plane wave has a constant value over the entire plane orthogonal to its direction of
propagation. In any amplifier, an optical beam of finite size is launched inside it, and
this beam is amplified as it propagates down the amplifier. The spatial profile as well
as the temporal profile of the beam may change during amplification, as dictated by
the solution of Maxwell’s equations in the gain medium. We shall encounter such
beams in later chapters.
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2

Light propagation through dispersive dielectric slabs

Anintegral feature of any optical amplifier is the interaction of light with the material
used to extract the energy supplied to it by an external pumping source. In nearly
all cases, the medium in which such interaction takes place can be classified as
a dielectric medium. Therefore, a clear understanding of how light interacts with
active and passive dielectric media of finite dimensions is essential for analyzing the
operation of optical amplifiers. When light enters such a finite medium, its behavior
depends on the global properties of the entire medium because of a discontinuous
change in the refractive index at its boundaries. For example, the transmissive and
reflective properties of a dielectric slab depend on its thickness and vary remarkably
for two slabs of different thicknesses even when their material properties are the
same [1].

In this chapter we focus on propagation of light through a dispersive dielectric
slab, exhibiting chromatic dispersion through its frequency-dependent refractive
index. Even though this situation has been considered in several standard textbooks
[2, 3], the results of this chapter are more general than found there. We begin by
discussing the state of polarization of optical waves in Section 2.1, followed with
the concept of impedance in Section 2.2. We then devote Section 2.3 to a thorough
discussion of the transmission and reflection coefficients of a dispersive dielectric
slab in the case of a CW plane wave. Propagation of optical pulses through a
passive dispersive slab is considered in Section 2.4, where we also provide simple
numerical algorithms. The finite-difference time-domain technique used for solving
Maxwell’s equations directly is presented in Section 2.5. After discussing phase and
group velocities in Section 2.6, we focus in Section 2.7 on propagation of pulses
through a dispersive dielectric slab. In all cases, special attention is paid to the sign
of the imaginary part of the refractive index because this distinguishes active and
passive media and can lead to controversial issues.

28
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2.1 State of polarization of optical waves

Electromagnetic waves propagating through a dielectric medium cannot be fully
analyzed without knowing the direction of the electric and magnetic fields within
the medium. Polarization of an optical wave provides us with a way to quantify
these directions. According to Faraday’s law, the directions of electric and magnetic
fields are intrinsically coupled with each other. As aresult, it is sufficient to consider
the polarization characteristics of one of them. Traditionally, the electric field has
been chosen as the preferred field quantity for describing the polarization of an
electromagnetic field.

Most of the fundamental aspects of light polarization can be understood by
inspecting the polarization properties of a plane wave propagating in free space.
Consider a time-harmonic, monochromatic, plane wave traveling in the +z direc-
tion of a right-handed coordinate system. The propagation vector k has only a
z component for such a wave. From the divergence equation for the electric field
and the Fourier-transform relations given in Section 1.1, it follows that the electric
field lies in the x—y plane perpendicular to the propagation vector k = kz. Thus,
E can be written in its most general form as

E =Ex+Eyy = Eg cos(kz — ot + ¢y)x + Egycos(kz — ot + ¢y)y, (2.1)

where k = |k| = w/c, w is the optical frequency, ¢, and ¢, are the phase angles
of the electric field in the x and y directions, and x, y, and z are unit vectors in the
three directions of the coordinate system. The electric field amplitudes, E,, and
E,y, are related to the electric field components in the x and y directions:

E, = E,y cos(kz — wt + ¢y), (2.2a)

Ey = Eqycos(kz — wt + ¢y). (2.2b)

It is possible to eliminate the dependence on kz — wt in Egs. (2.2) and find a
relation between the two amplitudes and the corresponding phase angles. To do

this, we expand the cosine function in Eqs (2.2) and obtain the following matrix
equation:

Ey/Eax _ cos(¢py) —sin(¢y) | | cos(kz — wt) (2.3)
Ey/Eq | |cos(¢y) —sin(gy) | |sintkz — wt) | '

Inverting the square matrix on the right side of Eq. (2.3) and noting that the
determinant of this matrix is given by sin(¢x — ¢y), we obtain

Ex

sin(¢y) — EEy sin(¢y) = sin(kz — wt) sin(¢x — ¢y), (2.4a)

ax ay

x Ey
cos(¢y) — 7

ax ay

cos(¢y) = cos(kz — wt) sin(¢y — ¢Py). (2.4b)
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elegtric field
/7 r
observer
y/ u

Figure 2.1 Polarization ellipse of a plane wave propagating along the +z axis.
The direction of rotation of the electric field along this ellipse corresponds to an
observer looking toward the incoming wave. LCP and RCP stand for left and right
circular polarizations, respectively.

We can eliminate the time and space dependence from these two equations by
squaring and summing them. The resulting equation,

2
E? N Ey 2cos(gx —¢y)
E3,  EG, EqxEqy

E(Ey =sin*(¢; — ), 2.5)

shows that the the trajectory of E, and Ey is in the form of an ellipse in the x—y
plane, often called the polarization ellipse. Figure 2.1 shows two examples of such
an ellipse schematically.

We have thus found that, in general, the electric field vector rotates with the
frequency w, in a plane perpendicular to the z axis, tracing out an ellipse. The state
of polarization (SOP) of such a field is referred to as being elliptic. Apart from this
general case, several special cases are of practical interest.

» Linear polarization refers to a scenario where it is possible to establish a linear
relationship between the x and y components of the electric field. It is easy to see
from Eq. (2.5) that this can occur when the relative phase difference [¢x — ¢, |
between the two components is equal to 0 or 7. The SOP of the optical wave is
also linear when one of the field components, E,, or Ey, is identically equal to
ZEer10.

o Circular polarization refers to the case in which the polarization ellipse reduces
to a circle. It is easy to see from Eq. (2.5) that this occurs when the two field
components have the same amplitudes (E,x = E,y) and their relative phase
difference ¢, — ¢, is equal to =71 /2. The positive and negative signs of this phase
difference determine the direction in which the electric field vector rotates with
time. If ¢, — ¢, = —m /2, the rotation is clockwise when viewed by an observer
facing the —z direction (see Fig. 2.1). This SOP is referred to as being right
circularly polarized (RCP). In the second case, this rotation is counterclockwise,
and the SOP represents a left circularly polarized (LCP) state.
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« p and s polarizations refer to the special choice of a coordinate system in which
the electric field components are measured relative to the incident plane of light,
defined as a plane that contains the surface normal at the point where light enters
the medium and the vector (k) of the incident light ray. Clearly, this type of
polarization description makes sense only when interaction of light with a medium
is considered. The component of the electric field parallel to the incident plane is
termed p-like (parallel) and the component perpendicular to this plane is termed
s-like (from senkrecht, German for perpendicular) [4]. The corresponding SOPs
are called p-polarized and s-polarized, respectively. A similar terminology applies
for magnetic fields.

In addition to the preceding classification for plane waves, another scheme is
used in practice for light propagating in optical waveguides. This scheme is based
on the optical modes supported by such waveguides, and electromagnetic waves are
classified according to the nonzero components they have relative to the propagation
direction. Modes occurring in optical waveguides are often called transverse electric
(TE), transverse magnetic (TM), transverse electromagnetic (TEM), or hybrid.

o TE modes correspond to an optical mode whose electric field has no component
in the direction of propagation. A subscript may be added to identify explicitly
this direction [5]. For example, if a TE mode is propagating in the z direction, it
is written as TE,. In most waveguides, the component of the electric field in the
direction normal to the plane of the waveguide layer is so small that TE modes
are almost linearly polarized.

o TM modes refer to an optical mode whose magnetic field has no component in
the direction of propagation. Similarly to the TE case, a subscript may be added
to identify explicitly this direction [5]. In most waveguides, the component of the
magnetic field in the the plane of the waveguide layer is so small that TM modes
are almost linearly polarized.

o« TEM modes refer to an optical mode for which neither the electric field nor
the magnetic field has a component in the direction of propagation. Plane
electromagnetic waves discussed in Section 1.5 fall into this category.

o Hybrid modes refer to an optical mode for which both the electric and the mag-
netic fields have components in the direction of propagation. Light propagating
in an optical fiber falls in this category.

2.2 Impedance and refractive index

When we consider reflection and refraction of a plane wave at an interface, we need
to know its propagation vector in the medium and the impedance of the medium
seen by this plane wave. Calculations of these quantities require a selection of the
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correct sign for the square roots of the permittivity and permeability of the medium.
In fact, an incorrect choice of this sign can lead to noncausal results making little
physical sense! Moreover, a consistent strategy must be used to select the right
sign for both the propagation vector and the impedance of the medium because any
incompatibility between them also leads to erroneous results [6,7].

The impedance 7, of any medium is defined as

n= \/g, Re(n) > 0. (2.6)

In general, both the permittivity ¢ and the permeability u of an optical medium
are complex quantities as they are defined in the Fourier-transform domain (see
Section 1.3). As a result, the preceding definition is ambiguous because we have
not explicitly specified the branch of the square-root function to be used. This choice
cannot be arbitrary because causality considerations lead to an additional condition,
Re(n) > 0 [6,7]. Moreover, this choice also depends on whether the medium is
passive or active because Im(e) < O for an active dielectric material exhibiting the
optical gain needed for optical amplifiers.

The simplest way to select the correct branch of the square-root function in Eq.
(2.6) is to express the complex quantities € and p in their polar form,

e = |e|explj arg(e) + j2mm], m=0,%1,+,2,---, (2.7a)
uw = |ulexpljarg(n) + j2pml, p=0,+1,+,2,.--, (2.7b)

and select the integers m and p to satisfy the criterion Re(n) > 0. The result is

n= ,/% exp (%[arg(u) —arg(®)] + j(p — m)n) . Re(n) >0. (2.8)

The selected branches of € and w are then directly used to calculate the propagation
vector k:

k= /el = ++/lellul exp (%[arg(e) +arg(u)] + j(m + p)n) X

A nice consequence of the preceding procedure is that the refractive index n of
the material can be written with the right sign, for both positive- and negative-index
materials, in the following form:

el ] (
n= exp
Ho

In particular, when both € and u are negative real quantities, as may be the case for
a negative-index metamaterial, arg(¢) = arg(un) = 7, and it is easy to see that n is

%[arg(s) +arg(u)] + j (m + p)n) . (2.10)
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negative for the choice m = p = 0. However, in general, optical loss (or optical
gain) exhibited by any material makes ¢ a complex quantity. In this case, one may
have to choose nonzero values of m and p in Eq. (2.8) to ensure Re(n) > 0. The
same values of m and p should be used to find the the refractive index n.

2.3 Fresnel equations

The passage of an electromagnetic plane wave through a material interface provides
considerable insight into the vectorial nature of light. The reflectance and transmis-
sion coefficients at the interface depend not only on the optical properties of the
two media making up the interface but also on the direction and the polarization of
the incoming plane wave. We treat the cases of s and p polarizations separately and
refer to them as the s-wave and p-wave, respectively. We neglect medium losses
initially but consider the effect of medium loss or gain in the last subsection.

2.3.1 Case of plane s-waves

Figure 2.2 shows a plane s-wave (TE mode) undergoing reflection and refraction
at an interface occupying the x—y plane located at z = 0. Owing to our assumption
of lossless media on both sides of the interface, both the permittivity and the per-
meability of the two media, (1, ;1) and (g2, u2), are real. To sustain propagating
waves in these media, we also need to assume that the sign of &1 matches the sign
of 11 and the sign of &> with that of u,.

y

Interface Between medium 2

Two Media

Plane of Incidence

Normal to the Interface

Figure 2.2 Schematic of a plane s-wave (TE mode) reflecting and refracting at an
interface located in the z = 0 plane between two media with different dielectric
properties.
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Adopting the notation that subscripts i, r, and ¢ describe incident, reflected, and
transmitted quantities, respectively, we can write the following expressions for the
corresponding electric fields (in phasor notation):

E; = E;yekiT—on k; = —k; sin(6;)x — k; cos(6;)z, (2.11a)
E, = E, yekrT—on, k, = —k, sin(6,)x + k, cos(6,)z, (2.11b)
E, = E, yeki 700, k, = —k; sin(6;)x — k; cos(6,)z, @.11¢)

where k; = k, = w./u1€1 and k; = w./u2€2. The corresponding magnetic fields
can be written as

k; E;

H; = nk x E; = n—f[—sin(ei)z + cos(6))xJekiT—en (2.12a)
"™ 1
k E

H, = , ]’C x E, = n—'[— sin(6,)z — cos(6,)x]e®rT=en, (2.12b)
rivr r
k E

H, = —]’c x B, = —L[—sin(0)z + cos(;)x]eHr T =0 (2.12¢)
NeKe Nt

Because the two optical media are dielectric in nature, there are no surface cur-
rents at the interface. In this situation, Maxwell’s equations dictate the boundary
condition that the tangential components of the electric and magnetic fields should
be continuous across the interface. This continuity requirement leads to the relations

zx (E; +E,)=2zxE;, zx (H;+ H,) =z x H;. (2.13)

Using Egs. (2.11) and (2.12) in these two relations, we obtain the following matrix

equation:
~1 1 | 1
|:cos(9r) cos(@t):| [T :| = |:cos(9i):| s (2-14)
r n TE i

where we have defined amplitude reflection and transmission coefficients
I'te = E, / E;, Tre = E//E;. (2.15)

By inverting the coefficient matrix in Eq. (2.14), we obtain the Fresnel equations
for a plane s-wave:

g cos(8;) — n; cos(6)
7y cos(8,) + - cos(fy)’
_ nycos(6;) + n; cos(6,)
~ ngcos(8,) 4 nycos(6;)

I'te (2.16a)

TTtg (2.16b)
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Interface Between medium 2

Two Media

Plane of Incidence

Normal to the Interface

Figure 2.3 Schematic of a plane p-wave (TM mode) reflecting and refracting at
an interface located in the z = 0 plane between two media with different dielectric
properties.

These equations can be simplified by noting that 6, = 6;, k, = k;, and n, = n;.
Furthermore, Snell’s law, k; sin(6;) = k; sin(6;), can be used to calculate cos(6;).

2.3.2 Case of plane p-waves

Figure 2.3 shows a plane p-wave (TM mode) undergoing reflection and refraction
at the interface located at z = 0. We adopt the notation used in Section 2.3.1 and
write the following equations for the magnetic field associated with the incident,
reflected, and transmitted plane waves:

H; = HyyekiT-on k; = —k; sin(6;)x — k; cos(6;)z, (2.17a)
H, = H, yekrT—on k, = —k, sin(6,)x + ky cos(6,)z, (2.17b)
H, = H,yekiT—on, k, = —k, sin(6,)x — k; cos(6,)z, 2.17¢)

where, as before, k; = k, = w./uiel and k; = w./uz6;. The corresponding
electric fields are:

E; = —%ki x H; = n; Hi[sin(6;)z — cos(6;)x e T=on (2.18a)

1

E, = —%kr x H, = 1, H,[sin(0,)z + cos(6,)xJerT—en (2.18b)

r

E, = —%kt x H, = n, H,[sin(6,)z — cos(8,)x]eferT=on. (2.18¢)
t
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Using again the continuity requirements for the tangential components of the
electric and magnetic fields, we obtain the matrix equation

= Vne [T | _ | Uni (2.19)

cos(0,) cos(9;) || Ttm cos(8) |’ ’
where we have defined the amplitude reflection and transmission coefficients for
the TM wave as

I'rm = E-/E;, Trm = E/E;. (2.20)

Again, inverting the coefficient matrix, we obtain the Fresnel equations for a plane
p-wave in the form

iy = nr [m cos(6;) — n; COS(Qz)i| , (2.212)
ni Lnr cos(8,) + n; cos(6;)

Ty = [nr cos(6y) + ni COS(Gi)] . (2.21b)
ni Lnrcos(6,) + n; cos(6;)

These equations can be further simplified by noting that 6, = 6;, k, = k;, and
nr = n;. Again, Snell’s law, k; sin(6;) = k; sin(6;), can be used to calculate
cos(6;).

2.3.3 Fresnel equations in lossy dielectrics

It is instructive to consider the propagation of a plane wave from a lossless medium
to a lossy medium. The scenario where both media are lossy can be handled using
a similar strategy, but one cannot avoid sophisticated mathematical machinery
because of the appearance of bivectors in the formalism. The interested reader
should consult Ref. [8] for details. The functional form of the Fresnel equations
does not change when a medium becomes lossy. However, the propagation con-
stant becomes complex in that medium, and care must be exercised in dealing with
complex quantities.

When the second medium is lossy, material parameters &1 and | remain real,
but g7, w2, or both become complex. Here we focus on the general case and assume
that

&y = &2 + jE2, M2 = oy + ju2i. (2.22)

The propagation constant and the impedance in the second medium are given by

Wor + Juoi - -
= [Ty = S+ i) e + e (2.23)
& + JE2i
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The correct branch of the square root must be determined, following the discussion
in Section 2.2. Assuming this has been done, we write these parameters in their
complex form,

n2 = 2 + jn2i, ky = koy + jkoi. (2.24)

Next consider Snell’s law, k> sin(6;) = k1 sin(#1). Since k» is complex, we obtain
the relation
k1
sin(6) = ——— sin(6y). (2.25)
k2r + Jk2i
The complex angle 6; can be calculated by writing the sine function in its exponential
form and and solving the resulting quadratic equation for exp(j62). Taking the
logarithm of the resulting expression, we obtain

6 =—jln <j ©+41 - ga2>, (2.26)

where g = ki sin(61)/k> is a complex number. Subsequent calculations must be
carried out in the complex domain to find the correct form of the corresponding
Fresnel equations. More specifically, when 6 = 0, + j#6;,

cos(f) = cos(f, + jb;) = cos(6,) cosh(6;) — j sin(6,) sinh(6;), (2.27a)
sin(0) = sin(6, + jO;) = sin(6,) cosh(6;) + j cos(6,) sinh(6;). (2.27b)

The expressions for the reflection and transmission coefficients associated with the
TE and TM waves can be obtained by using these relations.

2.4 Propagation of optical pulses

Analysis of optical amplifiers requires a detailed understanding of pulse dynamics
in dielectric media. Almost all known amplifier systems make use of a dispersive
dielectric medium. In this section we discuss how propagation of optical pulses
in such a medium can be treated mathematically. It is important to emphasize that
Maxwell’s equations can be solved without having any knowledge of the refractive
index or the propagation vector because both of them are Fourier-domain concepts.
As these concepts have a limited validity under general conditions, they must be
used with care. For example, when a Fourier transform does not exist for a certain
medium, one could carry out the analysis using Laplace transform. This feature
points toward an important theme that recurs in physics and engineering: concepts
with limited applicability can often be extended to cover a wider scope with a
detailed understanding of the underlying physical principles.
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2.4.1 One-dimensional propagation model

Propagation of optical pulses in an amplifying medium can often be studied by
using a one-dimensional model involving time and the direction of propagation.’
The reason is that the gain medium is often in the form of a waveguide that supports
a finite number of optical modes whose transverse distributions in the x and y
directions do not change much along the z axis. In some cases, such as fiber-based
amplifiers, the medium supports a single mode with a definite SOP. As a result, the
electric field can be written in the form

E(x,y,z,t) = pF(x, y)E(z, 1), (2.28)

where p represents a unit vector representing the field SOP and F(x, y) governs
the spatial distribution of the optical mode.

The scalar electric field E(z, t) is known in practice at the input end of the
amplifier medium, located at z = 0, and we want to know how it evolves along
the medium length with time. Assuming that nonlinear effects are negligible, it is
useful to work in the Fourier domain and use the relation

e.¢]
E(z,0) = / E(z, 1) exp(+jot) dt. (2.29)
—0

Since E(0, t) is known, we can find E(O, w) using Eq. (2.29) at z = 0. To propagate
each Fourier component over a distance z, we only need to multiply E (0, w) by
exp(jkz), where k is the propagation constant of the medium. Using the refractive
index, n(w), we can write k = wn(w)/c. Taking the inverse Fourier transform of
Eq. (2.29), we obtain the electric field at a distance z in the form

E(z,1) = % /OO E(0, ) exp [jwn(a))g _ ja)t] do. (2.30)

The preceding expression can be written in an equivalent but intuitively appealing
form familiar to engineers by introducing the following transfer function associated
with the amplifier medium:

H(z,t) = %f exp (—jolt — n(w)z/c]) dw. (2.31)

With this transfer function, it is possible to write Eq. (2.30) as a filtering operation,

E(z,t) = /00 H(z,t —1)E(0, t)dT, (2.32)

1 We assume that this direction is parallel to the +z axis.
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where the integral involves time-domain convolution of the filter function (or the
impulse response) with the input electric field at z = 0 [9].

Using purely mathematical arguments, it is possible to show that the transfer
function H (z, t) is causal. The proof is based on the analytic nature of the complex
function n(w) in the upper half of the complex w plane. If n(w) — 1 asw — 400,
as required for physical reasons, then H(z, t) must be zero for ¢ < z/c [9]. Note
that analyticity in the upper half of the complex plane is a consequence of our
exp(—jwt) convention. If exp(+jwt) is used instead, analyticity of n(w) in the
lower half of the complex plane is required.

2.4.2 Case of a Gaussian pulse

Although the frequency integral in Eq. (2.30) cannot be carried out analytically for
an arbitrary input pulse shape, an analytic approach is possible for some specific
pulse shapes. A useful example is provided by input pulses whose shape is Gaussian,
such that

2
E0,t) = Eg exp (—;—TOZ — ja)ot> , (2.33)
where Ej is the peak amplitude, wq is the carrier frequency, and the parameter
Tj is related to the FWHM of the pulse by Trwom = ZMTO ~ 1.665Ty. It is
clear that there is no clear starting or ending point for this pulse. Instead, the pulse
shape is interpreted based on measurements made by an observer at z = 0 who
sees a maximum amplitude of the Gaussian pulse at time ¢ = 0. Taking the Fourier

transform as indicated in Eq. (2.29), we obtain

EoTy

V2r

To find the propagated field at a distance z > 0, this expression should be used in
Eq. (2.30).

Before proceeding further, we need an analytic form of the refractive index n(w)
associated with the medium. A common model makes use of the Lorentz response
function (see Section 1.2.2) with a single resonance [10]. Assuming that the medium
exhibits anomalous dispersion, we use

EO, ) =

exp [—%(w - wo)zTozi| : (2.34)

n(w) = neo —

Da®p ‘ﬂ & N, (2.35)
y

o(®—wa+ jy)

where w, is the atomic resonance frequency, y governs the bandwidth of the absorp-
tion peak, w), is a constant (often called the plasma frequency), and n is the value
of n(w) at very large frequencies.
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To simplify the analysis, we assume that the spectral width of the pulse is sub-
stantially smaller than the atomic bandwidth (y7g > 1). Since the dominant
contribution to the integral in Eq. (2.30) comes from the neighborhood of w = wy,
we expand wn(w) in a Taylor series as [10]

wn(w) = won(w) + neo(® — wo)
wWaWp (0w — wp) waa)p(a) — a)o)2 (2.36)
(wo — wg + j¥)?  (wo—wa+ jy)3

We truncate this series expansion by assuming that (o — w)? < (wy — wg)* + y2
for all frequencies that contribute to the integral significantly.

If the distance z is not too large, it is possible to show [10] that frequencies
that contribute to the integral are those satisfying the condition (@ — w0)2T02 <1
Keeping terms up to second order in @ — wyp, and substituting the result back into
Eq. (2.30), we obtain

2
E(z,1) = exp (j(koz — wot) + %)

(2.37)
EoTy / > o\ p
X ——7= exp | — u— — u,
(27[)3/2 . p o 252
where kg = won(wg)/c, u = w — wg, and we have introduced

. jwaa)p(z/c)

(1= j(neoz/c—1) — - , (2.38a)
ooz (w0 — wa + j¥)?
1 .

f = 27— 2O (2.38b)
2 (wo —wq + jy)

The integral in Eq. (2.37) converges if the real part of ¢, is positive because the
integrand then goes to zero as u tends to 00. Under this condition, an analytical
expression for the propagated field can be obtained by using

o0
f exp[—p(t + ¢)*ldt = \/7/p, Re(p) > 0, (2.39)
—o0
and the final result is given by
EG. 1 = 200 exp [ j(koz — wot) + & . (2.40)
V28 452

This expression shows that a Gaussian pulse maintains its Gaussian shape during
propagation but its width increases because of dispersion. At the same time, the
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pulse develops a phase that varies quadratically with time. Such pulses are said to
be linearly chirped.

2.4.3 Numerical approach

In cases in which the frequency integral in Eq. (2.30) cannot be performed analyti-
cally, we must use a numerical approach. Given that this integral is in the form of a
a Fourier transform, it is common to employ the fast Fourier transform (FFT) algo-
rithm to evaluate it. The FFT is an efficient way of evaluating the discrete Fourier
transform of a periodic signal. So, we must truncate the integral in Eq. (2.30) over
a finite time window and assume a periodic extension beyond this window. How-
ever, according to Fourier theory, such a truncation can introduce new frequency
components in the entire frequency domain [11].

This issue was examined in detail by Slepian [12], who found that, if a signal
contains most of its energy in a finite time window, tpi, < ! < fmax, then it is
possible to find a finite window containing that energy in the frequency domain
as well. In mathematical terms, given any small positive number &, the energy
contained outside the finite interval can be made arbitrarily low, i.e.,

/ |E(z, 1)|%dt < e, (2.41)
\J

where W = (—00, fmin) |J(fmax, +00). Slepian showed that it is possible to
find a finite frequency interval [—wg, +wp] such that the following integral
holds [12]:

2
/exp(—ja)t)/ E(z,)exp(+jot)dtdw| < &, (2.42)
P v

where ® = (—o00, —wp) | J(+wp, +00). One must use this important result to
discretize the Fourier integral in Eq. (2.30).

If a time-domain signal f(¢) is defined within the interval [#in, fmax ], and if the
bandwidth W of this signal is known, then we can employ the Shannon sampling
theorem well known in communications theory. More specifically, we should sam-
ple the signal at intervals At such that the sampling frequency f; = (A1)~ > 2W.
If the signal is sampled at M points, At = (fmax — Imin)/M. If F(k) denotes the
FFT of the function f(¢),

M—1

F(k) = FFT[f(m)] = »_ f(m)exp (+ jzﬁnkm) , (2.43)

m=0
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with k = 0,1,--- , M — 1. It is possible to invert this relation and recover the
original sequence using the inverse FFT (IFFT) operation such that

— IFFT[F (k)] = M_le e 2.44
f(m) = [()]—M; <>exp<—1ﬁm). (2.44)

Using these definitions, we can evaluate the integral in Eq. (2.30) as
E(z, pAt) = IFFT [FFT[E(O, m)] exp <+ jwmn(wm)f)] , (2.45)
C

where p =0,1,--- , M — 1, and w,, = 2rm /(M At) are the discrete frequencies
employed by the FFT algorithm. Although the FFT technique is widely employed
for solving a variety of problems, especially in the context of pulse propagation in
optical fibers [13], its use requires adopting the slowly-varying-envelope approxi-
mation. Some applications require a more general numerical technique; we discuss
this in the next section.

2.5 Finite-difference time-domain (FDTD) method

The finite-difference time-domain (FDTD) method [5] is the most general numer-
ical technique for solving Maxwell’s equations directly without recourse to a
slowly-varying-envelope approximation [13]. Its use requires adopting spatial and
temporal step sizes that are a small fraction of the wavelength and the optical period,
respectively, of the incident electromagnetic field, making it quite intense on com-
putational resources. The numerical error is controlled solely by these step sizes.
In spite of its general nature and the use of no approximations except those related
to finite-difference approximations for various derivatives, the FDTD scheme is
numerically dispersive and anisotropic even for a nondispersive, isotropic medium
(or a signal propagating in vacuum). If a coarse grid is used to speed up the FDTD
code, errors resulting from numerical dispersion and anisotropy accumulate and
become unacceptable. If the medium is linear, reasonably accurate results can be
obtained with a spatial step size near A /20 for an optical wave with wavelength .
However, if nonlinearities are to be taken into account, even a A /200 step size may
not provide adequate accuracy or convergence.

2.5.1 FDTD algorithm in one spatial dimension

Although the FDTD method is applicable for optical fields propagating in three
spatial dimensions, to present the underlying algorithm as simply as possible, we
consider the one-dimensional case by focusing on a plane wave propagating in the
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z direction with its electric field polarized along the x axis. Maxwell’s equations
then reduce to

JIE, oH,

=, I 2.46
9z ary (2.46a)
OH IE
0y _ _9Ex (2.46b)
0z at

where ¢ and p are assumed to be constant. The case where ¢ depends on the
frequency” is handled in Section 2.5.3. It is possible to solve these equations by
adopting a central-difference approximation for partial derivatives. However, such
discretization is not robust for problems in which electric and magnetic fields are
interlinked. It was shown by Yee in 1966 that it is better to use a staggered grid where
Faraday’s and Ampere’s law are coupled via interlinked time and space grids [5]. In
physical terms, such an approach implies that a time-varying electric field creates a
time-varying magnetic field and vice versa. Owing to the use of central differences,
the resulting algorithm is accurate to second order in spatial step size. Moreover,
the use of an explicit leapfrog scheme in the time domain also makes it accurate to
second order in temporal step size.
We discretize Eqgs. (2.46) in both z and ¢ and employ the notation

Ex(Za t) = Ex(kAZ, nAt) = Elea (24721)
Hy(z,t) = Hy(kAz,nAt) = Hy |, (2.47b)

where Az and At are the step sizes along the spatial and temporal grids, respectively.
Figure 2.4 shows how the space and time steps are interleaved by employing the
concept of a half-step. More specifically, we evaluate Eq. (2.46a) at the grid point
[(k+1/2)Az, nAt] and Eq. (2.46b) at the grid point [k Az, (n + 1/2) At] by using

92 |(kt+1/2)A7 O |(k41/2)Az

aH, TN . GE (n-+1/2)At

— = —g— . (2.48b)
92 lraz 0 |ka;

Employing central differences to approximate partial derivatives on both sides
of these equations, they can be written as

n—12 1 At

Hylein = 7 (Exliy — Exl) (2.49a)

n+1/2

H)’|k+1/2 =

2 We do not consider the case where 1 depends on frequency.
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Figure 2.4 Schematic of a staggered grid used for the FDTD algorithm. Arrows
mark the direction of electric field and a dot within a circle indicates that the
magnetic field is directed normal to the plane of the figure.

1 At
+1 n+1/2 n+1/2
Ec;i™ = Exly - e Az <Hy|k+1/2 - Hy|k71/2> . (2.49b)

When these equations are iterated to find the electric and magnetic fields along the
Z axis, one may run into problems because of finite reflections at the boundaries
of the spatial grid. The remedy is to include artificial boundary conditions at the
two ends of this grid such that reflections are nearly eliminated. These boundary
conditions are known as the absorbing boundary conditions.

Several different absorbing boundary conditions are available for FDTD simu-
lations. In the so-called Mur boundary conditions [5], the electric fields at the two
boundary nodes of the z grid are calculated using

1-b
Ex|:tj1—r1 = ExlgtarH_] + <1+—b> (EX|Zt:r1+1 - Exlgm) s (2.5021)
n+1 n 1-b n+1 n
Exleng = Exlena—1 + T+b (Exlend—l - EXlend>’ (2.50b)

where b = Az/(cAt). The interested reader can find further details in Ref. [5].
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2.5.2 Total and scattered electromagnetic fields

One additional concept needs to be introduced to make a plane wave propagate
correctly with the FDTD method. The reason is related to the observation that
Maxwell’s equations support the propagation of both forward and backward prop-
agating waves, regardless of the material properties. Thus, if an electromagnetic
wave is generated at some point in the medium, one would see two replicas of
that wave propagating in the forward and backward directions. To select the prop-
agation direction in advance, and to stop the backward propagation in the opposite
direction, the total field/scattered field (TF/SF) formulation is widely employed [5].

In the TF/SF formulation, the FDTD grid is divided into two regions. The total-
field region consists of a superposition of the incident and scattered fields, while the
scattered-field region contains only scattered fields from the objects of interest. The
point at which the incident field is introduced is called the TF/SF boundary. This
boundary can be chosen arbitrarily but it is typically placed such that any scatterers
are contained in the total-field region.

Figure 2.5 shows the case where the TF/SF boundary is on the immediate left
of the electric field node z = SAz. Because the total and scattered fields are
“electromagnetic fields” themselves, we can use Eqs. (2.49) without any alterations.

Scattered Field : Total Field
|
|
n+1 n+1 n+1
At‘ EX X I X
S-2 S-1 1 S
1 i i ! L %
| | Il
n+1/2 n+1/21 n+1/2
H, H 1 H
w2 | g S-32 Y s12 I se1/2
® ® ®o——© ——©—
n n |
E E
sz Yls1 1 s
I it
| | 1 -
|
1S P Az
I
SF/TF Boundary

Figure 2.5 Tllustration of the boundary separating the total and scattered fields at
z=SAz.



46 Light propagation through dispersive dielectric slabs

However, at the vicinity of the boundary, nodes that are immediately to the left or
right of the boundary require special attention because the TF/SF boundary feeds
the incident field to the FDTD grid. If we know the incident field in the vicinity of
the TF/SF boundary, we can update the magnetic and electric fields using

|,1_1 /2 1 At 1 At

S—1/2 7 T2 (EXIs — EXI5 ) + ——ENn . (2.51a)

HC n+1/2 HSC
nAz u Az

y I§s—1/2 — "%y
1 At 1At .
totn+1 __ ptot tot \1+1/2 tot1+1/2 incn+1/2
EXST =E s — e Az (Hy ls41/2 — Hy |S—1/2> + EA_ZH” lsZ1/2 -
(2.51b)

Because only the last terms in the preceding equations differ from their nor-
mal form, we can apply the update in Eqgs. (2.49) first and the correction terms
afterwards. The incident fields required for this purpose can be easily calculated
by propagating the plane wave to the desired grid point analytically using direct
integration in Eq. (2.30), with a similar equation for the magnetic field. However,
owing to the discretization of the optical field, the dispersion relation for the medium
changes and has the following form:

in? (kA ARNEY) At (2.52)
sin” | = =[—) sin“| = . .
|\ preras A 2¢
This relation can be solved to find k(w), resulting in [14]:
2 A At
k(@) = —sin~! | (22 ) sin (£ . (2.53)
Az cAt 2

There is a possibility that the argument of the sin~! function acquires a value
greater than 1 during numerical calculations, making k(@) complex. For this reason,
sin~!(¢) = —jIn(j¢ + /1 — ¢2) must be used when implementing Eq. (2.53)
numerically.

2.5.3 Inclusion of material dispersion

Pulse propagation in a dispersive material requires special care because the standard
FDTD algorithm needs to be modified to include variations of the dielectric function
with frequency. Many techniques have been proposed for this purpose [5,15—-17].We
discuss here a versatile method that allows the inclusion of any complex linear
dispersion profile through appropriate curve fitting. The Debye, Lorentz, and Drude
dielectric functions, used widely in practice and discussed in Section 1.2, constitute
the special cases of this method.



2.5 Finite-difference time-domain (FDTD) method 47

The basic idea is to employ a pair of complex-conjugate poles in the complex fre-
quency domain to represent an arbitrary dispersion profile, and write the dielectric
function in the form [18, 19]

M *
s(w):soeooJrsoZ(, 4y _» ) (2.54)

where the real part of the pole at a,, is positive to ensure causality of the dielectric
response. The complex coefficients c¢;, and c;‘; are chosen to fit a specific dispersion
model of interest. For example, when a, = 1/1, and ¢, = —A¢g,/(27,), this
formulation reduces to the well-known Debye model [18, 19],

Ag

_— (2.55)
l — jot,

M
EDebye(w) = €0€c0 T €0 Z
p=1

If we choose a), = 8, — j, /@3 — 82 and ¢, = jAspa)%/Q |w? — 82), we recover
the Lorentz model [18, 19],

M 2
Agpw
ELorentz (W) = €0&00 + €0 § 5 ; L 5 (2.56)
ot wy — j26p0 —w

In both cases, the model order M needs to be chosen to represent intricate features
of the actual material dispersion by using standard curve-fitting techniques. Also,
in the case of metals, the Drude model can be seen as a special case of the Lorentz
model in which the resonance frequency w), is so small compared with w that w%,
can be neglected in the denominator.

To construct a suitable FDTD model, we introduce two complex quantities .7,, (w)
and T, (w) as follows [18, 19]:

Tp(@) = 02— joE (). (2.57a)
jo—ap

Iy(0) = sg—"—joE (). (2.57b)
jo—aj

Taking the inverse Fourier transform of these equations and noting that jo — — %
we obtain

3Jp (1) IE(1)

oy +a,J,(t) = eocp Pyt (2.58a)
al,(t JE (¢

gt()—{—a;Ip(t):soc; az()' (2.58b)
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Because E(7) is a real quantity, these equations show that /,,(z) = J I’,“ (t), provided
both have the same initial values [18, 19]. Thus, we only need to calculate J, (7).

The dielectric function enters Maxwell’s equations through Ampere’s law, which
can be written, including the conductivity o, as

oD

Noting that I)(a)) = 8(a))E’ , we obtain the following time-stepping rule for
updating the electric field and J),(¢) as time advances from nAf to (n + 1) At:

M
EatD) _ 260800 + 23— Re(Bp) — o At o
280800 + ZZPM:1 Re(Bp) + o At

" (2.60)
QA1 [v x H+1/2) _ Re (szl 1+ kp)J;;)]
+
260200 + 2 Y hy Re(B)) + o At
(n+1) _ Bo (gt _
I = by + L (E " E") , 2.61)
where we have defined k), and 8, as
1 At)2 At
p= B2 g g, = SR 262
1 —a,At)2 1 —a,At/2

These equations permit one to use the FDTD technique for propagation of light in
any dispersive medium. However, the adoption of a dispersive model complicates
the situation at the boundaries of the grid used for FDTD simulations. To suppress
spurious reflections at the grid boundaries, we need to introduce a perfectly matched
layer (PML) around the grid.

2.5.4 Perfectly matched layer for dispersive optical media

A perfectly matched layer (PML) is an artificial layer designed to obey Maxwell’s
equations with superior absorbing properties to those of a real material. A key
property of a PML medium is that an electromagnetic wave incident upon the PML
from a non-PML medium does not reflect at the interface. Its use eliminates spurious
reflections, a source of numerical problems in practice. The concept of PML was first
developed by Berenger in 1994 [20] and has gone several reformulations since then.
Berenger employed a split form of Maxwell’s equations, introducing additional
terms for the electric field, but this form still matched Maxwell’s equations exactly.
However, these additional electric fields cannot be associated with any physical
fields. To circumvent this deficiency, two years later Gedney introduced a modified
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approach called unsplit PML (UPML) that makes use of physical fields [21]. Later,
anovel way to construct PML was introduced by Zhao [22]. This approach is called
generalized theory-based PML (GTPML) and makes use of a complex coordinate
stretching in the frequency domain. More specifically, PMLs were shown to corre-
spond to a coordinate transformation in which one (or more) coordinates are mapped
to complex numbers. This transformation essentially constituted an analytic contin-
uation of the wave equation into the complex domain, replacing propagating waves
with exponentially decaying waves. We adopt this coordinate-stretching concept in
the following discussion.

Let E(r, w) and ﬁ(r, ) be the electric and magnetic fields in the generic dis-
persive medium described in Section 2.5.3. In a medium where no electromagnetic
sources are present, the evolution of these fields (in the frequency domain) is
governed by Maxwell’s equations (see Section 1.1):

V x E(r, w) = jouoH(r, »), (2.63a)
V x H(r, ) = — jos(0)E(r, o). (2.63b)

An absorbing PML, impedance-matched perfectly to its adjacent medium, can be
created by transforming coordinates appropriately (see Ref. [21] for details). As a
result, in the PML region Egs. (2.63) take the form

V' x E(r, ) = jouol (0)H(r, w), (2.64a)
V' x H(r, 0) = — jos(@)T()E(r, »), (2.64b)

where V' is the operator V in the new coordinate system and ['(w) is the PML
material tensor, defined as

Sy (w)s(w) 0 0
Sy (w)
T'(w) = 0 W 0 . (2.65)
y
0 0 sx(w)sy(w)
Sz (w)

The presence of the material tensor r (w) ontheright side of Egs. (2.64) is equivalent
to filling the PML with an artificial absorbing material having anisotropic permit-
tivity E(w)F(a)) and anisotropic permeability ,uof‘(a)). Clearly, for any choice of
the stretching coefficients s, (w), the impedances of the dispersive medium and the
PML are equal with n = /110/&(w). Attenuation properties of the PML can be
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controlled by choosing the stretching coefficients s,(w) appropriately. Here, we
adopt the form [23]
Oy

y — jweo
corresponding to the so-called complex-frequency-shifted (CFS) PML. The impact
of parameters o, > 0,k, > 1,and y > 0 on attenuation properties of the CFS-PML
is analyzed in [24-26]From a physical point of view, o, resembles the conductivity
of the PML and provides attenuation of propagating waves in the rth direction. The
parameters k, and y absorb the evanescent waves. To avoid numerical reflections
from the PML boundaries, both o, and «, need to be varied smoothly in space. A
common choice of these parameters is [27]

sr(a)) = K, + s r=2x,y,Zz, (266)

Or = Omax (k/sr)m_l—n» (2.67a)
kr =1+ (Kmax — 1)(k/8r)nv (2.67b)

where k < §,, §, is the PML depth in the rth direction, m and n are two integers
taking values in the range [—3, 3] and [2, 6] with the restriction m +n > 1,
and kmax 1S a number in the range 1-10. The parameter omax satisfies opmax =
—ceo(m +n + 1) In Ry/(28,), where Ry is in the range [10~'2, 1072].

The FDTD solution of of Egs. (2.63) and (2.64) requires discretization of the
electric and magnetic fields and the use of a set of update equations on the
entire computational grid. It is desirable that update equations do not depend
on the exact form of the PML material tensor, as such a dependance would
require code modification for each specific choice of the attenuation parameters s;-.
This is accomplished by rewriting the update equations in terms of two auxiliary
functions,

Re = T(0)E(r, w), (2.682)
Ry = T(w)H(F, w). (2.68b)

Once the values of these functions are found in the time domain, they are used to
calculate the real fields, E(r, r) and H(r, 7).

The update equations for Rg and Ry can be derived as follows. Substituting
Eq. (2.54) into Eq. (2.64b), and writing V' as V for convenience, we obtain

M
—V x H= joegeoRe + Y T, +Kp), (2.69)
p=1
where (see Section 2.5.3)
~ Cp L~
Jp =e0———jwRg, (2.70a)
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~ c*
K, = 80—]a)RE (2.70b)
jo — a;‘,

Writing Eq. (2.70) in the discrete time-domain form, we obtain

I =l + B, RET —Rp), (K=, 2.71)
where

1 —a,At)2
o, = L A2 (2.72a)

1 +a,At)2

£0Cp

=——F 2.72b
Pr=1 +a,At)2 (2.720)

Using Eq. (2.71), we can write the discrete time-domain version of Eq. (2.69) in
the form

n+1/2 n—1/2
R;TV? _R]

—V x H" = — gpepo—E ,
000 At

M
n ZRC (1 +O[p)Jn 1/2] + (RZ-H/Z _ R%—I/Z) ZRe(,Bp)

pP= 1 p:l
(2.73)
From this equation, we find the following update equation for Rg:
_ VxH'"4+) Re|(l +« J" 172
RIFIZ R > Re[( p) ] ' @74

£0€00/ At — ) _Re(B))
Similarly, using Eq. (2.64a) one can show that the update equation for Ry is

n+1/2
R =R, — VxET (2.75)
mo/ At
To restore the electric and magnetic fields from auxiliary functions, we need to
find the relationships between them in the discrete time domain. This can be done by
converting Egs. (2.68) to continuous time domain with the Fourier correspondence
—jw < 9/0t and discretizing the resulting differential equations with appropri-
ate difference operators. This procedure, however, is quite tedious in our case and
becomes even more involved for more complicated forms of the coefficients s, (w)
(e.g., for negative-index materials [28] or higher-order PMLs [26]). The inconve-
nience associated with the discretization of high-order differential equations can
be avoided by using the Z-transform technique [29, 30] discussed next.
Let us illustrate the Z-transform technique by derlvmg the dlfference equatlon
for the x component of the electric field using the relation R Ex = F (a))E (r, w).



52 Light propagation through dispersive dielectric slabs

Introducing two new parameters, &, = &y + o0,/ (kr€0) and &y = y /ep, and utilizing
Eq. (2.60), we represent the relation between Rg , and Ey in the form

R E
- il — (2.76)
Kykz &y — jw)(&; — jo)  (&x — jo)(§o — jo)
We recast this equation into the Z domain using the transform pair
1 1
(2.77)

e b
£E—jo 1 — Z-le—§41
where Z is used to represent the Z transform and should not be confused with the
spatial variable z. The result is given by
Ky RE X (2)
Kyky 1 — Z7 1 (e 5vAl 4 e=&Al) 4 72— (G H8)A!

B Eu(2)
- 1 — Z_l(e_éxAt + e_%_OAt) + Z_Ze_(éx‘FEO)AZ ’

(2.78)

This equation can be readily inverted to get its equivalent time-domain form suitable
for numerical implementation. Using the transform correspondence ZFA(Z) <
A"k we obtain the result

E;l+1 — E;l(effyAf + e*ézAf) _ E?*le*(§)~+fz)At

K
T TN e Ty
yKz

+ Ry emGta0Ar], (2.79)

Analogous expressions can be obtained to restore the £, and E, components by
changing the subscript x to y or z in Eq. (2.79). The magnetic field components,
H'"! (m = x, y, 2), satisfy equations identical to those for E"*! after we replace
REm with Ry m.

The preceding equations allow one to develop a unified FDTD algorithm for
simulation of optical phenomena in a wide range of dispersive media truncated
by a perfectly matched absorbing boundary. The main steps of the algorithm for
updating the electromagnetic field in the PML can be summarized as follows:

(1) Apply the update equation (2.74) and store RZH/ % values. This update requires

retrieving of values H”, J Z_l/ 2, and Rg_l/ ? from preceding time steps.

(2) Calculate and store the auxiliary variables J ZH/ % for each pole p using
Eq. (2.71). This update requires the value R?l/ ? calculated in the current time
step and requires the retrieving of values JZ_I/ % and RZ_l/ % from preceding
time steps.
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(3) UseEq.(2.79) with similar equations for y and z components to restore the elec-
tric field E"*1/2 from values of E*~1/2, E"=3/2, RZ_I/Z, and R2_3/2 retrieved
from preceding time steps and the value RZH/ ? calculated in the current time
step.

(4) Update R”H+1 values using Eq. (2.75). This update requires values of R%, and
E"*1/2 retrieved from preceding time steps.

(5) Employ an analog of Eq. (2.79) to calculate H**! using values of H", H" ™!,
R}, and R”H_1 retrieved from preceding time steps as well as the value of R"H+l
calculated in the current time step.

Itis useful to note that, as expected, this algorithm reduces to the algorithm given
in Section 2.5.3 if the PML-specific parameters are set to zero. No restoration of
electric and magnetic fields is needed in the absence of the PML since the auxiliary
functions are identically equal to these fields. Hence, steps 3 and 5 of the above
algorithm should be omitted in this situation and the functions R and R, should
be replaced with E” and H" in the other steps.

2.6 Phase and group velocities

Propagation of pulses in dispersive dielectric media requires a clear understanding
of the concepts of phase and group velocities. We discuss both of them in this section,
starting from Eq. (2.30). We expand the propagation constant, k(w) = wn(w)/c,
around the pulse’s carrier frequency wq, a representative of the mean frequency of
the overall signal, as

k(w) = k(wo) + (w;—w()) +-- (2.80)

8

where the group velocity of the pulse is defined as

1 ng  dk()

, 2.81
Vg c dw ( )

w=wo

ng being the group index of the medium. Substituting Eq. (2.80) into Eq. (2.30)
and rearranging various terms, we obtain

E(z, 1) = ef'[’<(w0>z—°“0’]2L / - E(0, w)e ™/ @=@0)t=2/v0) g4, (2.82)
T J-c0

In this expression, the integral represents the slowly varying part of the electric
field associated with a pulse.
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The rapidly varying part of the electric field oscillates at the carrier frequency.
These oscillations advance with phase velocity v, given by

k(o)

wQ

v, = (2.83)
There is a subtle distinction between the phase and group velocities. The phase of
the carrier can be written as

¢ (w) = wn(w)z/c — wt. (2.84)

The phase velocity amounts to the speed with which the phase front of a wave
advances. This can be seen by considering a phase front with the constant phase ¢g
and propagating it through space such that ¢ (w) = ¢o. In contrast, if we track the
speed where phase is stationary and set the derivative of ¢ (w) with respect to  to
zero, we obtain the group-velocity expression given in Eq. (2.81).

It is instructive to look at the behavior of ¢ (w) as w varies because it gives us
better insight into variations of group velocity with frequency. It is clear from Eq.
(2.84) that ¢ (0) = 0. However, if we use n(w) = n,(w) + jn; (w) for the complex
refractive index, it is not obvious how ¢ (w) behaves in the neighborhood of the
origin at @ = 0. To clarify this, we make use of the Kramers—Kronig relations
that relate the real and imaginary parts of the refractive index (see Section 1.4). In
particular, the so-called zero-frequency sum rule [31,32] states that

ni(w) ,

n(0) =1+ — @/ do, (2.85)

where &7 denotes the principle value of the Cauchy integral [33].

The difference between the pulse’s propagation in vacuum (i.e., n, = 1) and
through a dispersive medium can be gauged by considering the additional phase
shift A¢ (w) acquired by the pulse in the medium:

Ad(w) = %[m(w) —1]. (2.86)

The frequency derivative of this function is the group delay, representing the time
taken by the pulse peak to reach a distance z. Focusing on the region near ® = 0
and substituting Eq. (2.85) into Eq. (2.86), we obtain

2
Ag(w ~ 0) = 225 = / (2.87)
This integral behaves differently depending on whether the medium is absorptive
or amplifying [31]. In a purely absorptive medium, n;(w) > 0, and the integral
assumes a positive value. It remains positive even in an amplifying medium with
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small gain over a relatively small bandwidth. In contrast, in a medium with high
gain over a relatively large bandwidth, the integral may become negative. In all
cases, the Kramers—Kronig relations show that n, () has the following asymptotic
form as w tends to infinity:

2
@p
ne(w)=1-— Tl (2.88)
Therefore, at large frequencies, the phase difference in Eq. (2.86) behaves as

w3z

Ap(w) = —ﬁ. (2.89)

This quantity is always negative because electrons essentially behave as free
particles at very high frequencies [31].

Consider the case for which A¢ in Eq. (2.87) is positive. As seen in Figure 2.6, A¢
is then positive in the vicinity of @ = 0 and becomes negative as w — oo. However,
n, is continuous and differentiable because absorption (or gain) and refractive index
are related to each other through the Kramers—Kronig relations [31]. It follows
from Eq. (2.86) that the phase difference A¢(w) must also be continuous and
differentiable along the entire positive frequency axis. By the mean-value theorem,
there is a point where the derivative of A¢ with respect to frequency becomes
negative. Since this derivative gives us the group delay of the medium, a negative
group delay implies that

dad) _ (i - 1) z < 0. (2.90)

w Vg c

Figure 2.6 Typical frequency dependence of phase difference A¢ in a weakly
amplifying or purely absorptive medium. (After Ref. [31]; © APS 1993)
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(D)
0

Figure 2.7 Typical frequency dependence of phase difference A¢ in a strongly
amplifying medium. (After Ref. [31]; © APS 1993)

There are two ways this expression can become negative: v, > ¢ (including v, =
00) or vg < 0. Because we reached this conclusion solely based on the Kramers—
Kronig relations, one can definitely say that this conclusion is a consequence of the
principle of causality.

The case of a strongly amplifying medium is illustrated in Figure 2.7. For such
a medium, A¢ is negative in the vicinity of w = 0, reaches a minimum value at
a specific frequency, and approaches zero when w — oo. Interestingly, the group
delay is negative at small frequencies for such a medium. As a result, there exists
at least one frequency where vy > ¢ or vg < 0 holds in a strongly amplifying
medium. In the case of an infinite group velocity, the peak of a pulse emerges from
a finite-size medium at the same instant as the peak of the pulse enters it. A negative
group velocity implies that the output pulse peaks at an earlier time than the peak of
the incident pulse. At first sight, these conclusions are hard to understand physically
and have been the subject of intense debates in the literature. One conclusion is that
the group velocity is not limited by Einstein’s relativity theory because it is not the
speed with which information can be transmitted through a medium.

It is important to understand that we arrived at the preceding results by consid-
ering an unbounded medium, extending to infinity on both sides of the z axis. If
a finite slab of the dispersive medium is considered, the phase difference A¢ (w)
needs to be modified because additional phase shifts occur at the medium bound-
aries. Even though the mathematical treatment becomes complicated in this case,
the main conclusions still remain valid. The interested reader is referred to the
appendix of Ref. [31] for details.

2.7 Pulse propagation through a dielectric slab

We next consider pulse propagation through a dielectric slab, a configuration
that provides the basic framework needed to understand many kinds of optical
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z=0 z=L

Figure 2.8 A Gaussian pulse transmitted through a Fabry—Perot resonator.

amplifiers. The new feature is that we must take into account the influence of
boundaries when solving Maxwell’s equations. The transmittance and reflectance
at each boundary are quantified through the Fresnel equations given in Section
2.3. However, because of two boundaries, multiple reflections take place and lead
to resonance conditions. To understand such resonances, we study the dynamic
response of a Fabry—Perot resonator under pulsed conditions.

2.7.1 Fabry—Perot resonators

Figure 2.8 shows a Fabry—Perot resonator made of a dielectric slab with refractive
index ng and length L. The left facet of this slab, located at z = 0, has reflection
and transmission coefficients r| and 7, respectively; the corresponding quantities
at the right facet, at z = L, are r, and #,. A unit-amplitude impulse pulse with a
temporal form 4 (¢) entering this resonator from the left at time + = 0 will undergo
multiple reflections at the two facets. A part of it will exit from the right facet with
an amplitude ##, at time 19 = noL /c. Another part of the pulse will exit from the
resonator after one round-trip time 27y with amplitude ¢;#,r17>. This process will
continue repeatedly, resulting in the following impulse response function, Trp(?),
for the Fabry—Perot resonator [34]:

Tep(t) = ity Y r'ry'8 (t — (2m + Do) . (2.91)

m=0

Because this is a time-invariant expression, the corresponding frequency-domain
transfer function can be obtained by taking its temporal Fourier transform, and is
given by

o
Tep(w) =11ty Y ri'rf explj (2m + Dol
m=0 (2.92)
_ hhexp(jot)
1= rirexp(j2wto)




58 Light propagation through dispersive dielectric slabs

This transfer function shows that a three-component Fabry—Perot resonator (two
mirrors and a dielectric medium sandwiched between them) can be mapped to a
single optical slab, with no reflections at its boundaries, if we employ the concept
of an effective refractive index, ne¢r (w). The transfer function of this effective slab
of length L is exp[jwnesr (w) L /c]. Comparing this to Eq. (2.92), we obtain [35]

(2.93)

c 1112 exp(jw1p)
neff (@) = - n .
joL 1 — rirpexp(j2wto)

Using nefr (@) = ne(w) + jke.(w), we obtain the real and imaginary parts in the
form

_ rir sin(2wtg)
ne(w) = no(w) + tan (2.94a)
1 —rirp coswtg)
no nn
Ke(w) = ——— 1In . 2.94b
(@) wTo ([1 + r12r22 —2r1rm cos(2a)ro)]1/2> ( )

With this effective formulation, it is possible to employ the techniques developed
in the previous sections for analyzing pulse propagation through a Fabry—Perot
resonator. Alternatively, realizing that we have a time-invariant transfer function,
pulse propagation can be viewed as a filtering operation. This latter approach is
taken in this section because it provides more physical insight.

Suppose a chirped Gaussian pulse with an electric field

2
Eo(t) = Aexp (—ITOZ) exp(—jwot + jat?) (2.95)
is incident on a Fabry—Perot resonator from the left [36]. If we view its transmis-
sion as a filtering operation, the spectrum of the output pulse can be calculated by
multiplying the input spectrum by the Fabry—Perot transfer function. The result-
ing time-domain output field E, is then computed by taking the inverse Fourier
transform. The result is

E,(1) = iy / @=-0)’Ty .\, (2.96)
Y ex —jw w. (2.
- 2]aT2 Trp exp T4 —2jard)

If the frequency dependence of the refractive index, ng(w), of the Fabry-Perot
medium is important, the preceding integral cannot be performed analytically in
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general. However, if this dependence is negligible, we can perform the integration
and obtain the following analytical result:

E () = tfitaAe /0"

I —2jaT
x ) iy exp j(zm—i—l)To—#[t—(Zm%—l)ro]z ,
=0 2T,

(2.97)

This simple result shows how a Gaussian pulse is affected by multiple round trips
inside a Fabry—Perot resonator.

2.7.2 Transfer function of a dielectric slab

In this section we consider a dielectric slab of thickness L with a uniform refractive
index ng surrounded by air on both sides (see Figure 2.9). Such a slab acts as a
Fabry—Perot resonator because of an abrupt change in the refractive index at its
two interfaces, and the reflection and transmission coefficients can be obtained
from the Fresnel relations given in Section 2.3. As shown earlier, reflections at
two interfaces of this dielectric slab can be mapped to an effective slab with no
reflections, provided we modify the refractive index appropriately.

This approach can be supplemented with a rigorous approach based on Maxwell’s
equations. We assume that the left and right interfaces of the slab are located at z = 0
and z = L, respectively, and a plane wave with electric field E,- (0, w) 1s incident
on the left facet of the slab. Following the general solution given in Section 2.3
based on Maxwell’s equations, the electric field E (z, w) at a distance z inside the
dielectric slab can be written in the form [37]:

/¢ 4 Rpp(w)e 1%/, if 7 <0,
E(z,w) = E;(0,w) x { 07/ 4 gpe™I@?/°, if0<z<L, (298)
Trp(w)e 199/¢, ifz>1L,
Ej(zt) slab
z=0 z=L ‘

Left Facet / \Right Facet

Figure 2.9 An optical pulse transmitted through a dielectric slab with a sudden
change in the refractive index at its facets.
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where ﬁpp (w) is the reflectivity of the slab, ?Fp () is its transfer function, and o ¢
and gy, are the forward and backward amplitudes inside the slab.

As seen from Eq. (2.98), the incident wave propagates forward in the z > 0
region, but it also creates a reflected wave from the left facet of the slab that
propagates backward in the z < 0 region. The relative amplitude of this reflected
wave region is governed by ﬁpp (w). The forward and backward propagating waves
coexist within the slab but only the forward wave exists in the region z > L, and
its amplitude is governed by fpp (w).

Asdiscussed in Section 2.3, since no free charges exist within the slab or its facets,
the tangential electric field must be continuous at its two interfaces. Matching the
electric field at both interfaces, we arrive, after considerable algebra, at the following
expressions [37]:

~ . 4n
) = G D exp(— kD) + (1 — 17 exp(kD)' (29%)
~ (n* — 1) exp(—jkL) — (n* — 1) exp(jkL)
R = 2.99b
rp(@) (n+ 1)2 exp(—jkL) + (n — 1)2 exp(jkL)’ (2.99b)
2n(n+ 1)
= 2.
O = W F D+ (= P exp2kL)’ (2.9%¢)
op 2001 — 1) (2.99d)

T = D2+ (n+ D2exp(—j2kL)’

where n = +/10/€0/no is the wave impedance inside the slab (see Eq. (2.6)) and
k = now/c is the propagation constant inside the slab. Even though Eqgs. (2.92) and
(2.99a) appear quite different, their equivalence can be established by noting that
exp(jkL) = exp(jwto) and using the Fresnel equations for the reflection and and
transmission coefficients at the two facets. More specifically,

2 _n—1 2n 1=

= =—\ BhHh=—, = —. 2.100
1 r — 2 . r o ( )

=T
In conclusion, the results of this section show that reflections at the input and output
facets of an amplifying medium can be easily taken into account, if necessary,
through the concept of effective refractive index.
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3

Interaction of light with generic active media

The study of optical effects in active media is rich with unexpected consequences.
For instance, one may imagine that absorption and amplification in a dielectric
medium will exhibit some sort of symmetry because both are related to the same
imaginary part of the dielectric constant, except for a sign change. It turns out that
such a symmetry does not exist [1]. This issue has also been investigated in detail
for random or disordered gain media, with varying viewpoints [2]. Traditionally,
much of the research on amplifying media has considered the interaction of light
within the entire volume of such a medium. Recent interest in metamaterials and
other esoteric structures in which plasmons are used to manipulate optical signals
has brought attention to the role of surface waves in active dielectrics [3,4].

From a fundamental perspective, the main difference between active and passive
media is that spontaneous emission cannot be avoided in gain media. As a result, a
rigorous analysis of gain media demands a quantum-mechanical treatment. Spon-
taneous emission in a gain medium depends not only on the material properties of
that medium but also on the optical modes supported by the structure containing
that material [5]. By a clever design of this structure (e.g., photonic crystals or
microdisk resonators with a metallic cladding), it is possible to control the local
density of optical modes and the spontaneous emission process itself. In Chapter 4,
we discuss how to model a gain medium under such conditions by deploying optical
Bloch equations. In this chapter, our focus is on generic properties of a dielectric
active medium exhibiting gain, and we disregard the actual mechanism responsi-
ble for the gain. We assume that the dielectric gain medium is nonmagnetic and
replace the permeability u in Maxwell’s equations with its vacuum value (. In this
situation, we can account for the gain by using a complex dielectric permittivity,
&e(w) = & (w) + je&i (w), with a negative imaginary part (¢; < 0) in some frequency
range. Even though this approach is simplistic, it has been successfully used for
describing the operation of lasers and amplifiers [0, 7]. Section 3.1 considers the
reflection of light from a gain medium under conditions of total internal reflection.

63
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Section 3.2 focuses on the properties of surface-plasmon polaritons. The remaining
sections show that the gain in a dielectric medium can be used to modify the group
velocity and other properties of such waves.

3.1 Reflection of light from a gain medium

Before studying light propagation through a gain medium, it is interesting and
instructive to consider the behavior at the interface when light is launched into
a gain medium from a passive medium. In the case of an interface between two
passive media, we can account for the reflection and transmission of light through
the interface using the Fresnel equations discussed in Section 2.3.3. This approach
can be easily extended to the case where the gain medium has a higher refractive
index than the passive medium. It is easy to show from the Fresnel equations that
the reflection coefficient has a magnitude less than unity in this situation. In this
section, we first discuss the phenomenon of total internal reflection at an interface
between two passive media and then study what happens when one of the media
exhibits gain.

3.1.1 Total internal reflection and the Goos-Hdinchen effect

Figure 3.1 shows a light beam incident on an interface from the side of a medium
with higher refractive index. If the incident medium has refractive index of n;, and
the beam gets refracted into a medium with refractive index n,, then Snell’s law,
n; sin#; = n, sin 6,, provides a way to calculate the refraction angle 6, from the

normal to the interface

totally reflected wave

partially reflected/refracted
| wave with incident angle
smaller than critical angle

Figure 3.1 Illustration of total internal reflection at an interface.
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Figure 3.2 Schematic illustration of the Goos—Hénchen shift occurring at an
interface during total internal reflection.

incident angle 6;. Because of the condition n; > n,, 6, is larger than 6;. Therefore,
as the incident angle 6; is increased, a situation is reached in which 8, = 90°, i.e., the
refracted ray becomes parallel to the interface. The incident angle corresponding to
this condition is called the critical angle and can be obtained from the well-known

expression
0, = sin~! (”—) . 3.1)
nj

If the incident angle exceed this critical angle, the incident light is totally reflected,
obeying normal specular reflection laws (the incident and reflected angles are equal).
Such a reflection from an interface is known as total internal reflection.

One peculiarity of total internal reflection is that, in the case of a linearly polarized
input, the reflected light undergoes a lateral shift from the position predicted by
geometrical optics, as shown in Figure 3.2. This phenomenon is known as the Goos—
Hinchen effect. The lateral shift happens in the incident plane, and the magnitude
of this shift is comparable to the wavelength of light for incident angles slightly
greater than the critical angle. The analogous effect for circularly or elliptically
polarized light is known as the Imbert—Fedorov effect. If the geometrical-optics
description is replaced with wave optics appropriate for a beam of light, in addition
to the lateral shift the reflected beam also experiences a focal shift, an angular shift,
and a change in its beam waist [8, 9].

3.1.2 Total internal reflection from an active cladding

The ability to amplify light in a passive medium while undergoing total internal
reflection at the interface of an active material was first noted by Koester in a
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Figure 3.3 Schematic illustration of total internal reflection at an interface when
light enters from a lossless passive medium into an active cladding material.

1966 experiment [10]. In this experiment, an index-guided mode of a dielectric
waveguide, surrounded with an active cladding, experienced amplification along
the waveguide length. Recent classical and quantum studies [11,12,13] have shown
conclusively that light in a completely passive medium can be amplified using
evanescent-gain techniques based on total internal reflection.

To get a quantitative understanding of this process, we consider total internal
reflection with the geometry shown in Figure 3.3. The interface coinciding with the
plane x = O separates a passive lossless medium with real permittivity ep > 0,
on its left, from an active gain medium, on its right, whose complex permittivity
has the form €4 = €4, + je4;. Both media are assumed to be nonmagnetic with
a magnetic permeability equal to the free-space value 1. To enable total internal
reflection, the refractive index of the active medium has to be lower than that of
the passive medium, leading to the condition ep > €4, > 0. The critical angle in
this case is found from Eq. (3.1) to be

6, = sin”! (—l— 8ﬂ) , (3.2)

ep

where we have taken the positive value of the square root because of the condition
ep > ¢ear > 0.

For a general incident angle 6;, the propagation vector of the incident field in the
passive medium can be written as

kpi = |2 kocos@)x + | ko sin(@))y, (3.3)
€0 €0
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where kg = w/c for an optical field with carrier frequency w. The corresponding
reflected wave has a propagation vector k p, whose x component is reversed and
has a negative sign, i.e.,

kpr = — | Lrocos@)x + | Lkosin@)y. (3.4)
&0 &0

Owing to the continuity of the tangential component of the electric field, the y
components of all propagation constants coincide (this amounts to obeying Snell’s
law at the interface). Therefore, the propagation vector in the active medium can

be written as
& .
ko = kacx + ,/S—Pko sin(6))y, (3.5)
0

where the complex quantity k4, needs to be determined using the known medium
and incident-wave properties. If this medium is passive and the incident angle is
less than the critical angle, this quantity can be written as

kax = \/“’ko\/ _ g sm2(6) eai =0, 0<6 <6,. (3.6)

In the case of an active medium, the dispersion relation for the active medium
allows us to find k4. Suppose o4 is the conductivity of the active medium. It is
related to the imaginary part of the dielectric constant through the relation o4 =
we 4; . Using the following relation obtained from Maxwell’s equations,

oV x B 0

oE
v MOO'AE+/L08A}"¥ ., 37

VxVxE=-VE=— = —
ot ot

and noting that E = E4 exp[jk - (xx + yy) — jwt], we obtain the relation
ep 5 . _
kfu + gk(z) sin?(6;) = mow(Ear@ + joa). (3.8)

Using ko = w./o€g and o4 = we 4;, this equation can be solved to obtain

.2
kay = ko\/“ epsin”(6) (3.9)

€0

It is useful to introduce a polar form for the complex argument of the square root
in the preceding equation [13]:

g4 — £p sin’(6;)

=& =|§| (jOe) —= = - (3.10)
=& = || exp(jOs), O < . 3.10
£0 pLIv% 2 § 2
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It is clear from this definition that we have introduced a branch cut along the
imaginary axis of the complex £ plane. The x component of the propagation constant
in the active medium can now be written as

0,
kax = koy/I€] exp (Jf) . (3.11)

It follows from the definition of 6. that when the incident angle 6; exceeds this
value, the real part of £ becomes negative, and thus 6 should be in the range
m/2 < ¢ < 3w /2. However, if propagation needs to happen towards the interface
and the signal has to grow because of gain, the permissible range of this angle is
T <0 <3m/2.

Using our treatment of Fresnel reflection coefficients in Section 2.3, we obtain
the following expressions for the reflection coefficients I'tg and 'ty for the TE
and TM polarizations, respectively:

_ JEpcos(6;) —Vea — ep sin®(6;)

g = , (3.12a)
Jep cos(6;) + \/sA —¢€p sin2(9i)
Ppy = €A cos(6;) — \/EA —&p sin2(0,-) (3.12b)

N JEeA cos(6;) + \/eA —¢p sin2(9,-)'

Using the definition in Eq. (3.10), we can write these reflectivity coefficients in a
more compact form as

Vep/eocos(0;) — &

g = , 3.13
= Jep a0 cos(6h) + & G153
ealeocos(0;) — &
Crv = ) 3.13b
™ ea/eocos(6;) + & ( )

There is no need to investigate these two quantities separately because it is
possible to establish the following unique relation between them by eliminating the

variable &:
't — cos(26;)
I'rm = I'rg. 3.14
™ <1 —FTEcos(zel-)) " G149

We thus focus our attention on I'tg. Because we are mainly interested in the TE-
mode reflectivity, we calculate |I'tg|> by multiplying Eq. (3.14) by its complex
conjugate. The result is given by

2 _ [WVer/eocos(6) — I§] cos@))’ + &% sin’ (6)
[Vep/e0cos(0;) + |£| cos(Be) 12 + |&]2 sin® (Gs)

This quantity exceeds 1 for 0 in the range m < 0 < 37/2. We saw previously that
this range corresponds to the case in which an evanescent wave propagates in the

Il'te (3.15)
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active medium towards the interface, and the TE mode propagating in the passive
medium grows because of the gain experienced during total internal reflection. From
the relation (3.14), the TM mode will also be amplified through this mechanism.

3.2 Surface-plasmon polaritons

Surface-plasmon polaritons (SPPs) represent TM-polarized waves that are localized
at the interface between two materials whose refractive indices (related to the real
part of the permittivity) have opposite signs. They can also be viewed as optical
waves trapped close to the interface because of interactions between photons and
electrons [14]. The ability of an electromagnetic field to propagate as a surface wave
on an interface was first studied by Ritchie [15]. At optical frequencies, a commonly
used configuration employs a metal-dielectric interface, as shown schematically
in Figure 3.4. At the oscillation frequency of the SPP, the metal has a negative real
permittivity and the dielectric has a positive real permittivity [16].

3.2.1 SPP dispersion relation and other properties

The dispersion relation for SPPs at a metal—dielectric interface was first derived
by Teng and Stern [17]. Figure 3.5 shows a typical dispersion relation for SPPs
at such an interface. Clearly, at a given frequency w, SPPs have a longer wave
vector than that of an electromagnetic wave propagating in vacuum (i.e., the SPP
dispersion curve lies beyond the light line w = ck). As a result, the momentum of
an SPP exceeds that of a photon in vacuum at the same frequency w [14]. However,
the coupling of light to SPPs requires matching of the momentum at the coupling
point. This is achieved in practice by making light travel through a transparent

dielectric
surface-plasmon polariton

metal

Figure 3.4 TIllustration of surface-plasmon polaritons propagating along a metal—
dielectric interface as a surface wave.
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Figure 3.5 Dispersion curve of surface-plasmon polaritons at a metal—dielectric
interface. Two straight lines show the dispersion curves of light in vacuum and in
a substrate of refractive index n > 1.

medium with high refractive index and varying the incident angle until momentum
or phase matching is achieved in the SPP propagation direction (see Figure 3.5).
Because such phase matching requires a propagation vector whose magnitude is
larger than that obtained in vacuum, evanescent fields are generally required in
practice. Further details can be found in Refs. [16] and [18].

The word “plasmon” in SPP emphasizes the underlying physical process. Nega-
tive permittivity in metals results from oscillations in the density of electrons within
it. To a very good approximation, electrons in a conductor can be viewed as a free
ideal gas with properties resembling that of a plasma (consisting of plasmons in a
quantum treatment). The word “polariton” in SPPs represents the phonon oscilla-
tions associated with surface modes in polar dielectrics. SPPs represent a hybrid
wave associated with the interaction between these two distinctive processes [14].
Within the framework of Maxwell’s equations, once the material properties of the
dielectric and the metal are specified, SPPs refer to a solution that decays expo-
nentially in both directions from the interface. Figure 3.6 shows this behavior
schematically.

Recent advances in metamaterials and artificial materials have widened the
frequency range over which an SPP can be sustained [19, 20]. For example, in
the microwave region, metals are not very effective for initiating SPPs because
their response becomes dominated by their high conductivity. However, properly
designed metamaterials with a negative refractive index can be interfaced with con-
ventional dielectrics to form composite structures in which SPPs can be sustained
on the interface at microwave and terahertz frequencies.

3.2.2 Propagation loss and its control

Even though it is relatively easy to find dielectrics that exhibit very low losses in the
frequency range of SPPs, it is not possible to avoid a significant energy loss resulting
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dielectric metal

expononentially decaying
wave amplitudes

Figure 3.6 Exponential decay of an SPP surface wave strength in both directions
from the metal—dielectric interface.

from the positive imaginary part of the permittivity of metals. The overall effect
is a rather lossy propagation of SPPs on a metal-dielectric interface. Often, the
effective propagation length of SPPs is limited to distances ~ 10\ when radiation
of wavelength A is used to excite such a surface wave [14]. This lossy nature of
SPPs is the main obstacle to their use in channeling light using sub-wavelength size
structures, because it effectively limits the maximum size of plasmonic devices that
can be made. In addition, if SPPs propagate through sharp bends, there is a chance
of losing additional energy to radiation losses [21].

Two fundamentally different strategies have been proposed to reduce the prop-
agation losses of SPPs [22,23]. One scheme utilizes gain in the dielectric region
to compensate for the losses occurring within the metal [22]. The other scheme is
known by the term spaser, an acronym similar to laser and standing for surface
plasmon amplification by stimulated emission of radiation. The spaser is indeed the
nano-plasmonic counterpart of a conventional laser, but it amplifies plasmon reso-
nances rather than photons, and employs a plasmonic resonator (i.e., nanoparticles)
instead of a mirror-based cavity [24]. A spaser receives energy from a conven-
tional gain medium, pumped externally, using a mechanism similar to Forster’s
dipole—dipole energy transfer [25], transferring excitation energy nonradiatively to
the resonant nanosystem.

Figure 3.7 shows one possible design of a spaser based on a metal—dielectric
nanoshell [24]. More specifically, a silver nanoshell is surrounded by active quan-
tum dots that are pumped to provide gain. When a quantum dot is not in the
immediate vicinity of the nanoshell, it relaxes to a lower energy state by emitting
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Figure 3.7 Illustration of the spaser scheme in which gain in quantum dots sur-
rounding a metal—dielectric nanoshell compensates for propagation losses within
the metal.

dielectric

metal

Figure 3.8 Configuration used for analyzing SPPs confined to a metal-dielectric
interface.

photons. However, when there is tighter coupling between the nanoshell and the
quantum dots, the relaxation process does not lead to emission of new photons
but transfers energy to the resonant surface plasmons of the nanoshell. Moreover,
surface plasmons on the nanoshell can stimulate further such transitions, leading
to stimulated emission of identical surface plasmons [24].

3.2.3 Gain-assisted propagation of SPPs

The basic idea of using an active dielectric medium to compensate for losses in the
metallic region of SPPs on an interface [22] has been developed further in recent
years [3,26]. We follow the analysis of Ref. [3] to gain a fundamental understanding
of the analytical reasoning behind the physical process.

Figure 3.8 shows the geometry used. We assume that an SPP surface wave is
propagating along the positive x direction on the metal—dielectric boundary, which
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lies in the x—y plane, and that the electromagnetic fields associated with this surface
wave decays in the positive (dielectric) and negative (metal) z directions. The
permittivities of the dielectric and metal media are assumed to be constant within
each medium ata given frequency, but we allow for the possibility that they may vary
with frequency. The dielectric has a complex permittivity, ep = ep, + jep; with
epr > 0. When the dielectric is pumped externally to provide gain, the permittivity
also satisfies €p; < 0. The excitation of an SPP wave at the metal-dielectric
interface requires that the real parts of the permittivities of these two media have
opposite signs. Therefore, the metal permittivity, ey = ey + jemi, must satisfy
emr < 0. Also, the lossy nature of the metal implies that €;7; > 0.

Owing to our assumption of homogeneity in the y direction, the global' electric
and magnetic fields, E  and H g, can be written in the following general form [16]:

Eg(x,y,7) = E(z)explj(kyx — wt)], (3.16a)
Hg(x,y,z) = H(z) explj (kyx — wt)], (3.16b)

where k, is the magnitude of the wave vector of the SPP wave pointing in the x

direction and w is its frequency. Substitution of these fields in the Maxwell equation
a

VxEg=—uo gc gives us the relations

OE, _
- = _]wMOHXv (3173)
9z
OE, . :
39z = jopoHy + jkiE, (3.17b)
jkyEy = jouoHs,. (3.17¢)

Since the permittivity is discontinuous across the metal—dielectric interface, we
introduce a single permittivity function &(z) of the form

ez =0 f2>0 (3.18)
ey ifz <O.

oFE
Using the Maxwell equation for the magnetic field, V x Hg = —¢ atG + J, we
then obtain
0H, .
— = jwe(z)Ey, (3.19a)
0z
dH, . :
3 = —jwe(Q)Ey + jkiH, (3.19b)
Z
JkiHy = —joe(2) E,, (3.19¢)

1 We use the qualifier “global” to designate the whole system in Figure 3.8.
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where we have assumed J = 0 because there are no currents present in the system
under study.

Two self-consistent solutions exist for the preceding six field equations (corre-
sponding to the TE and TM modes) when the metal in Figure 3.8 is replaced with
a dielectric. However, it is known that there is no nonzero TE solution in the case
of a metal, and SPP waves are necessarily in the form of TM modes [16]. For a TM
solution, only the field components Ey, E,, and H, are nonzero, and we need to
solve the following set of three equations:

0E, . .
a—z = ]Cl),bL()Hy + .]ksz, (3203)
1 0H,
Ey=—j— 20 (3.20b)
we 0z
ky
E.=—-"YH,. (3.20¢)
we

Substitution of Egs. (3.20b) and (3.20c¢) into Eq. (3.20a) gives the wave equation
for Hy,
2
0°H,
972
Because we are interested in finding a solution confined to the interface and
because the two sides of the interface require distinct z components of the prop-
agation vector, it is useful to assign different labels to the electric and magnetic
field components in each medium. We use the subscripts D and M to indicate the
dielectric and metal regions, respectively, and write the TM-mode solution in the
form

+ (epow? — kHH, = 0. (3.21)

Ep(x,z,t) = (Expx + E;pz) explj(kxx + k;pz — wt)], (3.22a)
Ey(x,z,t) = (Expyx + E;pz) explj(kyx + k;pz — wt)]), (3.22b)
Hp(x,z,t) = Hypyexpljkyx + k;pz — wt)], (3.22¢)
Hpy(x,z,t) = Hypy explj(kex + kopz — ot)]. (3.22d)

The continuity of the tangential magnetic field H, at the interface requires
Hyp = Hyym, (3.23)
and the continuity of the tangential electric field E, gives us the relation

kip _ kem (3.24)

€D EM
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where we have used Eq. (3.20b). Since H,, satisfies the wave equation (3.21) in
both media, we also obtain the relations

k2 + k2 = eppow?, (3.25a)
k2 + k2 = empow’. (3.25b)

The preceding three equations can be used to find the three unknowns, k, k;p,
and k. First, we solve for the squares of these variables because it avoids any
ambiguity in choosing the appropriate branch cut in the complex plane. The result
is given by

> (Epr+ jepi)Emr + jemi)

k2 = pow : , (3.26a)
* (epr +emr) + j(epi + €mi)
N2
k2p = pow’® Cor +jep)” (3.26b)
(8Dr + 8Mr) +J (8Dl + ng)
. N2
kzzM _ MOa)z (emr + jemi) (3.26¢)

(epr +emr) + j(epi +emi)’
where we have made the substitutions ep = ep, + jep; and ey = ey + jeui-

For a general complex number a + jb with b # 0, the square root \/a + jb can
be written as

1 b
Va+j =5 a+\/a2+b2+j%\/—a+ a’+ b2 (3.27)

This equation shows clearly that the imaginary part of the square root of a com-

plex number has a branch cut along the negative real axis. To have bound SPP
modes on the interface, both Im(k,p) and Im(k;5;) must be positive to ensure
exponentially decaying fields in the z direction. From Eq. (3.27), this amounts to
requiring sgn(b) > 0. Applying this criterion to k,;p and ks gives the following
two conditions:

(epi — € (EDi + &mi) + (€pr + Emr)EDreDi > 0, (3.28a)
(e31i — exr)(EDi + emi) + (pr + EMr)emremi > 0. (3.28b)

Similarly, we can find the threshold gain at which lossless propagation of the SPP
mode happens by setting Im(k,) = 0. The result is given by

(epiemi — €premr)(Epi + €mi) + (Epiemr + eprémi)(Epr + emr) = 0. (3.29)

3.3 Gain-assisted management of group velocity

As discussed in Section 2.6, three different velocities are associated with an elec-
tromagnetic field, namely the phase velocity, the group velocity, and the energy
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Figure 3.9 Frequency dependence of the refractive index. The normal- and
anomalous-dispersion regions of an optical medium are related to the change in
slope of this curve.

velocity. In this section we look at ways of controlling the group velocity of an
optical pulse by clever use of gain at particular frequencies to create anomalous-
dispersion regions. Before going into detail, it is instructive to consider how the
anomalous nature of dispersion characteristics in a medium can drastically alter the
group velocity of light in that medium.

3.3.1 Dispersion and group velocity

Figure 3.9 shows an example of the frequency dependence of the refractive index
(dispersion) in a particular medium. Normal dispersion occurs when the refractive
index n(w) increases with increasing w, i.e., when dn/dw > 0. Anomalous disper-
sion refers to the opposite situation, in which the refractive index decreases when
the frequency increase locally, i.e., when dn/dw < 0. The group index ng(w) of a
medium, introduced earlier in Section 2.6, can be obtained from k(w) = n(w)w/c
in the form

ng(w) = n(w) + w%n(a)). (3.30)

As a result, the group index exceeds n(w) in the normal-dispersion region of a
medium, but it becomes smaller than n(w) in the anomalous-dispersion region.
The group velocity is related to the group index by the relation vy (w) = ¢/ng(w)
given earlier in Section 2.6.

The frequency dependence of the group velocity becomes important for short
optical pulses with a large bandwidth. If the group velocity of a medium remains
nearly constant over the entire bandwidth of the pulse, the pulse retains its shape
when propagating through such a medium [27]. However, if that is not the case,
the pulse may broaden or shorten in duration within the medium, depending on
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whether it is chirped or unchirped and on whether the medium exhibits normal or
anomalous dispersion [28].

If the material is anomalously dispersive within the frequency range of the pulse
bandwidth, the term w (dn/dw) can be negative and large, a situation that makes the
group index in Eq. (3.30) also large and negative. Also, there may be frequencies
where the group index in Eq. (3.30) is positive but close to zero. The former case
leads to negative velocities and the latter case leads to group velocities greater
than the speed of light in vacuum. Negative group velocities seem to contradict
the causality constraints, whereas group velocities larger than the vacuum speed of
light seem to contradict the foundations of the special theory of relativity. Therefore
a closer look at these phenomena is essential for a proper understanding of the
underlying concepts.

3.3.2 Gain-assisted superluminal propagation of light

Consider the propagation of light over a distance L in a medium having a group
velocity v, . The transit time of light is givenby T = L /ve = Lng/c. If the medium
is free space, the transit time is given by L/c. Therefore the delay seen by the light
while propagating through this medium, compared with the same distance in free
space, is given by AT = (ny — 1)L /c. Interestingly, if n, < 1, the delay becomes
negative, and the pulse seems to travel faster than the speed of light in vacuum [27].
This is referred to as the superluminal propagation of light, and this phenomenon
has attracted wide attention because of its controversial nature. By now, it is well
understood that such a behavior does not represent a noncausal effect and occurs
as a natural consequence of the wave nature of light [29].

When the optical frequency of the incident light is far from an atomic resonance
of a passive medium, the medium exhibits weak absorption and appears nearly
transparent. Such a medium also exhibits normal dispersion (dn/dw > 0), and it
is hard to observe superluminal effects [30]. Specifically, if a medium is absorptive
(i.e. Im[x (w)] = 0), the use of the Kramers—Kronig relations shows that [30]

ng(w) > max {n(a)), L} , if Im[y(w)] = 0. 3.31)
n(w)

Because transparent dielectrics have a refractive index n(w) > 1 at frequencies
below the bandgap of the material, it follows that ng(w) will also exceed 1 [29].
Similarly, a metal becomes transparent at frequencies above its plasma frequency.
The refractive index of such a metal satisfies the condition n(w) < 1 but the group
index ng exceeds 1 again [29]. Therefore, both the dielectric and the metallic media
exhibit a group velocity smaller than the vacuum speed of light because their group
index satisfies ng(w) > 1.
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Figure 3.10 Gain and refractive index of the medium described in the text. (After
Ref. [29]; © APS 2001)

In active media exhibiting optical gain, Im[x (w)] < 0, and the relation (3.31)
does not hold. Interestingly, close to the gain peak, the medium can even become
anomalously dispersive and may support superluminal propagation of light [29,31].
Consider an active medium with two closely spaced gain peaks as shown in
Figure 3.10. The susceptibility of such a medium has the form

M . M
(w—wy — Aw) + jT (0 —wp + Aw) + jT’

x(@) = (3.32)

where M depends on the pumping level of the medium and 2Aw represents
the spacing between the two gain peaks. Numerical values of these parameters
corresponding to a real gain medium can be found in Ref. [29].

The refractive index of any medium is related to its susceptibility by

n(w) = Re[y/1 + x(w)]. (3.33)

Using this expression, the group index is found to be

1 ( 2MAw

+ ey @t D+ D%w)]) , (3.34)

ng(w) = (@)
where D(w) = [(w — wo + Aw) + jT][(w — w9 — Aw) + jT']. Figure 3.11 shows
the delay or advance in the arrival time of a pulse as its carrier frequency is tuned
across the two gain peaks for the specific set of parameters given in Ref. [29]. The
negative values in the region between the two gain peaks indicate that the pulse
arrives earlier because of an increase in its group velocity.
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Figure 3.11 Pulse delay/advance as a function of the carrier frequency of the light
pulse. (After Ref. [29]; © APS 2001)

3.4 Gain-assisted dispersion control

Even though active materials are primarily used to compensate for propagation
losses or to boost the signal strength before detection, they can also be used for
manipulating dispersion in nanowaveguides [32]. If an active medium is used
for this purpose, the group velocity in a nanowaveguide can be controlled dras-
tically by varying the distributed gain along the propagation path, because both
the material properties and the waveguide geometry play important roles in setting
the group velocity (as compared with larger replicas of such waveguides such as
optical fibers). What is even more striking is that dispersive properties can be con-
trolled using gain alone, even in nanowaveguides made of materials that are weakly
dispersive (i.e., materials for which de/dw = 0).

3.4.1 Group velocity of a multilayer cylindrical nanowaveguide

Consider the multilayer cylindrical nanowaveguide shown in Figure 3.12, made
with N layers of different refractive indices. For simplicity, we assume that the
waveguide is homogeneous along the the propagation direction z with a propagation
constant k in this direction. Application of Maxwell’s equations to this composite
structure results in a dispersion relation for the nanowaveguide that predicts how k,
varies with w [32]. This dispersion relation is found by solving Maxwell’s equations
in each layer and relating field components at layer interfaces using the appropriate
boundary conditions [33]. Since the contribution of each layer to the dispersion
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Figure 3.12 Schematic geometry of a multi-layered nanowaveguide.

relation & is governed by a structural parameter «5 (s = 1 to N), we can write this
relation in the symbolic form

D(k,, w,k1,Kk2,...,k§) =0. (3.35)

In this equation the contribution of each layer appears through a single parameter
Kks. Such a one-to-one mapping may not hold if the waveguide is not cylindrically
symmetric or is made of materials that are anisotropic [32].

In addition to this global relationship, each layer has its own dispersion relation
95, when considered in isolation, giving us N individual dispersion relations of the
form

Ds(k;, w, k5) =0, s=1,2,...,N. (3.36)

The solution of these N + 1 transcendental equations provides sufficient informa-
tion to completely characterize any electromagnetic wave propagating through the
structure depicted in Figure 3.12. In particular, the phase and group velocities can
be obtained from the relations

w ow
—, Vg = —.
k. 87 3k,

vy = (3.37)

To derive an expression for the group velocity while maintaining the constraints
imposed on w and k; by the dispersion relations, we calculate the total derivatives
of Egs. (3.35) and (3.36) with respect to k., and obtain
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A9 39 3T 3D bk,

@z _ o7 T 3.38
a. ok T e 2 e, ok, (3.382)
A9, 39, 09 39 Ok
= — =0. 3.38b
ak. ~ ok e 1 ok ok (3.38b)
To find vg, we first solve Eq. (3.38b) for d«;/0k; and obtain
3 32,\ "' 02 32,\ "' 02
M (s s (5% g (3.39)
ok, 0K ok, 0K dw

Substitution of this result into Eq. (3.38a) then provides us with the following
expression for the group velocity:
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It is clear from this expression that the group velocity can be controlled pretty much
independently of the phase velocity by controlling the composite and individual
dispersion relationships. This amounts to controlling the geometry and material
properties of the indicated nanowaveguide, giving a design flexibility unheard of
for conventional waveguides.

3.4.2 Silver nanorod immersed in an active medium

To illustrate how optical gain be used to control the group velocity, we analyze the
nanowaveguide structure shown in Figure 3.13, where a silver nanorod is immersed

X4 active dielectric medium (Rh6G)

.f /- ! '
| silver nanorod / I
|

| |

| | d z |I

Figure 3.13 Silver nanorod in an active dielectric medium.
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in an active dielectric medium (Rh6G dye). We assume that the silver’s permittivity
is adequately described by the Drude model:

2
Ag @p€0

e1(w) = e5e0 — (3.41)

w(a)'f‘jyp)'

Typically, ehf = 5, w, = 13.88 x 103 s71, and y, = 3.3 x 10'3 57! [32,34].

The active medium surrounding the silver nanorod is assumed to be a 1% solution
of rhodamine 6G in methanol (Rh6G). The following permittivity model can be
used for this solution in the range of optical frequencies [32,35]:

(3.42)
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Typical parameter values are SECE‘GG =181,y =12x10"%s7! w; =3.85%x 101
sl =6 x 1013 57! and wy = 3.52 x 10" s~!. The gain of the dye solution
can be adjusted by fixing G; and varying G, which amounts to increasing the
excited-state population of Rh6G with an external optical pumping scheme. In the
following analysis, we fix G; = 0.001 but vary G» such that the excited-state
population relative to the ground state remains below 50% [32]. Because the Rh6G
medium is not inverted under these conditions, the imaginary part of €7 (w) remains
positive, making the medium effectively lossy. However, this loss is much less than
that of the unpumped medium.

Unlike waveguides with dimensions larger than the wavelength of light, a
nanowaveguide cannot support propagation of light as a bound optical mode
because all bound modes are typically below the standard cut-off limit. Indeed,
one can show by using the field-continuity requirements at the metal-dielectric
interface that only SPP modes are supported. For a TM-polarized SPP mode prop-
agating along the +z direction, H, = 0. Since all nonzero field components can be
calculated in terms of E,, we only need to find this field component.

Within the silver nanorod, the E, component satisfies Maxwell’s wave equation,
which takes the following form when written in the frequency domain using
cylindrical coordinates (r, ¢, 7):

d%E. N 19E, N 1 9%E. N d%E. ol )a)zE 0 (3.43)
— -y E1w)—7+ = V. .
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The same equation can be used in the active medium surrounding the nanorod,
after replacing | with &,. Using the method of separation of variables, the general
solution of the preceding equations takes the form

E.(r,¢,2) = F(r)e™? exp(jk,z — jot), (3.44)
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where the radial function F'(r) satisfies

d*F 1dF ,  m?
- — | F =0, 3.45
dr? +rdr (KS+ r2) (3.45)
with
2 2 w?
Ky = kz — 856‘—2, s = 1, 2. (346)

The radial equation has two independent solutions of the form 7, (r) and K, (r),
where I, and K,,, are the modified Bessel functions of the first and second kinds,
respectively. Therefore, the most general solution should be a linear combination
of I, and K,,. The choice m = 0 leads to the cylindrically symmetric solution that
is of primary interest here. In this case, the radial part is given by

Alo(kir) + A'Ko(k11),

r=&, (3.47)
Bly(xar) + B’ Ko(kor), r > R. '

F(/))z{

If we use the boundary conditions that the field must be finite at r = 0 and should
vanish at r = oo (the radiation condition), we find that we must set A’ = 0 and
B = 0 in Eq. (3.47). This can be understood by noting that, when { — 0, the
functions Iy and K behave approximately as [36]

1
Ip(¢) ~ 1+ ZCZ, Ko(f) ~—1In (%) + v, (3.48)

where y is Euler’s constant. Similarly, when ¢ — oo, Iy and Ko behave
approximately as [36]

~ &) ~ [T exp(—
@) ~ 2= Ko©) \/;exm ). (3.49)

Since K¢ blows up at the origin and /o blows up at co, they cannot be part of field
solutions and the corresponding terms should be removed from Eq. (3.47).

The requirement that the £, component be continuous everywhere gives us the
following expression for the E; component of the SPP mode supported by the
nanorod (for m = 0):

Eollo(k1r)/Io(k1 R) ] exp(jkzz — jot), r <R,

E.(r,z,t) = . .
Eo[Ko(k2r)/Ko(kaR)1exp(jk.z — jot), r >R

(3.50)
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The continuity of the ¢ component of the magnetic field provides us with the
dispersion relation for the waveguide. To calculate it, we note that
e O0E;

Hy = j— , =1,2. 3.51
¢ J[,L()KSZC or s ( )

To calculate H, s, we need to know the derivatives of Iy and K. These can be
obtained from the well-known relations [37]
dly(¢) dKo(¢)

dc =1(), ac

= —K(¢), (3.52)

where /1 and K are the modified Bessel functions of order 1. Matching H,, ; at
the interface (r = R), we obtain the following dispersion relation for the silver
nanorod:
1 &
= —LkR)+ —=Ki(koR) =0. (3.53)
K1 K2

The individual dispersion relations can be obtained from Eq. (3.47) and are given by

2
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P = e2(w)— — kI + 15 = 0. (3.54b)
C

We can now obtain the group velocity in terms of the derivatives indicated in
Eq. (3.40). The result is given by

@
N

vg = , (3.55)
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In the absence of material dispersion, the derivatives of &, %1, and %, with respect
to w vanish and Eq. (3.55) leads to the simple relation [32]

VgV = constant. (3.56)

In the presence of material dispersion, the derivative 0 7 /dw in Eq. (3.55) can be
controlled by adjusting the gain in the Rh6G medium. As an example, Figure 3.14
shows how the phase and group velocities vary with the gain (left column) over a
wavelength range extending from 480 to 560 nm for a 35-nm-radius nanorod. Their
dependence on the nanorod radius is shown in the right column at a wavelength of
534 nm. One can see that both superluminal and subluminal speeds can be achieved
for a silver nanorod under varying gain conditions.
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Figure 3.14 Group and phase velocities of the TM SPP mode supported by a
metal nanorod in Rh6G methanol solution as a function of gain, wavelength, and
the radius of the nanorod. The radial dependence is given at A = 534 nm, and
the the wavelength dependence is given for R = 35 nm. (After Ref. [32]; © APS
2006)
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4
Optical Bloch equations

The analysis in Chapter 3 used a phenomenological form of the permittivity to
describe active materials. A proper understanding of optical amplification requires
a quantum-mechanical approach for describing the interaction of light with atoms
of an active medium [1]. However, even a relatively simple atom such as hydrogen
or helium allows so many energy transitions that its full description is intractable
even with modern computing machinery [2, 3]. The only solution is to look for
idealized models that contain the most essential features of a realistic system. The
semiclassical two-level-atom model has proven to be quite successful in this respect
[4]. Even though a real atom has infinitely many energy levels, two energy levels
whose energy difference nearly matches the photon energy suffice to understand the
interaction dynamics when the atom interacts with nearly monochromatic radiation.
Moreover, if the optical field contains a sufficiently large number of photons (>100),
it can be treated classically using a set of optical Bloch equations. In this chapter,
we learn the underlying physical concepts behind the optical Bloch equations. We
apply these equations in subsequent chapters to actual optical amplifiers and show
that they can be solved analytically under certain conditions to provide a realistic
description of optical amplifiers.

It is essential to have a thorough understanding of the concept of a quan-
tum state [5]. To effectively use the modern machinery of quantum mechanics,
physical states need to be represented as vectors in so-called Hilbert space [6].
However, a vector in Hilbert space can be represented in different basis states
that amount to having different coordinate systems for standard vectors (such as
velocity and momentum). To emphasize the independence of a vector from its
representation in a chosen basis, Dirac introduced the bra—ket notation in quan-
tum mechanics [7, 8]. This notation is not only a nice analytical tool but also
has the power to aid the thought process [9]. For this reason, we provide in
Section 4.1 an overview of the bra—ket notation. However, we should empha-
size that our presentation ignores subtle differences between concepts such as a

88
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Hilbert space and a rigged Hilbert space (see Ref. [8]). We introduce the con-
cept of a density operator in Section 4.2 and use it in Section 4.3 to derive the
optical Bloch equations. The rotating-wave approximation is also discussed in
Section 4.3. We introduce in Section 4.4 the damping terms in the optical Bloch
equations that are essential for describing active media. Section 4.5 provides the
full set of Maxwell-Bloch equations, and their numerical integration is discussed in
Section 4.6.

4.1 The bra and ket vectors

A complete set of ket vectors constitutes a linear vector space V. The description
of such a vector space involves the following properties [5]:

o If we denote different ket vectors as |vg) , (kK =1, 2, ...), they obey the following
properties:
Associativity property: [v;) + (|v2) + [v3)) = (|v1) + |v2)) + |v3).
Commutativity property: |vi) + |v2) = |v2) + |v1).
Zero element: There exists a zero vector such that [v) + |0) = |v).
Inverse element: for each vector |v) € V, there exists an inverse element — |v)

such that |v) + (— |v)) = |0).

o Addition and multiplication operations with respect to a scalar field consisting of
complex numbers (¢ — C) satisfy the following relations:
Distributivity property for vector addition: c(|v() + |v2)) = c|v1) + ¢ |v2).
Distributivity property for the scalar field: (c; + ¢2) |[v) = ¢y |[v) + 2 |v).
Associative property for the scalar field: c;(c2 [v)) = (c1c2) |v).
Scalar unit element: the unit element 1 € C obeys 1 |v) = |v).

In quantum mechanics, ket vectors |v) and c¢ |v), where ¢ is an arbitrary complex
number, represent the same physical state. A normalization condition is used in
practice to provide a unique representation of any physical state.

Itis possible to define a mapping between two arbitrary elements in the ket-vector
space V and the complex-number space C. This mapping, called the scalar product
and denoted by (-, -), obeys the following relations [5]:

Vector addition in the first ket: (|v1) + |v2) , [v3)) = (Jv1), [v3)) + (Jva), |v3)).
Vector addition in the second ket: (|v{), [v2) + |v3)) = (Jv1), |v2))+(|v1) , |v3)).
Scalar multiplication of the first ket: (c |v1), |v2)) = ¢* (Jv1), |v2)).

Scalar multiplication of the second ket: (|v1), c|v2)) = ¢ (Jv1), |v2)).
Conjugate symmetry: (|v;), [v2)) = ([v2), |v1))™.

Positive definiteness: (|v), [v)) > 0, if |v) # |0).
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Owing to the last property, one could naturally introduce another measure called
the “norm" of the ket-space and defined as

o) I = VA{lv) . o)), (4.1)

where the positive sign of the square root is always chosen. Because of this defi-
nition, the norm of a ket vector is never negative and provides a way to quantify
the magnitude of that ket. In the case of a three-dimensional vector in Euclid-
ian space, its norm is equal to the length of that vector. Thus, the norm carries
many of the familiar properties of lengths in Euclidian space to the abstract linear
spaces found in quantum mechanics [5]. Two examples are provided by the triangle
inequality, || |v1) +|v2) || < || lv1) ||+ |v2) ||, and the Cauchy—Schwarz inequality,
[ (for) s lo2)) | < o) - [ v2) ]

We are now in a position to introduce bra vectors in the associated dual space
of a linear vector space using the concept of dual correspondence [5, 10]. Dual
correspondence refers to a mapping (i.e., an operator, which we denote by ) that
takes a ket |v) to its corresponding bra (v|. The vector space in which bra (v|
vectors live is called the dual space and is denoted as V' to emphasize the one-
to-one relationship it has with the ket-space V. Mathematically, this mapping is
denoted as

1 VoV (4.2)

The action of bra, (v| € V', on a ket, |u) € V, is defined as
(] lu) = (v (lu)) = (v]u) = (|v), lu)) . 4.3)

The operation T which maps a vector space to its dual space is known as Hermitian
conjugation [5]. It can be used to compactly write the following equality between
a bra and its corresponding ket:

(wl = (lo)". (4.4)

For all practical purposes, this is a unique relationship between a vector space and
its dual space.' Because of this unique relationship, the inverse mapping from the
dual space should carry the bra to its original ket:

lv) = ()" = (lo)'T. (4.5)

Combining these properties with the conjugate-symmetry property of the scalar
product gives us
(clon’ = c* (vl (4.6)

1 It is one-to-one and onto for all finite-dimensional and infinite-dimensional Hilbert spaces.
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for an arbitrary complex number c.

We now consider representation of the bra and ket vectors in a fixed basis.
Suppose the vector space V has an orthonormal basis given by { |e;) }, where the
index i may be finite, countably infinite, or a continuous set. It could even be a
combination of discrete and continuous elements. Being an orthonormal basis, its
elements satisfy

I lei) | = /{eilei) =1, (4.7a)
(lei) . |ej)) = leilej) =0, ifi # j. (4.7b)
Using this basis, any ket vector |y) can be written as

W) = dle) 1Y) le) = Y leil ) lei). (4.8)

i i

It is convenient and instructive to introduce the unit operator as

I=>"lei) (el (4.9)
i
This operator sends any ket to itself in the vector space in which { |¢;) } forms an
orthonormal basis. Therefore, |1) can be written as

) =Tly) = (Dez el>|w Z (ei|¥) lei). (4.10)

It is clear from the definition of the unit operator in Eq. (4.9) that the term |e;) (e; |
is responsible for projecting ¥ along the base ket |e;). This idea can be generalized
by introducing a projection operator [P along the direction of |e) (assuming that |e)
is a normalized ket, i.e., || |e) || = 1):

= le) (el . 4.11)
If this operator is applied to an arbitrary ket [1/), we get

Ply) = le) (el [¥) = (elv) le) (4.12)

which is clearly the projection of |¢) along the direction |e).

4.2 Density operator

In classical mechanics the state of a particle at any time is completely described
by its position and momentum at that time [11], and Newton’s equations of motion
specify how this state evolves with time. In quantum mechanics, a ket vector |) in
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the relevant Hilbert space specifies the particle state completely, and the temporal
evolution of this state is governed by the Schrodinger equation [5],

9
jh% =Hly), (4.13)

where H is the Hamiltonian operator and &» = h/(27) is related to the Planck
constant /.

How is the solution of Eq. (4.13) related to measurements of a particle’s position
or momentum? In quantum mechanics any measurable quantity is represented by a
Hermitian operator [6]. This is a fundamental difference from classical mechanics.
As an example, the momentum in quantum mechanics is represented by the operator
?% where x is the position coordinate. In any measurement of the operator O,
the only values that can be observed are the eigenvalues o, obtained by solving the
eigenvalue equation

O ) = 0x 1Y) (4.14)

where |, ) is called an eigenstate of the operator 0. Owing to the Hermitian nature
of this operator, all of its eigenvalues are real. This ensures that measurements
on a quantum system always yield real results, in agreement with our everyday
experience. Of course, measurements on identical systems in the same quantum
state |1) may yield different results for a given operator. The mean value of the
operator Q is then given by the expectation value (¥ |O|y).

We assume that all eigenstates of the operator @ are normalized such that
I |¥) | = 1. Suppose we do not have definitive information about any of the
observable states but are aware that there is a probability P, of finding the quantum
system in the state |, ). Since the system must be in one of these states at any given
instant, the relation ) 5, P» = 1 musthold. We note that the index A may take finite,
countably infinite, or a continuous range of values without affecting the following
discussion.

Similarly to the statistical description of a classical system, adopted when one
does not know the initial state of the system with certainty, it is common to adopt
the concept of the density operator p for a quantum system using the definition

p=Y_ Pilyn) (¥l (4.15)
A

This operator can be used to calculate the expectation value of the operator O using
the relation (Q) = Tr(pQ), where Tr represents the trace operation that corresponds
the sum of the eigenvalues of the operator in the parenthesis.
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To prove the preceding relation, we first note that (O) = ), ., Pro,. Next,
noting that 0, = (¥, |O|¥,), we obtain

Z Py0; = Z Py (¥ | O¥)

AEA
=) Pl <Z \M(wl) Olyy),
A 1

where the bracketed term is an identity operator (see Eq. (4.9)). Using the
orthonormal property of the eigenvectors, we obtain

(0) =" (W] (Z Py 1Y) <m|.) Oy). (4.17)
1% A

Using the definition of the density operator in Eq. (4.15), we finally obtain

(0) = (| pO|¥,.) = Tr(p0). (4.18)

n

(4.16)

The time evolution of the density operator is governed by the Schrodinger
equation (4.13). Taking the partial derivative of p with respect to time, we obtain

Z (m Wl ) <w|>

(4.19)
= j—h > P W) (Yl — ) (Wil H) .
A
Defining the commutator of two operators A and B as
[A, B] = AB — BA, (4.20)

we finally obtain the evolution equation for the density operator in the form

ap 1

a5 = j—h[H, pl. (4.21)

4.3 Density-matrix equations for two-level atoms

As mentioned earlier, even though an atom may have many energy levels, as shown
schematically in Figure 4.1, if the optical frequency of incident light is close to an
atomic resonance, one can approximate the atom with an effective two-level system.
This is possible because interaction between atoms and electromagnetic radiation
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atom with multiple energy levels

incident radiation at
angular frequency w 2

Figure 4.1 Schematic of the interaction of a multilevel atom with radiation whose
photon energy hw nearly matches the energy difference between two specific
atomic levels.

=
incident radiation at Y Level 2
angular frequency o

VVV N\ oo =(EEh

E; '

Level 1

Figure 4.2 Schematic of an effective two-level system when v ~ wy.

occurs through dipole moments. If the energy Aw of the incoming radiation closely
matches the energy difference E; — E| between two specific levels, the strength
of the corresponding dipole moment dominates over all other dipoles involving
nonresonant energy levels of the same atom.

4.3.1 Atomic states with even or odd parity

Figure 4.2 shows a two-level atom interacting with an optical field E whose fre-
quency w is close to the atomic transition frequency wg = (E» — E1)/h. We assume
that the two eigenstates of the atom, |1) and |2), possess opposite parity. To under-
stand the exact meaning of this statement, we need to consider the parity operator
I1. Consider a wave function, ¥ (x) = (x|y), associated with the ket vector |).
Applying the parity operator to this wave function, we get

My (x) = (x[MY) = (—x|¢) = ¥ (=x). (4.22)
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It is evident that two consecutive parity operations on a wave function produce
no change at all, i.e., [T*y (x) = ¥ (x). Therefore, the eigenvalues of the parity
operator are £1. Even parity corresponds to a +1 eigenvalue (IT |¢) = |i)) and
odd parity corresponds to a —1 eigenvalue (I |yy) = — |i/)). The opposite parity
of states |1) and |2) implies that if level 1 has even parity, level 2 then has odd
parity (or vice versa).

One consequence of the opposing parities is that diagonal elements of the position
operator X are identically zero if the Hamiltonian is invariant under space inversion
(i.e., TTHITT = H). To show this, consider the state |1) satisfying the relation
H 1) = Eq |1). It follows that

MMH|1) = E{IT1]1). (4.23)
Noting that [II1" = I, we obtain
I'IIHI]Ill)=HH1‘ITH|1)=H(H|1))=E1 (IT 1)), (4.24)

i.e., [T]1) is another eigenstate of this two-level atom with the same energy. How-
ever, since our atom has only two distinct energy levels, the state I |1) must differ
from |1) by a constant that we denote by ¢. Multiplying by the parity operator
twice, it is easy to show that |c2| = 1. Armed with this knowledge, we calculate
the diagonal matrix element of X in the basis state |1):

11X[1) = <1‘HTHXHTH‘1> - —<1‘H*XH‘1> — |2 (X|1),  (4.25)

where we have used the definition of the parity operator, [1X = —XII, together
with TTITT = 1. Since |¢?| = 1, this relation implies that (1|/X|1) must be zero.
Similarly, we can show that (2|X|2) = 0.

4.3.2 Interaction of a two-level atom with an electromagnetic field

We now focus on the interaction of a two-level atom with an electromagnetic field
taking place through the dipole moment of the atom [4]. This notion of dipole
moment comes from a classical analysis according to which an electric dipole
with dipole moment d acquires an interaction energy —d - E in the presence of
an electric field E, where the minus sign has its origin in the negative charge of
electrons. In quantum mechanics, d is replaced with the corresponding operatord
and this interaction energy is added to the atomic Hamiltonian, H, resulting in the
total Hamiltonian

Hry =H-d- E, (4.26)

where H is the Hamiltonian associated with the isolated two-level atom. Because
the dipole operator d has the same parity as the position operator X, its diagonal
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matrix elements vanish. As a result, the dipole operator can be expanded in the
two-level basis as

2 2
d=> "> dunlm)(nl=d (1) 2]+ 2) (1]). (4.27)
m=1n=1

where d,,, = (m|d|n). We have also used d>; = di» = d, assuming dj; is a
vector with real components.

Since the incident optical field E = Egcos(wt) is oscillating at an angular
frequency w with amplitude E, we can write the total Hamiltonian (4.26) in the
form

Hr = H+ hQcos(wt) (1) (2| 4+ 12) (1)) = H + Hy, (4.28)

where we have introduced the Rabi frequency Q2 using its standard definition,

d-E
Q=— ho. (4.29)

As will be seen later, the Rabi frequency characterizes the strength of the coupling
between a two-level atom and the incident electromagnetic field.

We are now ready to apply the density-matrix formalism to a medium in the form
of an ensemble of such atoms. Using Eqgs. (4.21) and (4.28), the density operator
for this ensemble of two-level atoms evolves as [4]:

ap 1

— = —[H+ Hy, p]. 4.30

or h[ + Hy, pl (4.30)
Evolution of the density-matrix elements p,,, = (m|p|n) is obtained using Eq.
(4.26) and leads to the following four equations (with m, n = 1 and 2):

9 1
_g; =Th (LI[H + Hy, p]|1) = jQcos(wr) (p12 — p21) , (4.31a)
dorz 1 _ .
ETRT (1/[H + Hy, p]|2) = jwopi2 + jQcos(ar) (o1 — p22), (4.31b)
9p21 1 . _

at _ jh (2[[H +Hy, pl|1) = —jwopar + jcos(wr) (p22 — p11), (4.31c)
dpn 1 _
TR 2|[H + Hy, p]|2) = jQcos(wr) (p21 — p12) - (4.31d)

These equations are not independent because the elements of the density matrix
satisfy the following two relations:

o1+ pn =1, P12 = P5)- 4.32)
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Indeed, one can easily verify that

dou | 2 _ (4.33a)
ot ot ’ '

iz 93 _ (4.33b)
ot ot ' ’

The first relation is a consequence of the normalization condition Trp = 1. The
second relation follows from the Hermitian property of the density operator.

4.3.3 Feynman—Bloch vector

Since some of the density-matrix equations are redundant, it is common to recast
them using a quantity called the Feynman—Bloch vector, whose three components
are defined as

Dipole moment: 31 = p12 + 021, (4.34a)
Dipole current: 3> = j (021 — p12), (4.34b)
Population inversion: 3 = p22 — p11. (4.34¢)

Owing to the Hermitian nature of the density operator, all three elements are real. As
mentioned before, the off-diagonal elements of the dipole moment are responsible
for the atomic transitions. For this reason, the off-diagonal density-matrix compo-
nents give rise to a dipole moment 8; and a dipole current 8,. The difference in the
diagonal components, 33, indicates the relative probability that the atom is in the
excited state and is thus a measure of population inversion. Substituting Eq. (4.31)
into Eq. (4.34), we get

ad

% = —a)oﬂz, (4358.)
B2

o = woPB1 — 22 cos(wt) B3, (4.35b)
% = 2Q cos(wt)Bs. (4.35¢)

These equations clearly show the underlying physics of the two-level system
when interpreted using the Feynman—Bloch vector defined in Eq. (4.34). The other
main advantage of introducing the Feynman—Boch vector is that we can write the
preceding Egs. (4.35) (and associated four density-matrix equations in Eq. (4.31))
in the very compact vector form

dp

— =0 xB, (4.36)
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X

Figure 4.3 Precession of vector 8 around a fixed vector 2(¢) = Q.

where the vector 2(¢) is defined as
Q1) = [2Q2 cos(wt), 0, wo]. 4.37)

When (t) is a constant, time-independent vector, denoted by 2., it is well-known
from classical mechanics that Eq. (4.36) describes the precession of the vector 8
around the fixed vector 2., as shown in Figure 4.3. The precession trajectory in
this case is a circle because the vector 8 is normalized to unity at all times.

We can show the fixed unit length of the Feynman—Boch vector 8 using the
following simple argument. At any time, the state |y) of a two-level atom can be
written as

V) = c1() 1) + c2(0) |2), (4.38)

where normalization of |¢) demands le1())? + |c2(1))?> = 1. The density operator
of this atom can then be written as

p=1y) (Wl =la@P 1) {1+ a2 12) 2]

(4.39)
+ (D)@ 1) 2 + c2(t)cf @) 12) (1]

This relation immediately provides the following expressions for the elements of
the density matrix:
P11 = le1(®)?, p12 = c1(t)cy (1),

(4.40)
02 = lea ()], p21 = c2(t)cy (1).
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Using these relations with Eq. (4.34), we can calculate the magnitude of the
Feynman—Boch vector 8 as

IBI> = B7 + B3 + B3
— 02 49 2 2 ) 2 2
= pip +2p12021 + P31 — Pip + 2p12021 — Py + P+ PT — 2p22p011
= (p11 + pn)* =1, (4.41)

where we used the condition p1; + p22 = 1 and the relation pi2021 = pP2011,
which follows directly from Eq. (4.40).

4.3.4 Rotating-wave approximation

The motion of the Feynman—Bloch vector 8 is governed by the Rabi vector €2(¢)
through the relation (4.36). Owing to the presence of the rapidly time-varying term
2Q cos(wt), where w ~ wqy because of the assumed resonance situation, the Rabi
vector oscillates at a high frequency. However, the amplitude of such oscillations
is relatively small in most experimental situations, where the Rabi frequency 2 is
a small fraction of wg (typically <0.1%). This enables us to decompose the vector
2 in the form

Q1) = R+ (1) + (1), (4.42)

where the three vectors are introduced as

90 = [07 Oa CUO]» (4433.)
Q4 () = [Qcos(wt), Qsin(wt), 0], (4.43b)
Q_(t) = [Qcos(wt), —2sin(wt), 0]. (4.43¢)

The constant vector 2 points along the z axis of a Cartesian coordinate system
and constitutes the dominant component. The other two much smaller vectors lie
in the plane perpendicular to it. In particular, 2, (#) provides counterclockwise
rotation for increasing ¢ around the vector 2, while the vector 2_(¢) rotates in the
opposite direction, as illustrated in Figure 4.4. Now, if we choose a reference frame
co-rotating at a frequency w with the vector 24 (¢), then €2 () becomes a constant
and 2_(¢) counter-rotates with a frequency 2w. Owing to its high oscillation rate,
the influence of €2_(¢) on the vector 2(¢) is not significant in the rotating frame
and can be safely neglected. This approximation is known as the rotating-wave
approximation and has proven to be very useful in understanding the interaction of
light with atomic media.
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Figure 4.4 Schematic decomposition of the Bloch vector into three vectors.
Vectors £ and 2_ lie in the x—y plane while $2¢ points along the z axis.

The evolution of the Feynman—Bloch vector in Eq. (4.36) with () ~ g +
@, (¢) takes the form
dp

=0 x B+ R4(0) x . (4.44)

To map this equation to a frame rotating with frequency w, we introduce the three
unit vectors in this rotating frame as

e, = [cos(wt), sin(wt), 0], (4.45a)
e, = [—sin(wt), cos(wt), 0], (4.45b)
€y = [O’ Oa ]]v (445C)

and express the Feynman—Bloch vector in the new coordinate system:
B = ue, + ve, + we,,. (4.46)

If the unitary rotation operator responsible for this rotation is given by R,,, then
we can write the transformation in the form 8, = R, 8, where 8, is the Feynman—
Bloch vector in the rotated frame and the matrix representation of R, is given by

cos(wt) sin(wt) 0
R, = | —sin(wt) cos(wt) O0]. 4.47)
0 0 1
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Being a unitary matrix, its inverse can be written as

cos(wt) —sin(wt) 0
R' =Rl = | sin(wr) cos(wr) 0]. (4.48)
0 0 1

The equation of motion for the rotated vector 8, is obtained by applying the
preceding transformation to Eq. (4.44). After considerable algebra, the result is
given by

P _ % (RuB) = R x B, (4.49)

dt
where £, = [2, 0, wg — w] is a constant Rabi vector in the rotating frame and
points along the z axis. As this vector is time-independent, we can use the precession
picture shown in Figure 4.3 and apply the familiar interpretation from classical
mechanics [4].

4.4 Optical Bloch equations

The treatment of a two-level system in the preceding section includes only transi-
tions induced by the incoming radiation and ignores any other mechanism that can
make an atom change its state. In practice, an atom can change its state through sev-
eral mechanisms, such as spontaneous emission and collisions with the container
walls or with other atoms. Moreover, collisions not only change atomic popula-
tions in the two levels of interest but can also affect the off-diagonal elements
of the density matrix (decay of coherence). Their impact is included in practice
through phenomenological damping terms [4].

To gain some insight into the way damping terms contribute to the density-matrix
equations, consider the general state of a two-level atom given in Eq. (4.38) and
assume that the coefficients ¢; and ¢ decay with time exponentially as

c1(t) = cioexp(—y1t), (4.50a)
c2(t) = 20 €xp(—y2t), (4.50b)

where c1g and cyq are proportionality constants and y; and y» are the effective decay
rates for the two atomic states. The state |1/) in Eq. (4.38) can be written as

[V) = croexp(—y1t) [1) + c20 exp(—y2t) 12) . (4.51)
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The density operator of this state |y/) has the following form:

p=y) (¥l
= le10(®)[* exp(=2y11) |1) (1] + c10(t)c3o(1) exp(—yit — yat) [1) (2]

+ c20(2) ¢ty () exp(—yit — yar) 12) (1] 4 |20 (D)1 exp(—2y21) 12) (2] .
4.52)

Noting that the elements of the density-matrix operator are defined as p,, =
(m|p|n), the following expressions can be written from Eq. (4.52):

p11 = lc10()|* exp(—211), (4.532)
p12 = c10(t)chy (1) exp(—yit — yat), (4.53b)
p21 = c20(t)cio (1) exp(—yit — yat), (4.53¢)
p22 = |c20(t)|* exp(—2yat). (4.53d)

These expressions show that the off-diagonal terms of the density operator (p1> and
p21) decay at arate (y1 + y2), while the two diagonal terms decay with rates of 2y
and 2y,. The important point to note is that pj; and p21 have the same decay rate.
This conclusion can also be reached by recalling that p is an Hermitian operator, so
that p12 = p5, must hold. These observations guide us to formulating/introducing
phenomenological decay rates in Eq. (4.36).

Figure 4.5 shows schematically how phenomenological decay rates 'y and I";
can be introduced into the optical Bloch equations in Eq. (4.36). For simplicity
(and based on our simple analysis of exponential decay rates in Eq. (4.53)), it is
common to assume that the diagonal elements (p1; and p27) have the same decay
rate ['y, different from the decay rate ['; of the off-diagonal elements. Using these
rates, the density-matrix equations, Eq. (4.31a) through Eq. (4.31d), are modified

E; P22
incident radiation at ¥ T Level 2
angular frequency o p
g q y (UO=(E2—E1)/ﬁ 21 1—*2(\/1/1‘\
P12
I,
E; ,

Level 1
P11 qulii“

Figure 4.5 Schematic illustration of relaxation rates I'y and I'» associated with a
two-level system.
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to become

ap11

5 = JjScos(wt) (p12 — p21) — T1p11, (4.54a)
o2 . .
oy /@02 + jQcos(wt) (p11 — p22) — 212, (4.54b)
9p21 . .
o = /@op + jcos(wt) (22 — p11) — 221, (4.54¢)
opn .
rval JS2cos(wr) (p21 — p12) — T'1p22- (4.54d)

When these equations are used for the Feynman—-Bloch vector components defined
in Eq. (4.34), we obtain the final optical Bloch equations in the form

dp

Frib —T2B1 + wopa, (4.55a)
dp

E = wof1 — B2 — 22 cos(wt) B3, (4.55b)
% = 2Qcos(w)fr — I't (B3 — Weq) » (4.55c¢)

where w,, denotes the equilibrium value of 83 in the absence of the incident optical
field: its value is —1 if all atoms are in the lower energy state but can be between —1
and 1 if some atoms are in the excited state initially. Further details can be found
in Refs. [12, 13].

It is important to stress that this phenomenological model is inadequate for
describing certain solids and liquids undergoing relaxation under external elec-
tromagnetic stimulae [14, 15]. Even though such a failure can be attributed to
many different scenarios, physical considerations alone lead to two general lim-
its [16]. Inherent in the optical Bloch equations is the Markovian approximation.
If this approximation is not valid, the associated differential equations cannot
describe the atomic dynamics properly. One such scenario is attributed to the fail-
ure of the impact approximation in Ref. [16]. The reason for failure is related
to changes in the transition frequency wq attributed to relaxation processes. Such
changes can take place in vapors because of Doppler shifts and in liquids because
of fluctuations in local magnetic fields. Optical Bloch equations can fail even in
the absence of an external field if relaxation processes include velocity-changing
collisions [17].
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4.5 Maxwell-Bloch equations

As seen in Chapters 1 to 3, light propagation in active or passive media is governed
by Maxwell’s equations. Therefore, if we are to analyze a medium made up of two-
level atoms, such as a doped-fiber amplifier [18, 19], we need to couple Maxwell’s
equations with the optical Bloch equations. This is done using the Maxwell-Bloch
formalism.

Although it is possible to provide a vectorial formulation of the Maxwell-Bloch
equations, we resort to a scalar description of the optical field in this section to
present underlying concepts as simply as possible. This is not a severe limitation
in practice because the polarization effects are relatively weak and only provide
a second-order correction to the results of this section. We also ignore the spatial
transverse effects and start with the one-dimensional, scalar wave equation

’E(z,1) 1 0°E(z,t) 1 0*P(z,0)

= 4.56
072 2 92 goc2 912 (4.56)

where P(z, t) is the material polarization induced by the electric field E(z, ) in
the atomic medium and is responsible for its dielectric susceptibility.

Similarly to the rotating-wave approximation used for reducing the Bloch
equations to a slowly varying form, we now introduce the slowly-varying-envelope
approximation (SVEA) for both the electric and the material polarization fields:

E(z,1) = Re[&6(z, 1) exp(jkz — jwit)], (4.57a)
P(z,t) = Re[A(z, 1) exp(jkz — jw;t)], (4.57b)

where the slowly varying variables, &(z, t) and &(z, t), vary at a rate much slower
than the carrier frequency w;, and k = cw; is the propagation constant at this fre-
quency. These quantities vary slowly in both time and space such that the following
relations are satisfied:

08 (z, t 928 (z, ¢
216 0> k| 22L& @0} (4.584)
9 972
dP(z,t 2Pz, t
kzlﬁ(z,z)|>>k’ &0 |22 D) (4.58b)
0z 0z
& (z, 1) 328(z, 1)
2
wi|E(z, 1) > wi‘ > | (4.58¢)
AP (z,1) 2Pz, 1)
2
: ; . 4.
w,lﬂ(z,t)|>>w,‘ Py P (4.58d)

Using the preceding relations, one can reduce Eq. (4.56) from a second-order to
a first-order differential equation. More specifically, the second derivatives of the
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electric field can be approximated as

08 (z, 1)

— k&, 1) + 2jk
0z

PE@z, 1) 1 (aZg(z, 1)

972 972 ) exp(jkz — jwit) +c.c.

0&(z, 1)

2
1
~ 5 (—kzéa‘(z, 1) +2jk ) exp(jkz — jw;t) +c.c. (4.59)

2E(z,t) 1 [8%°8(z,1) . 98(z, 1) . :
2 =3 (T — a)izéa(z, 1) —2jw; o7 )exp(sz — jw;t) +c.c.
08 (z,t
R (—a)l.zéa(z, 1) —2jw; (z )) exp(jkz — jw;t) + c.c. (4.60)

Here, we have kept the first-order derivatives because the zeroth-order terms get
cancelled owing to the dispersion relation a)lz = k2¢?. Because such a cancelation
does not happen in the case of the polarization field, we can safely discard both the
first- and the second-order time derivatives and keep only the zeroth-order term:

Pz 1) 1 (azﬁ(z, 1)

0A(z,1)
2 . 9

— w: t 2jk———
012 2 02 0 P10+ 2] ot )

exp(jkz — jw;t) + c.c.
R ) . .
R _Ewi P(z,t)exp(jkz — jw;t) + c.c. (4.61)

Substituting Eqgs. (4.59), (4.60), and (4.61) into the wave equation (4.56), we obtain
the first-order partial differential equation valid in the SVEA,

08(z,t) 1038z, 1)  jk
J— = —@ ,l’ s 462
0z * vg Ot 2¢e9 @0 (462)

where we have replaced ¢ with v, in the time-derivative term to account for the
group velocity associated with the host medium in which the two-level atoms are
embedded. This is the case for fiber amplifiers in which silica glass acts as a host
medium.

The optical Bloch equations obtained in the preceding section used a real-valued
field Eg appearing in the Rabi frequency 2. We can extend them to include phase
variations by adding the phase ¢(z, t) = arg[&'(z, t)] to the exponential term associ-
ated with the electric field E(z, #). The instantaneous frequency w (¢) of the incident
field is then given by [20]

o) = w; — 8");’ 2 (4.63)
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When we use this frequency as the frequency of the rotating frame, the optical
Bloch equations take the form

du(z, t dp(z,t
“C) e+ (o — oo — 2280w, (4.642)
ot ot
dv(z, t dp(z,t
i’)zz ) _ —Tu(z, t) — (a)i — wp — w;zt )) u(z, 1) + ké&(z, Hw(z, 1),
(4.64b)
ow(z, t
;i ) I [w(z ) — Weg] + KE @, V(2. 1), (4.64¢)
where k = —(d-e,)/hisrelated to the dipole moment and the polarization direction

e, of the incident optical field.

The only remaining step now is to relate the Bloch vector components u# and v
to the induced polarization (z, t) appearing in the wave equation (4.62). To do
this, recall first that P (r, t) appearing in Maxwell’s equations represents the dipole
moment per unit volume and can be written in the form P = —ny (| d |/), where
nq is the density of atoms. Using |¢) from Eq. (4.38) and recalling that the diagonal
matrix elements of d vanish, we obtain

P(z,t) = nahk[p21(z, t) + p12(z, 1)1, (4.65)

where we have used Eq. (4.40) for the off-diagonal density-matrix elements. By
using Eqgs. (4.34) and (4.46), we obtain

[ﬁli| _ [ p21(z, 1) + p12(z, 1) ] _ [cos(wt) —sin(wt)} [u(z, t)} 4.66)
B2]  Lica(z, 1) — jpia(z, 1) sin(wt)  cos(wt) ||v(z,t)]"
It follows from this equation that
1
p21(z, 1) = E[M(Z, 1) — ju(z, t)]exp(—jwt), (4.67a)
1
p12(z, 1) = E[u(z, 1)+ ju(z, 1)l exp(+jwr). (4.67b)

Using the preceding relations in Eq. (4.65), the slowly varying part of the induced
polarization is given by

1
P(z,1) = Er]dh/c[u(z, t) — ju(z, )] (4.68)

If inhomogeneous broadening is present in the medium, the atomic transition
frequency wo becomes slightly different for different atoms, and the preceding
expression needs to be modified [4,21]. If we assume that this frequency shifts by
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A, with the distribution function g(A), the contribution of (¥ — jv) is modulated
by this function, resulting in the expression

1 +00
P(z,t) = Eﬁdh’f/ g(M)[u(z, t) — ju(z, )ldA. (4.69)

—0o0

Since the important atomic quantity of interest is # — jv, and not the individual
variables # and v, it is useful to introduce a new variable, s = u — jv. Using u and
v from (4.64a) and (4.64b), we obtain the Maxwell-Bloch equations in their final
form:

as(z, t) _ (wi oy — dp(z, l)) s(z,1) — Tas(z, 1) — jx&(z, Hw(z, 1),
ot ot
(4.70a)
311}(2, t) . * * %
ar Jl&(z, 1)s7(z, 1) = k767 (z, 1)s(z, ] = Ti{w(z, 1) — weql,
(4.70b)
0G0 136G _ L . (4.70c)
9z vy Ot 4e0

These equations can be used to describe the operation of fiber amplifiers [22, 19],
quantum-dot amplifiers [23], and semiconductor lasers [24]. We use them in later
chapters for different types of amplifiers.

4.6 Numerical integration of Maxwell-Bloch equations

The preceding section has dealt with the formulation of the Maxwell-Bloch
equations under the slowly-varying-envelope [25] and rotating-wave approxima-
tions [4]. These equations are adequate for describing a variety of linear and
nonlinear optical phenomena, including self-induced transparency, pulse com-
pression, and soliton-like propagation in atomic systems [4, 26]. However, there
are situations in which the approximate form of the Maxwell-Bloch formulation
fails. For example, if we consider the propagation of ultrashort few-cycle optical
pulses through a two-level medium [27], it becomes necessary to solve Maxwell’s
equations numerically by the finite-difference time-domain (FDTD) method [28].
We refer the reader to Section 2.5 and describe in this section how the FDTD
approach can be adopted for two-level systems.

As before, we consider a one-dimensional model of wave propagation that
ignores the transverse variations of the optical fields. Three different sets of
equations are needed for such an analysis.
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o Optical Bloch equations with relaxation terms: We consider a plane electro-
magnetic wave propagating through an ensemble of two-level atoms. We map the
density-matrix description of the medium to its equivalent Feynman—Bloch vector
form given in Section 4.3.3. The resulting optical Bloch equations, supplemented
with the appropriate relaxation terms, take the form

b = —I"2B1 + wop2 (4.71a)
dt ’ '

dpa

I = wof1 — M By — 22 cos(wt) B3, (4.71b)
% =2Qcos(w)Br — I'1 (B3 — weq) 4.71c)

where we have employed the notation used in Sections 4.3.3 and 4.4. This set of
equations is preferred for implementing the FDTD algorithm because all variables
and parameters are real-valued.

¢ One-dimensional Maxwell’s equations: Assuming that the plane electromag-
netic wave propagates through the nonmagnetic medium along the +z direction
and its electric field is polarized along the x axis, Maxwell’s equations take the
form

OE, dH, @722)
= —pug—=o, J12a

9z 1075

OH 0E, OP

= g — - =2 (4.72b)

07 ot ot

where P, is the x component of the material polarization induced by the
electromagnetic field.

o Induced material polarization: As discussed in Section 4.5, when an electric
field interacts with the two-level atoms, the motion of electrons creates dipoles.
If d, is the x component of the dipole moment, the material polarization is simply
given by

Py = nalupi, (4.73)

where k = (d,/h) E, and 14 is the density of two-level atoms within the medium.

If we substitute Eq. (4.73) into Eq. (4.72b) and use expression (4.71a), we obtain

9 H, JE,
e 80~ nahk (=I'281 + wofB2) . (4.74)

This equation, together with Egs. (4.71), and (4.72a), provides a self-consistent set
of five equations that needs to be solved using the FDTD method.
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Following the discussion in Section 2.5, we use Yee’s staggered grid and adopt
the following notation for the discrete sampled values in space and time:

Y(z.1) = YT(kAz,nAt) = Y[!, where Y = Ey, Hy, 1. B2, B3. (475

However, we treat the magnetic field variable H, separately from the remaining
four variables (Ey, B1, f2, and B3) and assume that it is spatially separated by Az/2
and temporarily separated by Atz /2 [28]. More specifically, the electric field and the
Bloch vector components are located at the center of a Yee cell, while the magnetic
field lies at the edges of a Yee cell. With this scheme, we obtain the following
discrete form of the Maxwell-Bloch equations:

dpy |2 - nAt
- = | —D2B + woﬂz] , (4.76a)
dt (k+l/2)AZ L (k+1/2)AZ
dp nat - nAt
ar — [woBi — aps — 202 cos(wt),b%] , (4.76b)
dt |e19a; - (k+1/2)Az
dps|" [2Q cos(wn) By — Ty (B I (4.76¢)
— = cos(wt)pr — 11 (p3 —w, :| s .16C
dt |gs1/2a; L U kr1/282
aE nAt 8H nAt
o = —po—= , (4.764d)
92 |g+1/2)Az O |ky1/2)z
OHy | L] R (21— g/
—_— = —g0—— K — .
3z LA 0 a1 LA Nd 2P1 0LP2 KAz
(4.76¢)

Employing central differences to approximate partial derivatives on both sides of
these equations, we can easily derive the discrete versions of the equations suitable
for numerical integration.

As a specific example, we consider at the propagation of a single-cycle light
pulse through a two-level inverted medium [29]. It has been shown by McCall and
Hahn [26] that the pulse area 6(z, t), defined as

t[2d,
0(z,t) = — | Ex(z, 7) dr, (4.77)
o \ R
decays according to the simple equation
do
== _% sin(9), (4.78)

where « is the absorption coefficient of the medium.
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E,(a.u)

Figure 4.6 The evolution of single-cycle pulse waveform through a two-level
amplifying medium with (a) uniform distribution of dipoles and (b) nonuniform
distribution of dipoles (see Eq. (4.79)). The snapshots of the three different wave-
forms were taken at distances z = 0,z = 3£ ~!, and z = 6£ ! along the amplifying
medium. (After Ref. [29]; © Elsevier 2001)

The most important consequence of the pulse-area theorem is that pulses with
an initial area that is a multiple of = maintain the same area during propagation
through the two-level medium, in spite of losses. Moreover, if a pulse does not have
such a special value initially, it propagates through the medium obeying Eq. (4.78)
until such a special value is reached. Figure 4.6 shows the propagation of a single-
cycle pulse with an initial area of & through a two-level medium [29]. The dipole
moment of the medium is uniformly distributed in the case of Figure 4.6(a) but
varies in the case of Figure 4.6(b) as

do

JTFEZ

where § = 4mwng/(ncéy) and & is the energy of the input pulse before
entering the medium. The initial electric field of the pulse is E(0,0) =
0.159(hw/2dp) and the initial inversion level of the medium is given by 83(z, 0) =
0.12E,(0,0)/(4mdong). A Yee grid with 200 cells per wavelength was required for
sufficiently accurate results. The time was measured from the moment when the
center of the pulse passed through the input facet of the medium.

Figure 4.6(a) shows that a medium with uniform dipole distribution cannot effi-
ciently amplify a single-cycle 7 pulse. In contrast to this, as shown in Figure 4.6(b),
a nonuniform dipole distribution enables efficient amplification. Such a conclusion
could not have been reached for a pulse of this short duration using the Maxwell—
Bloch equations alone. Generally speaking, the FDTD technique is required for
ultrashort pulses whose envelope contains only a few optical cycles.

dy(z) = (4.79)
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5

Fiber amplifiers

Modern optical fibers exhibit very low losses (&2 0.2 dB/km) in the 1.55 pm wave-
length region that is of interest for telecommunications applications. Even though
light at wavelengths in this region can be transmitted over more than 100 km before
its power degrades considerably, an optical amplifier is eventually needed for any
telecommunications system to restore the signal power to its original level. Since a
fiber-based amplifier is preferred for practical reasons, such amplifiers were devel-
oped during the 1980s by doping standard optical fibers with rare-earth elements
(known as lanthanides), a group of 14 elements with atomic numbers in the range
from 58 to 71. The term rare appears to be a historical misnomer because rare-earth
elements are relatively abundant in nature. When these elements are doped into sil-
ica or other glass fibers, they become triply ionized. Many different rare-earth
elements, such as erbium, holmium, neodymium, samarium, thulium, and ytter-
bium, can be used to make fiber amplifiers that operate at wavelengths covering a
wide range from visible to infrared. Amplifier characteristics, such as the operating
wavelength and the gain bandwidth, are determined by the dopants rather than by
the fiber, which plays the role of a host medium. However, because of the tight
confinement of light provided by guided modes, fiber amplifiers can provide high
optical gains at moderate pump power levels over relatively large spectral band-
widths, making them suitable for many telecommunications and signal-processing
applications [1-3].

After reviewing the generic properties of erbium-doped fiber amplifiers (EDFAs)
in Section 5.1, we review in Section 5.2 the main features governing the perfor-
mance of such amplifiers by considering the amplifier gain and its effective spectral
bandwidth. We describe the rate equation model of EDFAs in Section 5.3, and use
this model in Section 5.4 to analyze their continuous-wave (CW) performance.
The propagation equation required for describing the amplification of picosecond
pulses in EDFAs is discussed in Section 5.5 together with its numerical solution.
The split-step Fourier method presented there can be applied to both the nonlinear
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Schrodinger equation and the Ginzburg-Landau equation. We focus in Section 5.6
on special analytical solutions in the form of autosolitons and similaritons that pre-
serve pulse shape during propagation through fiber amplifiers. Finally, we consider
in Section 5.7 how this formalism needs to be modified when femtosecond pulses
are passed through fiber amplifiers.

5.1 Erbium-doped fiber amplifiers

EDFAs have attracted the most attention for telecommunications applications
because they operate in the spectral region near 1.55 pwm [1-3]. To understand
their properties, it is vital to understand details of erbium—glass spectroscopy. Rel-
evant energy levels and the associated transitions are shown in Figure 5.1 for erbium
ions doped into silica glass. Details about the spectroscopic notation used in this
figure can be found in Ref. [4]. In general, electronic energy levels are denoted by
the symbol >T1L ;, where S is the total spin of all electrons, L is the total orbital
angular momentum, and J is the sum of two momenta resulting from spin—orbit
coupling. The quantity 25 + 1 denotes the multiplicity and provides the degeneracy
that exists for a particular energy state. In the case of erbium ions with L = 6 and
S = 3/2, the four lowest states correspond to J values ranging from L+ Sto L —S.

o ~
o
~ S =
e g 5 =
— ) -
20 A = < 8 2H
T A ¥ - e
S T - Sap
| =} ’8\
L ¢ =
s = f=——11 1> g *
b S 92
L s & z
- ¢ S
= o i 1 a T . 4
£ = ' o | 9/2
S s 8 s
2 — ) 4 v 9 ] — 2 4|
z 10 r 3 S 1172
s | S
g . |
o
w r y | 4 k. L 4 SN 4
L 'y I3/
5—
€ €
- E E £ £ £ s 5}
oo} [s0]
I & o S 8 < 0
0 re) © o o — —
oL h 4 y 3 <y 4|15/2

Figure 5.1 Energy-level diagram of erbium ions in a glass host and the associated
optical transitions. (After Ref. [3]; © CRC Press 2001)
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Note that the amorphous nature of glass broadens each energy level into an energy
band.

It is evident from Figure 5.1 that pump light at several wavelengths can be used
to achieve optical gain through stimulated emission between the two lowest energy
levels, 4113 /2 and 4, 5/2. The most common pump wavelength for EDFAs is 980 nm
because semiconductor lasers operating at this wavelength are available commer-
cially. The performance of any amplifier also depends on the rates of radiative
and nonradiative decay caused by several mechanisms related to lattice vibrations,
ion—ion interactions, and cooperative upconversion to higher levels [3]. Figure 5.1
shows the range of such decay rates (in units of s~!) corresponding to various
glasses, including silicate, fluorophosphate [5], and fluorozirconate glasses [6].
The important point to note is that the decay from 47 13,2 and 4 5,2 is completely
radiative with a relatively long fluorescence lifetime of around 10 ms [3]. In view of
this, when an EDFA is pumped at 980 nm, one can replace the actual energy-level
diagram in Figure 4.1 with a three-level system, shown schematically in Figure 5.2,
where we now depict each level as an energy band [7]. Moreover, if the EDFA is
pumped at 1480 nm, the amplifier can be described using a two-level model [8, 9].

Efficient pumping is possible at both 980 and 1480 nm using semiconductor
lasers [10—13]. Amplification factors in the range of 30 to 35 dB can be obtained
with pump powers of ~10 mW when 980-nm pumping is employed. The transition
s 2 —* Iy /2 allows the use of GaAs pump lasers operating near 800 nm, but
the pumping efficiency is relatively poor [14]. It can be improved by co-doping the
fiber with aluminum and phosphorus [15]. In all cases, a two-level model is a good
approximation if the pump power is less than 1 W since the number of atoms in the
pump level reamins relatively small owing to its short lifetime [16, 8]. In practice,
total pump power is kept below 1 W and a two-level model is adequate to explain
most of the observed phenomena in EDFAs.

4
= I13/2

980 nm 1480 nm 1520 -

1570 nm

Il

= 4,
l1s/2

Er3+

Figure 5.2 Simplified energy-level diagram of erbium ions for an EDFA pumped
near 980 nm. (After Ref. [16]; © IEEE 1997)
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5.2 Amplifier gain and its bandwidth

All doped-fiber amplifiers amplify incident light through stimulated emission.
Energy for amplifying the incident beam comes from the pump light, whose absorp-
tion raises rare-earth ions to an excited state, thereby storing the energy that is
eventually transferred to the signal beam being amplified. The emission and absorp-
tion between the two energy levels are characterized by the emission and absorption
cross-sections, o>1 (w) and o12(w), which satisfy the relation [17, 18]

e(T) — hw)

inT (5.1)

021(w) = o12(w) exp (
where kp is the Boltzmann constant, 7" is the absolute temperature in Kelvin,
and ¢(T) is the excitation energy required to excite one ion to its excited state at
temperature 7. As an example, Figure 5.3 shows the spectra of 071 (w) and 012 (w)
at T = 295 K (typical room temperature) for an EDFA whose fiber core is also
doped with aluminium [19].

The emission and absorption cross-sections can be used to introduce an important
amplifier parameter, called the gain coefficient and defined as

g(w) = 021(w) Ny — o12(w) Ny, (5.2)

where N1 and N> denote the atomic densities of the lower and upper states, respec-
tively. This expression can be simplified by making some simple assumptions, often
satisfied in practice. For example, if we assume that the emission and absorption
cross-sections have similar shapes governed by o (w) but different peak values,
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Figure 5.3 Absorption and emission-cross section spectra of an erbium-doped
aluminosilcate fiber at 7 = 295 K. (After Ref. [19]; © OSA 1990)



5.2 Amplifier gain and its bandwidth 117

then it is possible to write the gain coefficient as [3]

g(®) = o () (Nz - fm) , (5.3)

where g1 and g> are the degeneracies of the lower and upper atomic states, respec-
tively. For erbium ions, it is known that g»/g; = 7/8 [20, 18]. Therefore, it is
possible to approximate the gain coefficient by

g(@) = o (w)(N2 — N1), (5.4

where o (w) is referred to as the transition cross-section. This formula holds regard-
less of whether the gain medium medium is modeled as a two- or three-level
system.

The gain coefficient g(w) in a fiber amplifier also depends on the distance z
from its input end, and on the elapsed time time ¢ if optical pulses are amplified.
To calculate it, one needs to solve a coupled set of rate equations for the atomic
densities; its final expression depends on the energy-level model employed. In the
approximation of a two-level atomic model, the dynamic response of EDFAs is
governed by the Maxwell-Bloch equations of Section 4.5.

Although a numerical solution of the Maxwell-Bloch equations becomes
essential when ultrashort optical pulses are amplified in EDFAs, considerable sim-
plification occurs in the CW or quasi-CW regime. In this case, the steady-state
solution of optical Bloch equations can be obtained readily to find s(z) and w(z) by
neglecting time derivatives. Noting that the inversion density N, — N is related to
—w, we can obtain an approximate analytic expression for g(w) in the CW regime
(no time dependence). This expression provides a very good approximation for
many practical applications and has the form

_ go0(2)
1+ (0 — w)*T} + P(2)/ Py’

8(z, w) (5.5

where go(z) is the maximum value of the gain at a distance z, w, is the atomic
transition frequency, and P (z) is the optical power of the CW signal being amplified.
The saturation intensity I; = (A/u)?I'1T"; depends on several dopant parameters,
such as the dipole moment d and the two relaxation rates, I'; and I'>, and can be
used to obtain the saturation power Ps. It is common to introduce the population
relaxation time (also called the fluorescence time) as 77 = 1/I"; and the dipole
relaxation time as 7p = 1/TI';. The population relaxation time 77 varies in the
range from 0.1 us to 10 ms, depending on the dopant, and is about 10 ms in the
case of EDFAs. The dipole relaxation time 7> is quite small (~ 0.1 ps) for all fiber
amplifiers.
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The role of the term P/P in Eq. (5.5) is to reduce the gain as signal power
increases in the fiber. This phenomenon is common to all amplifiers and is referred to
as gain saturation. If the amplifier operates at power levels such that P(z)/ Py < 1
for all z, the amplifier is said to operate in the unsaturated regime. The unsatu-
rated gain coefficient has a Lorentzian shape that is characteristic of homogenously
broadened systems [21,22]:

8o(z)
1+ (0 — w)2T}

gz, w) = (5.6)

Clearly, g(z, w) is at a maximum when the signal frequency w coincides with
the atomic transition frequency w,. The gain gets smaller as the signal frequency
moves away from w,. The effective 3 dB bandwidth of the gain is identified using
the frequency range over which gain exceeds go/2. This gain bandwidth, Aw,, can
be used to find the full width at half maximum (FWHM) of the gain spectrum, and
is given by
Awg 1
Avg =228 = (5.7)
2 T,

As anexample, Av, ~ 3THz when T, = 0.1 ps. As we saw in Figure 5.3, the actual
gain spectrum of fiber amplifiers can deviate considerably from a Lorentzian profile.
However, the insight and flexibility provided by this model justify its adoption in
practice.

It is very important that we make a clear distinction between the bandwidth of
the gain spectrum (see Eq. (5.7)) and that of the amplifier itself. The difference
becomes clear when one considers the overall gain of the amplifier, defined as

G = Pout/Pin, (58)

where Py, is the input power fed into the amplifier and P,y is the signal power out
of the amplifier. Noting that the gain coefficients represent the local gain seen by
the signal, signal-power evolution along the amplifier in the CW case is governed
by the simple differential equation

dp
o g(z, ) P(2), (5.9)

z
where P(z) is the optical power of a signal with mean frequency w at a distance z
from the input end of the amplifier. A straightforward integration with the conditions
P(0) = P, and P(L) = P,y shows that the CW gain of the amplifier is given by

L
G(w) =exp (/ g(z, w) dz) , (5.10)
0
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where L is the length of the amplifier. If we ignore the z dependence of the gain
coefficient, we obtain the simple relation G (w) = exp[g(w)L].

Both G(w) and g(w) are maximum at @ = w, and decrease when w # w,.
However, G (w) decreases much faster than g(w) because of its exponential depen-
dence on the latter, and the bandwidths of G (w) and g(w) differ from each other.
The amplifier bandwidth Av, is defined as the FWHM of G (w) and is related to
the gain bandwidth Av, by

In2 12
Avg=Avg [ ———) . 5.11
A= Sl (g(wa)L —In 2> G-1h

We briefly discuss the issue of gain saturation. The origin of gain saturation lies
in the power dependence of the gain coefficient in Eq. (5.5). Since g is reduced
when P becomes comparable to Py, the amplification factor G is also expected to
decrease. To simplify the discussion, let us consider the case in which the signal
frequency is exactly tuned to the atomic transition frequency (v = w,). Using
Egs. (5.9) and (5.5) we obtain

dP  go(@)P

R\ (5.12)
dz 1+ P/P,

This equation can be easily integrated over the amplifier length. By using the initial
condition P(0) = Py, the amplifier gain is given by the implicit relation

L
G =exp [/ g0(x)dz — (G — l)Pin/Psi| : (5.13)
0

This transcendental equation does not have an analytical solution and must be
solved numerically to calculate the saturated gain of the amplifier.

5.3 Rate equations for EDFAs

As mentioned earlier and as shown in Figure 5.2, EDFAs can be pumped at a wave-
length of 980 or 1480 nm. Since excited-state absorption does not occur for these
two pumping bands [8], we can restrict ourselves to the three energy bands shown
in Figure 5.2. The sublevels within each energy band result from the Stark effect,
and their occupancy in thermal equilibrium is given by the Boltzmann distribu-
tion. In the following simplified analysis, we focus on the case of 980 nm pumping
and ignore the sublevels by considering the total atomic densities, Ny, N2, and N3,
associated with each energy band. When an EDFA is pumped by injecting light from
one end, a continuous loss in the pump power because of fiber losses and absorption
by dopants makes the atomic densities nonuniform along the EDFA length. It is
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important to include such axial variations of the pump power and atomic densities.
We thus allow Nj, N3, and N3 to vary with both z and ¢.

In the three-level rate-equation model, we can write the atomic rate equations
by considering all processes through which erbium ions appear or disappear in a
given energy state [23, 1]:

IN| N3

N
= —Ri3N| — WiaN) + Wai Ny + —= + Ry N3 + . (5.14a)

ot T, T]

IN> No

—— = WiuN; — W1 No + R3pN3 — —, (5.14b)
ot T

N3 N3

—— = Ri3N1 — R2N3 — R31N3 — —, (5.14¢)
ot T|

where T and 7/ are the population relaxation times of levels 2 and 3, respectively,
W, 1s the transition rate associated with the transition from state a to state b for
the signal, and R, denotes this same rate for the pump.

In the case of erbium ions, R3» > R3; because transitions from level 3 to level
2 are much more likely than transitions from level 3 to level 1 [1]. Moreover, the
rate of spontaneous emission from state 3 to state 1 is also much weaker than R3»
(i.e., R32 > 1/T]). With these simplifications, Eq. (5.14c) is reduced to

dN3
T A~ Ri3N1 — R3»N3. (5.15)
This equation shows that under the steady-state condition in which the time

derivative vanishes, the population density of level 3 is given by
R3;N3 ~ (R13/R32)N1 ~ 0, (5.16)

where we have used the condition R3 > Rj3.
If we use this result in Egs. (5.14a), we obtain

Ny N
W = —R;3N1 — Wi N1 + Wo Ny + T (5.17)
1

Under the same conditions, Egs. (5.14b) becomes

N2 _ RisNi + WiaNy — Wy Ny — 22 = 0N (5.18)
o R 124V1 2112 o o .
It follows that Ni and N, change in such a way that Ny + N2 = pg, where pg is
the total dopant density. Physically, this relation shows the conservation of overall
atomic populations during the pumping and stimulated-emission processes.
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The parameters appearing in Egs. (5.17) and (5.18) depend on the absorption
and emission cross-sections as well as on the signal and pump powers, Ps and P,,,
respectively. Their explicit expressions are [23, 1]

I'so12Ps
W= ——F"—, 5.19

12 Ao, (5.19a)
I's001 P

Wr = ———, 5.19b

2= A hoss ( )
r P

Ry = 225372 (5.19¢)
Achvp

where A, is the cross-sectional area of the fiber core, I'y and I', are the mode
confinement factors, and vy and v, are the frequencies of the signal and pump
waves, respectively.

To proceed further, we need to consider the evolution of pump and signal powers
along the fiber. The corresponding equations can be written by considering all
processes through which pump and signal fields lose or gain photons, resulting in
[24,25]

P,

e = —Tpo3N1Pp —apPp, (5.20a)
z

0 P

5 = —Is012N1 Ps + T's001 N2 Pg — a5 Py, (5.20b)

where o, and «; represent fiber losses at the pump and signal wavelengths, respec-
tively. If we ignore these losses, an assumption justified in practice for typical
amplifier lengths (<0.1 km), it is possible to solve this coupled set of equations
analytically [24,25]. We first rewrite them, using definitions given in Egs. (5.192)
through (5.20), in the form

P,

8_ = —R13Achl)pN], (5213)
Z

d P

9z = (Wo 1Ny — WiaNy) A hvg. (5.21b)

Noting that N| = pg — N>, these equations can be easily integrated over the entire
amplifier length L. The result is given by [25]

L
P, = Piexp <B,, / NrAcdz — c,,) : (5.22a)
0

_ L
Py = P"exp <BS / NyrA.dz — Cs) , (5.22b)
0
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where Plijrl and PSin are pump and signal powers at the input end of the EDFA,
respectively. The other coefficients are defined as

B, =T 013/(Achvp), (5.23a)
Bs; = T's(o12 + 012)/(Achvs), (5.23b)
Cp=Tpo13pL, (5.23¢)
Cy; =TsopppL. (5.23d)

Substituting Eq. (5.21) into Eq. (5.18) and integrating along the fiber length, we
obtain

9 (L Lyp, Lop, Lt
— | MAdz=— dz — —dz— — [ MA.dz
ot Jo 0o 0z 0o 0z T Jo
L
= P"(1) |:1 —exp <Bs / NrA.dz — CS>]
0

) L 1 L
+ Plljn(l‘) 1 —exp Bp/ NyA.dz — Cp - / NyA.dz.
0 T Jo

(5.24)

This equation can be written in compact form by introducing the variable p,
representing the total excited erbium population at some time ¢ and defined as
p = fOL N>A. dz. The resulting equation is

) , .
8_‘; = P"(t) [1 —exp (Bsp — Cs)1+ P, (1) [1 —exp (Bpp — cp)]—Tﬁl. (5.25)

Being an ordinary differential equation for a single variable p, this equation can
be easily solved numerically to characterize the time evolution of the EDFA gain
[25,24].

5.4 Amplification under CW conditions

It is instructive to consider the operation of an EDFA under steady-state conditions.
In this case, we can set the time derivative to zero in Eq. (5.18). Using N1 = pg— N>,
the excited-state population is given by

Riz+ Wypp
Riz + Wi+ Wi +
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Using the definitions in Eq. (5.19a), this equation can be written in the form

P /Psa[+P/P,Sat
Ny = L PO, (5.27)
1 + PS/PSSat + Ps/Pssat + PP/P;at

where we have defined the three saturation powers as

Ahc

sat

P;a = (5.28a)

CpoisipTh

psat - Ahc (5.28b)
y Uyo12,, T1

pra = Ahe (5.28¢)
g Lsoo13, Ti

The ground-state population is obtained from the relation Ny = pg — N».

The pump and signal powers vary along the amplifier length because of absorp-
tion, stimulated emission, and spontaneous emission. Their variations also depend
on whether the signal and pump fields propagate in the same or opposite directions.
If the contribution of spontaneous emission is neglected and forward pumping is
assumed, P, and Py satisfy Eqs. (5.20). Substitution of Ny and N> then leads to
a set of coupled equations which can be readily solved numerically. Their predic-
tions are in good agreement with experiment as long as the amplified spontaneous
emission (ASE) remains negligible [26].

More insight can be gained by making further simplifications to this model. First,
we neglect the difference between the emission and absorption cross-sections and
set o12(w) = 021 (w). Since P = Pt in this case, N and N, can be written in

the form
1 + P/ P
M= (1 + 2P/ Pt _|_AP / Psat p0; (5.29a)
s/ Ly p/ Ep
p, /psat 4 p /psat
Ny = p/ P - s/ Ps — ) ro. (5.29b)
1+2P;/P5 + Pp/ Py

Second, for lumped amplifiers with fiber lengths under 1 km, losses «, and ety can be
set to zero. The results shown in Figure 5.4 are obtained with these simplifications
using parameter values from Ref. [8]. This figure shows the amplification factor
of an EDFA at 1.55 um, under small-signal conditions, as a function of (a) pump
power and (b) amplifier length.

Itis evident from Figure 5.4 that, for a given amplifier length L, the amplification
factor increases exponentially with pump power initially, but grows at a much
reduced rate when pump power exceeds a certain value (corresponding to the “knee"
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Figure 5.4 Small-signal gain at 1.55 pm as a function of (a) pump power and (b)
amplifier length for an EDFA pumped at 1.48 um. (After Ref. [8]; © IEEE 1991)

in Figure 5.4(a)). For a given pump power, amplifier gain becomes maximum at an
optimum value of L and drops sharply when L exceeds this optimum value. The
reason for this behavior is that the end portion of the amplifier remains unpumped
and absorbs the amplified signal. Since the optimum value of L depends on the
pump power P, it is necessary to choose both L and P, appropriately. Figure
5.4(b) shows that, for 1.48 um pumping, a 35 dB gain can be achieved at a pump
power of 5 mW for L = 30 m. It is possible to design high-gain EDFAs using fiber
lengths as short as a few meters when pumping is done near 980 nm.

The preceding analysis is based on the CW operation of an EDFA, and cau-
tion needs to be exercised when extending it to the amplification of pulse trains.
In telecommunications networks, EDFAs amplify pulses corresponding to binary
modulation. In this case, it is required that all pulses experience the same gain. For-
tunately, this occurs naturally in EDFAs for pulses shorter than a few microseconds.
The reason is related to the relatively large value of the fluorescence time associated
with erbium ions (77 & 10 ms). When the time scale of signal-power variations is
much shorter than 77, erbium ions are unable to follow such fast variations. Since
single-pulse energies are typically much below the saturation energy (~10 ul),
EDFAs respond to the average power. As a result, gain saturation is governed by
the average signal power, and amplifier gain does not vary from pulse to pulse.

5.5 Amplification of picosecond pulses

Propagation of optical pulses in undoped (i.e., standard) optical fibers has been stud-
ied extensively using an envelope equation [27]. Here, we generalize that equation
so that it can be applied for EDFAs. In this approach, one derives an equation called
the nonlinear Schrodinger (NLS) equation using the slowly-varying-envelope and
rotating-wave approximations. If the slowly varying amplitude A of the optical
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pulse is normalized in such a way that |A|> represents optical power, the NLS
equation for a standard optical fiber has the form [27]

d0A ,3232 . 2
— — —_— A= Al“A, 5.30
L2 Sa = jyial (5.30)

where o accounts for fiber losses. The nonlinear coefficient y is given by

nyw
= =2 (5.31)

CAefr
where wy is the reference frequency relative to which the slowly varying envelop
approximation was made [27], nj is the nonlinear index coefficient, and A.fr the
effective mode area.

5.5.1 Inclusion of dopant’s susceptibility

The dispersive effects taking place in the fiber are included in Eq. (5.30) by the
parameter 5, governing group-velocity dispersion (GVD). Since the exact func-
tional form of the propagation constant §(w) is rarely known, one employs its
Taylor series expansion around the carrier frequency wy in the form

1
pl@) = Po + pi(w — wo) + 5 fa(w — o)’ + -+ . (5.32)

The NLS equation (5.30) is obtained when this expansion is truncated after the
quadratic term. This equation is responsible for a variety of nonlinear effects that
often limit the transmission capacity of optical fibers. Nonlinear effects detrimen-
tal to transmission include self-phase modulation (SPM), cross-phase modulation,
four-wave mixing (FWM), and stimulated Raman scattering (SRS). The last two
nonlinear effects (FWM and SRS) can also be used to make the parametric and
Raman fiber amplifiers discussed in later chapters. When dopants such as erbium
are introduced into a fiber, all these effects of the host medium are inherited by the
doped fibers and can affect the performance of EDFAs. In addition, modifications
must be introduced to the standard NLS equation to account for the presence of
dopants.

We saw in Section 5.2 that an erbium-doped fiber can be modeled using a two-
level system. This permits us to employ the optical Bloch equations of Section 4.4 by
modeling the erbium ions as an ensemble of two-level atoms. Such a model requires
two relaxation times introduced earlier in Section 5.2: the population relaxation
time 77 and the dipole relaxation time 75. The two-level system can be assumed to
respond instantaneously if 7> is much shorter than the width of the optical pulse
being amplified; this holds true for pulses with widths in the picosecond range
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because 7> is <100 fs whereas 77 is close to 10 ms for EDFAs [28]. For pulses
having widths in the picosecond range, the susceptibility of the dopants can be

written as [21]
I's021(N2 — Ny) ¢
Xa(@) = = —n(w), (5.33)
Jt(@—w) o
where n(w) is the refractive index of the fiber core in the absence of doping. A
major assumption made in obtaining Eq. (5.33) is that the gain medium is homoge-

neously broadened. Because of the amorphous nature of silica glass, inhomogenous

broadening cannot be totally avoided. However, the inhomogenous contribution is
relatively small for aluminosilicate glasses, and 7, can be related to the homogenous
linewidth of the atomic transition as Aw, = 1/7T>. The inhomogenous component
appears to be larger for germanosilicate glasses. In this chapter we assume that
T, is a fitting parameter determined by taking the gain characteristics of different
dopants into account.

The relative permittivity or dielectric constant of a doped fiber is obtained by
adding the contribution of the dopants to that of the undoped fiber, and is given by

e(w) = n*(w) + 2jn(w)ca/w + xa(w). (5.34)

The absorptive and dispersive properties of the doped fiber result from the frequency
dependence of ¢(w). The propagation constant of the signal within the doped-fiber
medium can be written as 8(w) = +/¢(w)w/c. Assuming that the imaginary part is
much smaller than the real part, we obtain

B(w) = [n(w) + ml|Alo/c + jo + xa(@o/c, (5.35)

where we have added the nonlinear contribution through the n, term.

This expression can be further simplified by expanding around the reference
frequency wy used for introducing the slowly varying envelope of the optical pulse.
However, care must be exercised because both n, and « also vary with frequency.
In practice, their variation with frequency is slow enough that they can be treated as
constants over the entire bandwidth of picosecond pulses (< 1 THz). However, it
is not possible to treat x, () as constant within the bandwidth of the pulse. Noting
that o, 12| A|?, and |y, (w)| are much smaller than n(w), and using Eq. (5.32), we
can approximate Eq. (5.35) as [28]

w o w w
Oy AP 4 & 4 Xl

c 2 2cn(w) (5-36)

1
B(@) = fo+ i@ —wo) + S pa(w—w0)* +
5.5.2 Derivation of the Ginzburg—Landau equation

Owing to the finite gain bandwidth associated with yx,(w), all spectral components
of the pulse do not experience the same gain, a phenomenon referred to as gain



5.5 Amplification of picosecond pulses 127

dispersion. Moreover, owing to the Kramers—Kronig relations, any gain is accom-
panied by a corresponding index change, which provides an additional contribution
to the dispersion of the medium. Expanding y,(w) in a Taylor series around wqg and
keeping only terms up to second order, we then obtain

wxa(@) §—j 1682428
cn(w) 1+ 82 14282 + 84
j—35—3j82483

+80(

) T (w — wo)
(5.37)

T2(w — wp)?,
1+3&+%2+ﬁ> 2 (@ = @o)

where gg = ['so (Ny — Nyp) is the gain coefficient and § = (wg — w,) 1> represents
a detuning of the carrier frequency wg of the pulse from the atomic transition
frequency w,. Substituting Eq. (5.37) into Eq. (5.32), we finally obtain

eff

B(w) = Bo+ B (@ — wo) + ﬁeff(w—wo>2+%nz|A|2+j > (539)
where

= B ()

B = pa + goT; ( +§12§:§) (5.39b)

aﬂ_a_J@(f+ﬁ), (5.39¢)

With the introduction of the preceding effective parameters, we can write the
propagation equation for an EDFA by replacing the corresponding parameters in
the standard NLS equation (5.30) with the effective ones. The resulting equation is
given by

A. (540
2 mz 2 2 ) (>-40)

This equation does not include the simultaneous absorption of two photons. For sil-
ica fibers, two-photon absorption (TPA) is indeed negligible. However, it becomes
important for fibers made using chalcogenide materials [29]. We can include the
effects of two-photon absorption in such fibers by replacing o with @ + a2|A|?,
where o5 is a material parameter responsible for two-photon absorption.

It is clear from Eq. (5.40) that the group velocity of the pulse, v, = 1/ ,Beff is
affected by the dopants. However, the dopant-induced change in the group Velomty
is negligible in practice because the difference (8 lff/ B1) — 11is close to 10~* under
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typical operating conditions. In contrast, changes in 8 are not negligible, especially
near the zero-dispersion wavelength of the amplifier. It is instructive to look at the
behavior of ,Bgff when the the carrier frequency wq of the pulse coincides with the
atomic transition frequency wg; this amounts to operating at the gain peak with
8 = 0. Even at this point, ,Bg'ff does not coincide with B, because of the finite gain
bandwidth of the amplifier and the related gain-dispersion effects.

Much can be learned from Eq. (5.40) by looking at its behavior at the gain peak
of the amplifier, so that § = 0. Replacing ﬂfff with 81 and introducing a reduced
time in a frame moving with the pulse as T = ¢t — 1z, we obtain
A 1 s 0A g 1 5
e + ]5(,32 + JgOTz)W = JjYIAI"A + 7A - E(“ +alA[DA,  (5.41)
where we have added the two-photon contribution to keep the following analysis
general. As expected, if the gain and two-photon absorption are taken out, this
equation reduces to the usual NLS equation.

In cases in which the mathematical structure of the preceding equation is
paramount, it is better to recast it in normalized units. Suppose Py is the peak power
and Ty is the width of the input pulse. Adopting the notation used for solitons in

undoped fibers, we introduce soliton units as
§=z/Lp, tv=T/To, u=.yLpA, (5.42)

where Lp = Toz/ |B2] is the dispersion length. Equation (5.41) then takes the
following normalized form:

ou 1 0%u . .
F3g 30 H DT+ A jululu = S, (5:43)

where s = sgn(f;) = =1 and the other parameters are defined as

d = goLp(T>/ Ty)?, (5.44a)
u=(go—a)Lp, (5.44b)
U2 = an/2y. (5.44c¢)

The impact of doping in this equation is represented by the two parameters d and
. Physically, d is related to the amplifier bandwidth (through the parameter 7»), u
is related to the amplifier gain, and u» governs the effect of two-photon absorption.
Numerical values of these parameters for most EDFAs are it ~ 1, d ~ 1073, and
w2 ~ 107* when Ty ~ 1 ps. Equation (5.43) is known as the Ginzburg—Landau
equation and has its origins in superconductivity theory. In nonlinear optics, the
Ginzburg-Landau equation is used for analyzing pulse evolution in amplifying
nonlinear media in the form of bright and dark solitons.
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5.5.3 Numerical solution of Ginzburg—Landau equation

It is possible to solve Eq. (5.43) using the well-known split-step Fourier method
(SSFM) used for solving the NLS equation in nonlinear fiber optics [27]. Here, we
show how to adapt this method to the more general equation (5.43) with complex
coefficients. It is easy to see that this equation reduces to the NLS equation when
d =0and up =0.

The underlying philosophy of the SSFM is to split the nonlinear differential
equation into two parts where one part is linear and the other part is nonlinear. Let
Z be the linear part and ./” {u} the nonlinear part. Then Eq. (5.43) can be written
as

9
% = [ + A {u)lu, (5.45)
where
Zu="u_Liy 'd)& (5.46a)
HERN TR TV '
N uyu = j(1+ jpo)lul’u. (5.46b)

The functionals . and .4 {u} are known as the linear and nonlinear operators of the
corresponding differential equation. It is important to realize that any differential
equation that can be split this way can be solved using the SSFM method discussed
here.

To solve Eq. (5.45) numerically, we create a uniform grid with spatial steps of
A& and time steps of At. Within this grid, integration of Eq. (5.45) admits the
following space-marching solution [27]:

A
U(E + AE, T) ~ exp (zAg + /{u<g n 75 r)}A$> wE 7). (5.47)
Owing to the fact that . and .4 {u} are noncommuting operators, we cannot expand
the exponential in the preceding equation in the conventional form. Instead, we must
use the Zassenhaus product formula [30] for the noncommuting operators . and
/. When the commutator is a ¢ number, the result is given by

2
exp (LAE + N AE) =exp (L AE) exp (N AE) exp (% [Z, ,/V]) . (5.48)

To order O(A&2), Eq. (5.47) can be approximated as

u(E + AE, 7) ~ exp (LAE) exp </V{u(é + %, r)}As) WE 7). (5.49)
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Further improvement in the accuracy of the numerical procedure can be made
by symmetrizing this splitting as [31]

u +As, 1)~

exp (.Z%S) exp (JV{M(‘& + AT‘;, t)}A“;‘) exp (f%é) ué, 1),

(5.50)

which is accurate to order O(AE£3). If we apply the operator exp (.,2” %) to both
sides of the expression, we obtain

exp (.Z%S> u +AE, )~
Al A (5.51)
exp (L AE)exp (JV{M(S + - r)}Aé) exp <ZT) u&, ).

Use of this equation reduces computational time.
We can reduce the computational burden further by noting that the following

relations hold approximately:
u(€ +3A8/2, 1) R exp (LAE/2)u(§ + A§, 1), (5.52)
u(§ + A§/2,7) X exp (LA u(. ). '

Using these relations, we obtain

3A A A
6+ 25 x) ~ e zape (H{u(s+ 5 o) g uls+ ).
(5.53)
which is also accurate to order O(A§3).

The linear part of Eq. (5.53) can be numerically evaluated in a straightforward
way by using the standard Fast Fourier Transform (FFT) and its inverse (IFFT)
as [27]

3AE
u(6+=5>7) = IFFT {7, { exp (£6) | @)FFT lun 1 (6. 8. 1)} . (554)
where we have used the Fourier-transform operator, .%;_ {...} (w) (see Section
1.1.2), to include linear effects, with @ acting as the frequency variable. We have
also introduced a new variable, uyy (§ + %, T), as

A A
UNL (g, AE, r) — exp (w{u(s n ; r)}Ag> u(s + 7‘5 r). (5.55)
To evaluate u 7, we write it as a partial differential equation,

oUNL

3

= j(+ ju)lunsPunr, (5.56)
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and integrate this equation from & to § + A§. The integration can be carried out
easily if we write this equation in terms of two real variables using the polar form

uniy = Anrexp(jonr). (5.57)

Substituting Eq. (5.57) into Eq. (5.56) and collecting the real and imaginary parts,
we obtain

9A
NE — _pAd,, (5.58a)
&
0pNL
= Ayp- (5.58b)

Since Eq. (5.58a) does not depend on the variable ¢ , it can be solved using stan-
dard analytical methods. The resulting solution is then substituted into Eq. (5.58b)
to finally construct the complex envelope u y1 using Eq. (5.57).

5.6 Autosolitons and similaritons

Solitons are wave packets that can propagate in a nonlinear dispersive medium
without changing their shape or size. Owing to this property, they appear to have
particle-like properties. Like elementary particles, solitons not only survive colli-
sions but undergo elastic collisions. All solitons associated with the NLS equation
share this property. However, it is important to note that the Ginzburg—Landau
equation is not integrable by the inverse scattering method, and therefore does not
support solitons in a strict mathematical sense. Nevertheless, its solitary-wave solu-
tions represent optical pulses whose shape does not change on propagation [32].
Such solitary-wave solutions of the Ginzburg-Landau equation, often called dis-
sipative solitons, have been studied extensively in recent years [33, 34]. In the
context of optical amplifiers, they are also called autosolitons because all input
pulses evolve toward a specific pulse whose width and other properties are set by
the amplifying medium [35].

The existence of solitons in a fiber amplifier is somewhat surprising because
energy is constantly fed to a propagating pulse during its amplification. Clearly, for
a pulse to maintain its width and shape, this energy has to be dissipated through
some mechanism. Two-photon absorption provides such a mechanism. However, it
is not sufficient to create a perfect energy balance along an amplifier. A second loss
mechanism originates from the finite bandwidth of the gain spectrum. If the spectral
width of a pulse becomes larger than the gain bandwidth, its spectral components
that lie outside the gain bandwidth may experience a net loss. Even if the spectrum
of the input pulse is narrower than the gain bandwidth, SPM-induced spectral
broadening of the pulse during its amplification in an amplifier may broaden it
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enough for the pulse to experience no net gain in the presence of linear and two-
photon absorption. Therefore, a fiber amplifier could support autosolitons even in
the normal-dispersion region, a phenomenon not possible in a standard undoped
fiber.

5.6.1 Autosolitons

Since there is no systematic way to construct soliton solutions for the Ginzburg—
Landau equation, we need to use a technique in which a solution with several
parameters is first postulated and these parameters are then chosen to ensure that
the Ginzburg—-Landau equation is indeed satisfied. Based on the known soliton
solutions of the NLS equation in a standard undoped fiber, the postulated pulse-like
solution (corresponding to a bright soliton, which behaves similarly to a standard
soliton but has a characteristic localized intensity peak above a CW background)
of the Ginzburg-Landau equation (5.43) has the following form [36]:

u(, v) = Nylsech(pt)]""/7 exp(j K&) 5.59)
= Nsech(pt) expljK;& — jg In(cosh p1)]. .

The parameters N;, p, ¢, and K, are found by substituting this solution back into
Eq. (5.43) and are given by [27]

NZ = 1p*s(g® —2) + 3qd], (5.60a)
p* = uld(q> — 1) — 2sq]7", (5.60b)
Ks = 3p%ls(g* = 1) +24d], (5.60¢)

where ¢ is a solution of the following quadratic equation:
(d — pas)q* = 3(s + pad)q — 2(d — pas) = 0. (5.61)

Itis clear from Eq. (5.61) that ¢ # 0 only when either d or ., is nonzero. For silica
fiber amplifiers, o is small enough that it can be set to zero. The parameter ¢ is
then given by

g =[3s £ (9+84%"?])2d, (5.62)

where the sign is chosen so that both p and N; are real.

The general solution (5.59) of the Ginzburg-Landau equation (5.43) exists for
both positive and negative values of f;. It is easy to verify that, when s = —1
(anomalous GVD) and d, u, and o are set to zero, this solution reduces to the
standard soliton of the NLS equation [27]. The parameter p remains undetermined in
that limit because the NLS equation supports a whole family of fundamental solitons
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such that Ny = p. By contrast, both p and N; are fixed for the Ginzburg—Landau
equation by the amplifier parameters © and d. This is a fundamental difference
introduced by the dopants: fiber amplifiers select a single soliton from the entire
family of solitons supported by the undoped fiber. The width and the peak power of
this soliton are uniquely determined by the amplifier parameters (such as its gain
and bandwidth), justifying the name autosoliton given to such pulses [35].

The new feature of the autosolitons forming in fiber amplifiers is that their phase
¢ (7) is not constant but varies with time along the pulse. The parameter ¢ may
be called a chirp parameter because the phase varies only with time when g # 0.
Having a quantitative understanding of this phase variation gives us a better under-
standing of soliton-like pulses forming within a fiber amplifier. From Eq. (5.59),
we find the following expression for the autosoliton phase:

¢(t) = K& — g In(cosh pt). (5.63)

The associated chirp §w(t), or the frequency variation experienced by this pulse
around its central reference frequency, is found using w = —d¢/dt. This
frequency chirp is given by

dw(t) = gptanh(pT). (5.64)

Figure 5.5 compares the intensity and chirp profiles of an autosoliton in the
cases of normal (dashed curve) and anomalous (solid curve) GVD, using d = 0.5,
uw = 0.5, and ur = 0. In both cases, the chirp is nearly linear over most of the
intensity profile, but the soliton is considerably broader in the case of normal GVD.
The dependence of soliton parameters on the gain-dispersion parameter d is shown
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Figure 5.5 (a) Intensity and (b) chirp profiles of an autosoliton when d = 0.5.
Solid and dashed curves correspond to the cases of normal and anomalous GVD,
respectively.
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Figure 5.6 (a) Soliton width p~! and (b) chirp parameter ¢ plotted as functions
of d. Solid and dashed curves correspond to the cases of normal and anomalous
GVD, respectively.

in Figure 5.6, where the width parameter p~! and the chirp parameter ¢ are plotted

as functions of d using u = d and uy = 0. Solid and dashed curves correspond to
the cases of normal (s = 1) and anomalous (s = —1) GVD, respectively. For large
values of d, the difference between normal and anomalous GVD disappears since
the soliton behavior is determined by gain dispersion (rather than the frequency
dependence of the refractive index of the silica host). In contrast, both the width
and the chirp parameters are much larger in the case of normal GVD whend < 1.
Indeed, both of these parameters tend to infinity as d — 0 since undoped fibers
do not support bright solitons in the case of normal GVD. In the presence of two-
photon absorption, the soliton amplitude decreases and its width increases. For
most fiber amplifiers w7 is so small that its effects can be ignored.

Since gain dispersion and two-photon absorption permit the existence of bright
solitons in the normal-GVD region, one may ask whether the Ginzburg-Landau
equation has solutions in the form of dark solitary waves that exist in both the
normal- and anomalous-GVD regions. This turns out to be the case. Recalling that
sech(t) is replaced by tanh(r) for dark solitons in undoped fibers [27], we can
postulate the following solution for the Ginzburg—Landau equation:

u(&, v) = Ny[tanh(pt)]' 7 exp(j K€) 565
= N tanh(pt)expl[jKs& — jqIn(cosh pt)]. .

As before, the parameters Ny, p, ¢, and K are determined by substituting this
solution back into the Ginzburg—Landau equation and are given by a set of equations
similar to Egs. (5.60a) through (5.61). The qualitative behavior of dark autosolitons
is also similar to that of bright autosolitons. In particular, gain dispersion determines
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the frequency chirp imposed on the dark soliton, and the values of p and N, are
fixed by u and d.

An important issue related to stability needs to be stressed in the case of autosoli-
tons. Because © > 0 for an amplifier, the background of an autosoliton is not
always stable because any small fluctuation in the wings of the pulse (or dip in the
case of dark autosolitons) can be amplified by the fiber gain [37]. This instability,
arising from the amplification of background noise, has important implications for
fiber amplifiers and lasers.

5.6.2 Similaritons

As mentioned earlier, solitons have much resemblance to elementary particles,
as they preserve their shape and size during propagation in a dispersive nonlin-
ear medium. However, if we relax the size part and insist only that the shape be
maintained during propagation, we land on a more general class of waves known
as self-similar pulses, whose amplitude and width vary continuously during their
propagation [38]. It was discovered during the 1990s that parabolic pulses could
behave as self-similar pulses in EDFAs operating in the normal dispersion regime
[39—41]. Interestingly, self-similar pulses tend to behave like an attracting manifold
because input pulses with differing shapes tend to become nearly parabolic asymp-
totically as they are amplified, while maintaining a linear frequency chirp across
them. Pulses that evolve in a self-similar fashion are often called similaritons.

It is easy to find similariton solutions for the Ginzburg—Landau equation when
two-photon absorption and dipole relaxation times are ignored, by setting 75 = 0
and oy = 0. Equation (5.41) then takes the form

0A  jpr0?A
9z 2 T2

iVIAPA + %A, (5.66)

where net gain g is defined as g = go — «. We now use the following ansatz to
seek an asymptotic solution in the limit z — oo [40]:

Az, T) = ap(2)F(t) expljcy(2)T? + ¢, (2)], (5.67)

where the three pulse parameters, a,(z), c,(z), and ¢,(z), are allowed to evolve
with z. The function F (), with T = T(af,e_gz) acting as the self-similarity vari-
able, governs the pulse shape. The phase term quadratic in T ensures that the chirp
remains linear even though the chirp parameter ¢, itself changes with z.
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When the preceding form of the solution is substituted back into Eq. (5.66), it
leads to the following equation:

dep T 1 dop 2 pray d’F _,
_5 I — F(1) — . (5.68
( dz ﬂch) age + az dz yE(T) 2 F a2’ (5.68)

together with an ordinary differential equation for a,(z),

day

g
iz = Bacpap + ~ap. (5.69)

2

In the asymptotic limit z — o0, the last term in Eq. (5.68) tends to zero and thus
can be safely discarded. The resulting equation is

dc 72 1d
<d—” _ 25263,) — e —zﬂ =y FX(1). (5.70)
Z aj a; dz

The right side of this equation is only a function of t, whereas the left side depends
on both z and 7. The only way to ensure that this equality is satisfied for all t
values is to assume that F2(t) = (1 — 72 / rg), where 7y is an arbitrary constant,
and equate the two terms on both sides. The resulting two equations are [42]

dep 2 Y 6 2
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dép 2

The asymptotic solution exists only for a specific pulse shape, F(7r) =
(1 — 72 / ‘L’g)l/ 2 for |t| < 10; outside of this range, F(t) must vanish for physical
reasons.

We have thus found a pulse whose intensity profile F2(z) becomes a perfect
parabola for large z and whose parameters evolve with z in a self-similar fashion
(i.e., a similariton). When dispersion is normal (8, > 0), it is possible to integrate
Egs. (5.69) and (5.71) and obtain [40]

ap(z) = 5(8E0)'*(vB2/2)7 "/ exp(gz/3). (5.72a)
Tp(z) =68~ (v2/2)'*ap(2), (5.72b)
cp(z) = g/(6B2), (5.72¢)
$p(2) = o + 3y /28)a’(2), (5.72d)

where ¢ is an arbitrary constant phase and we have used the fact that y > 0 for
doped fiber amplifiers. The parameter T = T'/T),(z) appearing in the pulse shape
F(t) changes with z, and T,(z) can be interpreted as a pulse width that scales
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Figure 5.7 (a) Evolution of a 200-fs Gaussian input pulse over a 6-m-long Yb-
doped fiber amplifier providing a 50-dB gain. Intensity profiles of the amplified

pulse are plotted on (b) logarithmic and (c) linear scales. (After Ref. [42]; © OSA
2002)

linearly with the amplitude a,(z). The preceding expressions show that both the
width and the amplitude of the parabolic pulse increase exponentially with z in the
asymptotic regime. Neither the initial pulse shape nor its width has any effect on
the final parabolic pulse. Only the energy Eg of input pulse appears in the final
pulse parameters.

The evolution toward a parabolic shape can be verified numerically by solving
Eq. (5.66) using the split-step Fourier method [42]. Figure 5.7 shows the simu-
lated evolution of a 200-fs Gaussian input pulse with 12 pJ of energy, launched
in a 6-m-long fiber amplifier doped with ytterbium and pumped to provide a net
amplification of 50 dB at its output (¢ = 1.92 m™'). Realistic values of 8, =
25 ps’km~! and y = 5.8 W' km~! were used in numerical simulations. It is
clear from Figure 5.7 that the pulse shape indeed becomes parabolic near the out-
put end of the amplifier. Also, the pulse width increases with amplification, as
predicted theoretically. Indeed, the shape, the chirp profile, and the spectrum of the
output pulse agree well with the predictions of the analytic self-similar solution.
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Parabolic pulses have been observed in several experiments in which picosecond
or femtosecond pulses were amplified in the normal-dispersion regime of a fiber
amplifier. In a 2000 experiment, a 200-fs pulse with 12 pJ of energy was launched
into a 3.6-m-long Yb-doped fiber amplifier pumped to provide a 30 dB gain [40]. The
intensity and phase profiles of the amplified output pulses were deduced using the
technique of frequency-resolved optical gating (FROG). The experimental results
agreed well with both the numerical results obtained by solving the NLS equation
and the asymptotic parabolic-pulse solution.

5.7 Amplification of femtosecond pulses

We saw in Section 5.5 that one has to consider the nonlinear interaction of dopants
with the optical field to accurately characterize the pulse propagation through fiber
amplifiers. In the case of picosecond pulses, we could simplify the problem because
pulse width is much larger than atomic dipole dephasing time 7. In the parabolic
gain approximation in which the gain spectrum is approximated by a parabola,
propagation of picosecond pulses is governed by the Ginzburg—Landau equation.
However, if input pulses are much shorter than 1 ps, it may become necessary
to include the higher-order nonlinear and dispersive effects, or solve Maxwell’s
equations and optical Bloch equations simultaneously using a numerical approach
(see Section 4.6 for details).

The spectral bandwidth of femtosecond pulses may exceed the gain bandwidth
if pulses are shorter than the time scale 7> associated with the dopants. Moreover,
spectral bandwidth is likely to increase in the amplifier because of SPM and other
nonlinear effects [43]. Because spectral tails of a pulse are then amplified much
less than its central part, femtosecond pulses will inevitably experience temporal
and spectral distortion. It has been found numerically that the Ginzburg—Landau
equation introduces a systematic error in the energy extracted by the pulse from
the gain medium [44] because it approximates the actual spectrum by a parabola.
One may ask how the autosoliton associated with the Ginzburg—Landau equation,
obtained in the parabolic-gain approximation, changes when the Lorentzian shape
of the gain spectrum is taken into account.

An approximate approach for dealing with femtoseond pulses relaxes the
parabolic-gain approximation made in deriving the Ginzburg—Landau equation.
The resulting generalized Ginzburg—Landau equation can be written, in terms of
soliton units, as [27,44]
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where u(&, f) is the Fourier transform of u (&, t). The simple Ginzburg-Landau
equation of Section 5.5 can be recovered from this equation by expanding the
integrand around w7y up to second order in f. The parameters §3, s, and
TR, responsible for third-order dispersion, self-steepening, and intrapulse Raman
scattering, respectively, are defined as [27]

B3 1 Tg

so = TR = — (5.74a)

B=—— s=—7,
61B821To woTo

where Tj is the pulse width and T is the Raman parameter (about 3 fs for a silica
fiber). The self-steepening parameter sg is negligible except for extremely short
pulses (<10 fs wide). Third-order dispersive effects are also negligible unless a
fiber amplifier operates very close to the zero-dispersion wavelength of the fiber.
In contrast, the parameter 7z governs the frequency shift induced by intrapulse
Raman scattering, and its effects should be included for pulse widths below 5 ps.

As an example, Figure 5.8 shows the pulse evolution over 2.5 dispersion lengths
when a 50-fs-wide fundamental soliton is amplified by an EDFA providing a 10 dB
gain over each dispersion length (goL p = 2.3). The parameter values used for this
figure were tg = 0.1, §3 = 0.01, s9 = 0, and 7>/ Ty = 0.2. The pulse becomes
narrower as it is amplified and is compressed by a factor of about 5 after one
dispersion length (§ = 1). It splits into two subpulses soon after £ = 1 and evolves
toward four pulses at a distance of & = 2.5. Each pulse shifts toward the right
side as it slows down because of Raman-induced spectral shift. The widths and
amplitudes of these subpulses are still governed approximately by the autosoliton
solution given earlier. The formation of subpulses can be understood by noting that
each autosoliton has a fixed energy because its width is set by the time scale 7>.
If the amplifier provides so much gain that the pulse energy begins to exceed this
value, the pulse splits into multiple subpulses, each of which evolves toward an
autosoliton.
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Figure 5.8 Evolution of a 50-fs-wide fundamental soliton over 2.5 dispersion
lengths, showing pulse splitting and the Raman-induced temporal delay of
subpulses.
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For optical pulses much shorter than 7>, in principle one should use the complete
set of Maxwell-Bloch equations given in Section 4.7. If the induced polarization
of the dopants is given by P, then optical Bloch equations can be written in the
form

0Pa _ _Pa )P, idzAW (5.75a)
— =———i(wy —w - — , J15a
a1 T a = @R Ty

W Wo—W 1

7 0" L CimA*py), 5.75b
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where d is the dipole moment, w, is the atomic transition frequency, W = N, — N

is the density of population inversion with its initial value Wy, 71 and T, are the

population and dipole-relaxation times, and A(z, ¢) is the slowly varying amplitude

associated with the optical field. In terms of induced polarization, Eq. (5.73) takes

the form
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(Pg exp(—iBoz)),

where angle brackets denote spatial averaging over the mode profile of the optical
fiber. An average over the atomic transition frequencies should also be performed if
one wants to include the effects of inhomogeneous broadening. The complete set of
Maxwell-Bloch equations can be solved using the split-step Fourier method [27].
The predictions of such a model agree well with experiments dealing with the
amplification of femtosecond pulses in fiber amplifiers [45,46].
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6

Semiconductor optical amplifiers

Semiconductor optical amplifiers (SOAs) are increasingly used for optical signal
processing applications in all-optical integrated circuitry [1,2]. Research on SOAs
started just after the invention of semiconductor lasers in 1962 [3]. However, it
was only after the 1980s that SOAs found widespread applications [4, 5]. The
effectiveness of SOAs in photonic integrated circuits results from their high gain
coefficient and a relatively low saturation power [6,7]. In addition, SOAs are often
used for constructing functional devices such as nonlinear optical loop mirrors
[8, 9], clock-recovery circuits [10, 11], pulse-delay discriminators [12-14], and
logic elements [15, 16].

A semiconductor, as its name implies, has a conductivity in between that of a
conductor and an insulator. Some examples of elemental semiconductors include
silicon, germanium, selenium, and tellurium. Such group-IV semiconductors have
a crystal structure similar to that of diamond (a unit cell with tetrahedral geom-
etry) and the same average number of valence electrons per atom as the atoms
in diamond. Compound semiconductors can be made by combining elements from
groups Il and V or groups Il and VI in the periodic table. Two group III-V semicon-
ductors commonly used for making SOAs are gallium arsenide (GaAs) and indium
phosphide (InP). These semiconductors enable one to manipulate properties such
as conductivity by doping them with impurities, and allow the formation of the p—n
junctions required for the electrical pumping of SOAs.

After discussing in Section 6.1 the material and design aspects of SOAs, we
provide a rate-equation description in Section 6.2 that governs how the density of
injected electrons and holes changes with time in the presence of light. We solve
the rate equations approximately in Section 6.3 for the amplification of picosecond
pulses in SOAs, using an analytical approach. We use a versatile technique based
on multiple scales to construct the analytical solution. The method used here can be
easily generalized to other types of amplifiers discussed in this book. We adopt in
Section 6.4 the Maxwell-Bloch formulation of Section 4.5 to study amplification
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of femtosecond pulses in SOAs and provide an intuitive derivation of the density-
matrix formulation.

6.1 Material aspects of SOAs

The most important property of a semiconductor from the standpoint of optics
applications is the bandgap of the semiconductor. Figure 6.1 shows the two types
of energy-band diagrams for naturally occurring semiconductors, plotting the elec-
tron’s energy as a function of its momentum p (or wave vector, since p = hk).
All semiconductors exhibit a bandgap that separates their valence band from the
conduction band. In the indirect-bandgap semiconductor shown in Figure 6.1(a),
the minimum energy point of the conduction band is not aligned with the maxi-
mum energy point of the valence band. Physically, this means that an electron in
the conduction band cannot drop down to the valence band while emitting some if
its energy in the form of a photon, because total momentum cannot be conserved
during this process. For this reason, light emission in indirect-bandgap materials
(such as silicon) is an inefficient process because it requires the participation of
lattice vibrations (or phonons) to conserve momentum.

In contrast, in a direct-bandgap semiconductor, with an energy-band diagram like
that shown in Figure 6.1(b), the conduction-band minimum is perfectly aligned with
the valence-band maximum. As a result, radiative transitions can take place without
the assistance of phonons. Clearly, semiconductors with a direct bandgap are pre-
ferred for all applications that require optical amplification, and are used routinely
for making semiconductor lasers and amplifiers. An exception occurs in the case

Conduction Band Conduction Ban
= Phonon Absorption =
:c: Bandgap N\ Light Emission E Bandgap N> Light Emission
ce Band ce Band
Momentum Momentum
Indirect Bandgap Direct Bandgap
(a) (b)

Figure 6.1 Schematic illustration of (a) indirect and (b) direct bandgap semicon-
ductors. The direct transition is preferred because it does not need the assistance
of phonons.
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of silicon optical amplifiers, but they make use of Raman gain and require optical
pumping. SOAs provide optical gain through electrical pumping with relatively
low currents and must make use of direct-bandgap materials. Electrical pumping
injects electrons into the conduction band and creates a population inversion when
the density of electron—hole pairs exceeds a certain value. The maximum gain under
normal conditions occurs close to the bandgap E, and the SOA provides amplifica-
tion at wavelengths near A = hc/Ej. Clearly, the semiconductor material must be
chosen to match the operating wavelength of the application. Compound semicon-
ductors used to make SOAs are ternary (containing three elements) or quaternary
(containing four elements) crystalline alloys grown on lattice-matched binary sub-
strates (such as GaAs or InP). By varying the composition of elements making
up the ternary or quaternary compound, it is possible to vary the bandgap of the
material and the wavelength at which most amplification occurs.

Once the operating wavelength is determined, the other most important crite-
rion in selecting semiconductor materials and their composition is related to lattice
matching. SOAs make use of a planar waveguide to confine light during its ampli-
fication and thus consist of multiple semiconductor layers with different bandgaps
and refractive indices. However, the various semiconducting materials making up
an SOA device must have lattice constants that match to better than 0.1%. If such
matching is not achieved, the quality of the semiconductor heterostructure making
up the device tends to deteriorate because it develops lattice defects at interfaces,
which serve as nonradiative recombination centers.

Figure 6.2 shows the relationship between the bandgap and the lattice constant
for several ternary and quaternary compounds [17]. Solid dots represent binary
semiconductors, and the lines connecting them correspond to ternary compounds.
The dashed portion of each line indicates that the relevant ternary compound has
an indirect bandgap. The area of a closed polygon corresponds to quaternary com-
pound. The bandgap is not necessarily direct for such semiconductors. The shaded
area in Figure 6.2 represents the ternary and quaternary compounds with a direct
bandgap formed from the elements indium (In), gallium (Ga), arsenic (As), and
phosphorus (P).

SOAs operating near 800 nm make use of ternary compounds Al, Ga;_,As, made
by replacing a fraction x of the Ga atoms by Al atoms. The resulting semiconductors
have nearly the same lattice constant as GaAs but greater bandgaps. The horizontal
line in Figure 6.2 connecting GaAs and AlAs corresponds to such ternary com-
pounds, whose bandgaps are direct for values of x up to about 0.45. The bandgap
depends on the fraction x and can be approximated by a simple linear relation

Eq(x) = 1.424 4 1.247x, 0 <x <045, (6.1)
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Figure 6.2 Lattice constants and bandgap energies for ternary and quaternary
compounds formed from nine group III-V semiconductors. The shaded area cor-
responds to possible In GaAsP and AlGaAs structures. The horizontal lines passing
through InP and GaAs show lattice-matched designs.

where E is expressed in units of electron-volts (e€V). The core and cladding layers
of the SOA waveguide are formed so that x is larger for the cladding layers than for
the core layer. Using E, ~ hv = hc/A, one finds that A ~ 0.87 um for a core layer
made of GaAs (E, = 1.424 e¢V). The wavelength can be reduced to near 0.8 pm
by using an active layer with x = 0.1.

The wavelength range of 1.3—1.6 um is important for telecommunications appli-
cations because both dispersion and losses in silica fibers are considerably reduced
compared with the values in the 0.85 um region. The InP semiconductor is the
base material for SOAs operating in this wavelength region. As seen in Figure 6.2
from the horizontal line passing through InP, the bandgap of InP can be reduced
considerably using a quaternary compound In;_,Ga,AsyP;_, whose lattice con-
stant remains matched to InP. The fractions x and y cannot be chosen arbitrarily
but are related by x/y = 0.45 to ensure matching of the lattice constant. The
bandgap of the quaternary compound can be expressed in terms of y only and is
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well approximated by
Eo(y) = 135 — 0.72y 4 0.12y?, 6.2)

where 0 < y < 1. By a suitable choice of the mixing fractions x and Yy,
In;_,Ga,AsyP;_, SOAs can be designed to work in a wide wavelength range
that includes the 1.3-1.6 pm region that is important for telecommunications
applications.

The fabrication of SOAs requires epitaxial growth of multiple layers on a base
substrate (GaAs or InP). The thickness and composition of each layer need to
be controlled precisely. Several epitaxial growth techniques can be used for this
purpose. The three primary techniques are known as liquid-phase epitaxy (LPE),
vapor-phase epitaxy (VPE), and molecular-beam epitaxy (MBE), depending on
whether the constituents of various layers are in liquid form, vapor form, or in
the form of a molecular beam. The VPE technique is also called chemical vapor
deposition. A variant of this technique is metal-organic chemical vapor deposition
(MOCVD), in which metal alkalis are used as the mixing compounds. An SOA is
made by sandwiching a direct bandgap material between two cladding layers with
slightly higher bandgaps. The cladding layers are doped to form a p—i—n junction
(i stands for intrinsic). The central layer is where amplification occurs, through
stimulated emission when current is injected into such a device [5].

6.2 Carrier density and optical gain

When current is injected into an SOA, charge carriers (electrons and holes) enter
the active region (the middle i-layer of the p—i—n junction), increasing in density N
as the applied current increases. These electron—hole pairs can recombine through
several different radiative and nonradiative processes and, in the absence of an opti-
cal signal, they typically last for a duration called the carrier lifetime, denoted by ..
Without an optical signal that needs to be amplified, the only radiative recombina-
tion process that can create photons is spontaneous emission. The incoherent nature
of this process creates noise that is amplified by the SOA and results in a relatively
weak broadband output called amplified spontaneous emission (ASE). However,
when a coherent optical signal is injected at one end of the SOA, it is amplified
exponentially in the SOA by stimulated emission, resulting in an amplified output
beam corrupted somewhat by the ASE.

Since the rate of stimulated emission depends on the number of signal pho-
tons present, it can be made fast enough that most electron—hole pairs recombine
though this coherent process. However, it is clear that the distribution of carrier den-
sity N(r, t) in the active region will then depend on the intensity of light, which
increases with z because of signal amplification. Thus, one must solve a coupled set
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of equations along the SOA length, similar to the Maxwell-Bloch equations needed
for fiber amplifiers. In practice, a rate equation for the carrier density replaces the
optical Bloch equations associated with the two-level atoms. In this section we
provide details of this rate equation.

6.2.1 Rate equation for carrier density

Similarly to the case of fiber amplifiers, the transverse distribution of light does not
change in an SOA because light is transported in the form of a waveguide mode.
This feature reduces the problem to one spatial dimension, and we only need to
consider how N changes with distance z and time ¢. The rate equation is written
by considering all mechanisms by which carriers are generated locally at z and all
processes by which carriers can recombine and thus disappear. This approach leads
to the following carrier-density rate equation [18]:
8D b2
(6.3)
where F(z, t) is the optical field, g (z) is the carrier-injection rate, and hv is the
photon energy. The parameters A, B, and C account for the rates of three recom-
bination processes that produce a finite carrier lifetime in the absence of an optical
signal. More specifically, A is the nonradiative recombination coefficient, B is the
spontaneous recombination coefficient, and C is the Auger recombination coeffi-
cient. The rate of stimulated emission is governed by the gain coefficient, defined
as g(z,t) = 'a[N(z,t) — Nol, where I' is the mode confinement factor, a is the
differential gain coefficient, and Ny is the carrier density required to achieve trans-
parency. The optical field is normalized such that a pulse launched with energy E),
at the input of the SOA satisfies the relation

%N(Z’ 1) =) —[AN(z,t) + BN*(z,1) + CN3(z,1)] —

+o0

E,= Am/ |F (0, t|*dt, (6.4)
—00

where A, is the effective mode area of the SOA active region.

A major assumption behind Eq. (6.3) is that the electron and hole densities are
equal to one another (i.e., charge neutrality is maintained) and given by N(z, t).
Another assumption is that diffusion of minority carriers can be neglected. More-
over, we have neglected the frequency dependence of the optical gain over the pulse
bandwidth and approximated the gain dependency on minority carrier density using
a simple linear expression. In practice, Eq. (6.3) is rewritten as [18]

N(z,t) Ta

Te v

[N(z,1) — NollF(z, )|, (6.5)

SNEH =9 -
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where the carrier lifetime 7, is defined as 1/z, = A + BN + CN 2,

6.2.2 Gain characteristics of SOAs

We saw earlier in this section that optical gain is approximately a linear function
of the carrier density. However, optical amplifier gain is also dependent on the
frequency. This functional dependence on frequency is usually referred to as the
gain spectrum. The gain spectrum of an SOA is nonzero only for a limited range
of frequencies, and is commonly characterized using a finite bandwidth value.
Interestingly, the bandwidth of an SOAs gain spectrum is not constant for a given
material composition of the active medium, but changes with the amount of current
injected into it. Under normal operating conditions this bandwidth is greater than
4 THz, making it a relatively broadband amplifier. The shape and width of the gain
spectrum depends also on the material composition of the SOA and thus can be
manipulated by varying the fractions of constituting elements. However, the optical
gain must be calculated numerically as a function of frequency, injection signal, and
signal power because it also depends on details of the band structure. At moderate
power levels, the optical gain of a semiconductor can be approximated in the same
form as that of a homogeneously broadened two-level system [19,20]:

80
1+ (0 —wo)> T2+ P/P;’

g(w) = (6.6)
where gg is the peak value of the gain determined by the pumping level of the
amplifier, w is the frequency of the amplified signal, wq is the frequency at which
gain peaks, and P is the optical power of the signal being amplified. The saturation
power P of the gain medium depends on the material parameters and is typically
below 10 mW for SOAs. The parameter 7>, known as the dipole relaxation time
in the atomic case, now depends on the intraband scattering time of the carriers.
Typical values are below 100 fs for most semiconductors.

At low signal powers satisfying the condition P/P; < 1, the gain coefficient in
Eq. (6.6) can be approximated as

80
1+ (0 — wp)? Tzz'

g(w) = (6.7)
This equation shows that the gain spectrum of SOAs can be approximated with a
Lorentzian profile. The gain bandwidth, defined as the full width at half-maximum
(FWHM) of the gain spectrum, is given by Av, = 1/7 T3, resulting in a value of
about 5 THz if we use T, = 60 fs. This large bandwidth of SOAs suggests that
they are capable of amplifying ultrashort optical pulses (as short as 1 ps) without
significant pulse distortion. However, when the pulse width 7, becomes shorter
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than the carrier lifetime 7., gain dynamics play an important role, since both the
carrier density and the associated gain become time-dependent. This can lead to
considerable spectral broadening, a phenomenon discussed in the next section.

It is useful to write an explicit rate equation governing the gain dynamics in
SOAs. For this purpose we use Eq. (6.5) together with the definition g(z,t) =
Fa[N(z,t) — Nol. Replacing N by Ng + g(z,t)/(la) in Eq. (6.5), we obtain the
following rate equation for the gain coefficient:

g _go—g 8P

ot To To Py

) (6.8)

where we have defined the two parameters appearing in the preceding equation as
go = l'a(pt, — No), Py = hvAp/(ate). (6.9)

As a simple application of the gain equation (6.8), we consider the amplification
of a CW signal in an SOA of length L. Similarly to the case of fiber amplifiers in
Chapter 5, the amplification process is described by the simple equation

dP
=, = 8@PQ), (6.10)
Z

where g(z) is obtained from Eq. (6.8) after setting the time derivative to zero:

80

_, (6.11)
1+ P(z)/Ps

8(2) =

The integration of Eq. (6.10) over the amplifier length is straightforward,

and the amplification factor, defined as G = P(L)/P(0), is obtained from the
transcendental equation

InG =goL — (G —1)P(0)/Ps. (6.12)

Notice that the last term in this equation results from gain saturation. If gain sat-
uration is negligible, we recover the unsaturated amplifier gain Go = exp(goL).
Replacing G by Gy in the saturation term, an approximate solution is given by

InG ~InGy— (Gog— 1)P(0)/Ps. (6.13)

However, this solution should be used with care because it is valid only if the
input power satisfies the condition P(0)/P; < In Go/(Go — 1). We solve the gain
equation (6.8) under quite general conditions in the next section, where we discuss
the amplification of picosecond pulses in an SOA.



6.3 Picosecond pulse amplification 151

6.3 Picosecond pulse amplification

Propagation of picosecond pulses in SOAs has been studied extensively for appli-
cations in optical signal processing and optical communications areas. The problem
is similar to that studied in Section 5.5 in the context of EDFAs except that the gain
dynamics of SOAS are governed by Eq. (6.8), and we must solve this together with
Maxwell’s equations. Even though it is possible to solve these equations numeri-
cally, such an approach does not provide enough physical insight. In this section
we present an analytic approach developed in 1989 by Agrawal and Olsson [6] and
extended further in more recent work [18].

Pulse amplification in two-level atomic media was studied as early as 1963 [21],
and this approach has attracted considerable attention since then [19, 22, 23]. In
this technique, the optical Bloch equations, in order are reduced to a set of rate
equations, in order to calculate the amplifier gain for a given input pulse energy
without taking into account details of the pulse shape. It relies on the assumption
that the stimulated-emission-induced gain depletion by a short pulse is so fast that
spontaneous emission can be ignored. Siegman [22] showed how these results can
be recast in terms of output pulse energies, and derived a transcendental equation
relating the input and output pulse energies.

6.3.1 General theory of pulse amplification

In the context of SOAs, a similar approach can be applied to pulses whose full width
at half maximum (FWHM) is smaller than the carrier lifetime (t, ~ 1 ns). More
specifically, the following analysis applies to picosecond pulses, but not to fem-
tosecond pulses for which intraband relaxation processes such as electron—electron
scattering and electron—phonon scattering may not be fast enough to thermalize
the distribution of electrons within the conduction band. It was found in a 1989
study that amplification of picosecond pulses leads to both temporal distortion and
spectral broadening [6]. Premaratne et al. [13, 18] have recently extended this tech-
nique to describe amplification of counterpropagating pulse trains in SOAs. Their
results show that the spatial distribution of the carrier density can also be described
accurately for the duration of pulse amplification and beyond.

Figure 6.3 shows a schematic of the amplification process considered in this
section. Picosecond pulses are launched at z = 0 and amplify as they propa-
gate within an SOA of length L. To simplify the following analysis, we do not
consider any backward propagating waves, resulting from either amplified spon-
taneous emission (ASE) or partial reflections at the two facets. This amounts to
neglecting noise added by ASE and to assuming that the SOA is a traveling-wave
amplifier. Even though these approximations somewhat limit our analysis, past
work has shown that relaxing them only introduces second-order effects of minor
importance [14,24].
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As we saw in Section 5.5, the propagation of pulses in a dispersive nonlinear
medium such as an optical fiber is governed by the NLS equation (5.30). We can
start with this equation but it simplifies considerably for SOAs because neither the
dispersive effects nor the nonlinear effects, governed by the parameters 8, and y,
are important because of their extremely short lengths (1 mm or less). Setting these
parameters to zero but adding the gain g(z, t) provided by an SOA, we obtain

iA(Z, n+ LEA(Z, 1= l(1 — JB)g(z, DAz, 1) —aAlz, 1),  (6.14)
9z vg 01 2

where the parameter 8. accounts for small changes in the refractive index which
occur when the carrier density changes in response to the stimulated emission that
amplifies the optical pulse. The inclusion of such carrier-induced index changes is
essential because they lead to frequency chirping and spectral changes during pulse
amplification [6]. This equation should be solved together with the rate equation
(6.5) which describes carrier dynamics in SOAsS.

Noting that the carrier rate equation (6.5) involves only the optical inten-
sity I(z,t) = |A(z, t)|2, we convert Eq. (6.14) into the following intensity
equation [6]:

d 19
—I(z, )+ ——1(z,t) =g(z,)I(z,t) —al(z,1). (6.15)
0z vg 01
To make subsequent analysis easier, we make the coordinate transformations & = z
and T =t — z/v, so that we are in a reference plane that moves with the forward
propagating pulse. The transformed equations take the form

0
566D =8E DIE D~ el €7, (6.16)
5 N, 1€,
NET) =) - G0 _ e, nlED 6.17)
T Te hv

Equation (6.16) can easily be solved as an initial-value problem for which
1(0, 7) = Ip(7) at z = 0, where Ip(t) represents the intensity profile of the input

carrier-injection rate (2)
> ety >

PulsesM SOA

| : >
0 L

Figure 6.3 Schematic of amplification of picosecond pulses in an SOA of length
L when pulses are incident on its left facet at z = 0.
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pulse. The solution is given by

3
I(§,7) = Ip(7) exp (/O [g(S,T)—Oé]dS)- (6.18)

It is clear from the structure of this equation that subsequent calculations can be
simplified by introducing a new variable ki (&, 7) with the definition

&
heE, 1) =/0 g(¢. 1) dE. 6.19)

Substitution of Eq. (6.19) into Eq. (6.17) gives us the following integro-
differential equation describing the gain dynamics of an SOA:

0
——h(, w) = ¢ [hy — h(E )] — BT fexp[h(E, 1) — ag] — 1)

0T,
8 (6.20)

£
— B(mn) (Otfo exp [ (&, Tp) — af] d€>,

where we have introduced a normalized time 7, = t/7T;, Ty = L/vg being the
single-pass transit time through the SOA. The dimensionless parameter ¢ = 7§/,
is < 1 for SOAs in which transit time is typically below 5 ps. The parameters 8
and h, are defined as

IaT;
B(tn) = Io(Tsy), (6.21a)
hv
§
he(§) = /0 [tel'ap (§) — T'aNol d§. (6.21b)

The preceding integro-differential equation can be integrated numerically using
well-known techniques [25]. However, such a numerical analysis does not pro-
vide physical insight because essential dynamical features are not readily evident.
Although it is not possible to solve Eq. (6.20) exactly, in what follows we discuss
an approximate solution that captures all essential features of the dynamics of gain
recovery.

6.3.2 Method of multiple scales

For simplicity, we first assume that losses within the active region are negligible.
This is a reasonable approximation for most SOAs with high internal gain. When
losses are negligible compared with the gain, we can set « = 0 in Eq. (6.20) and
obtain

0
3 hE ) =e¢ [hp — h(E, w)] — B(wa) fexp [h(E, w)] — 1} (6.22)
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The most effective way of solving this equation approximately is to use the
method of multiple scales. The impetus for this approach is the observation that
stimulated emission and carrier recovery have two distinct time scales. More specif-
ically, stimulated-emission-induced electron—hole recombinations occur on a fast
time scale T = t,, whereas the recovery of carrier density though current and
nonradiative electron-hole recombinations occurs on a much slower time scale
U = €1, = t1,. The underlying idea behind the method of multiple scales is to
formulate the original problem in terms of these two time scales from the outset
and treat all physical quantities as a function of these two time variables. Even
though T and U are interdependent, we treat them as two independent variables.
The resulting solution is more general than the solution of the original problem but
contains the original solution as a special case. This aspect can be understood by
noting that because such a solution is valid in a two-dimensional region, it should
also be valid along each and every path in this region.

Since h(€,t,) = h(§,T, U, ¢) in the multiple-scale description, the partial
derivative in Eq. (6.22) is replaced with

— ==t (6.23)
Substituting this expression into Eq. (6.22), we obtain

3 3
—h(, T, U, —h(E, T, U, ¢) =
s ¢ &) + oo €)

elhy —h(g, T, U, &)l — B(ru){explh(5, T, U, e)] — 1}.

(6.24)

Assuming that ¢ is a small parameter (|e| < 1), we seek an approximate solution
of the preceding equation as a power series expansion,

o0
h(E.T.Ue)=Y hy(E T, U)e" (6.25)
n=0
Substituting Eq. (6.25) into Eq. (6.24) and noting that

explh(§,T,U,e)] = explho&, T, U)] x [1 +en(§, T, U)+---1, (6.26)

we obtain a partial differential equation as a power series in €. Because each term
in this expansion needs to be identically equal to zero, we obtain an infinite set of
equations. The zeroth-order term in € leads to an equation for A,

a
570G T.U) = =p(T) {explho. T. U)] - 1}, (6.27)
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and the first-order term leads to

0 ]
Zp0E T U) + o€ T, U) = [ho —ho (¢, T, U)]

— B(T)explho(§, T, U)Ih1 (§,T,U).
(6.28)
We find hg and 41 in the (T, U) plane by seeking a solution that satisfies Eqs. (6.27)
and (6.28) simultaneously.

To solve the preceding two equations, we assume that the initial condition for
h(, T, U, ¢) is independent of the small parameter . This is a reasonable assump-
tion because the carrier recovery rate does not affect the initial state of the SOA. If
hy (&) is the initial profile of h(€, T, U, ¢), the initial conditions become

hi(§) if n=0,
0 otherwise.

h, (£,0,0) = { (6.29)

The differential equation (6.27) can be solved by multiplying it by the integrating
factor exp [—ho(&, T, U)]. The resulting equation takes the form

d
57 XPL—ho @, T, Ul = B(T) {1 —exp[—ho(§, T, U)]}. (6.30)

This equation can be easily integrated to obtain the solution

U
ho(€,7,U) = —1In (1 — {1 —expl—ho(¢, 0, 1))} 2L ) . (63D
Ep(T)
where ¢(U) is an arbitrary function of the slow time scale U, and Eg(T) is defined
as

T
Eg(T) = exp (/0 B(T) dT) . (6.32)

A long time after an optical pulse has left the SOA, its internal gain will become
independent of the small parameter . This observation leads to the condition that
hy(§,00,00) =0forn =1,2,---. Using Eq. (6.29), it is possible to show that
the general solution of Eq. (6.28) is given by

ho(§, T, U) = [ho(§, T, 0) + J(T)]exp (=U) +hp(§) [1 —exp[(=U)], (6.33)

where ¥ (T) is an arbitrary function of the fast time scale 7. However, this solution
must satisfy Eq. (6.27). Enforcing this constraint allows us to obtain a specific
functional form for ¥ (7).
The time-dependent gain G seen by the optical pulse is related to g by the simple
relation
GE,T,U) =explho&, T,U)]. (6.34)
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Expressions (6.31) and (6.33) for ho(§, T, U) need to be identical in the entire
(T, U) space. Considering this, we match the results at T = U = 0. This is
conveniently done by calculating G (£, 0, 0). Equation (6.31) leads to

1
R e e GITIOIN (039
while Eq. (6.33) gives us the relation
G(§,0,0) = exp[h;(§)]exp(¥(0)). (6.36)
These two expressions for G (&, 0, 0) match only if we choose
¢(0) =1 and 9(0) =0. (6.37)
Taking the exponential of both sides in Eq. (6.33), we obtain
G, T,U) =explho(§, T, 0) exp (—U)] x exp {hp(£) [1 — exp(~U)]} 6.38)

x exp [0(T)exp (—U)].
Using Eq. (6.37)inEq. (6.31), we obtain the following expression for hg (¢, T, 0):

e (S)]})

6.39
E5(T) (6.39)

ho (£, T,0) = —In (1

Substitution of this result into Eq. (6.38) gives us, finally, the time-dependent gain
along the SOA seen by a picosecond pulse:

B exp(—U)
exp[(T) — hyp(8)] ) (6.40)

G, T,U) =explhp(§)] (1 — {1l —exp[—h; (§)]} /Ep(T)

To fully characterize the gain evolution, we still need to find the functional form
of ¥(T) in Eq. (6.40). For this purpose, we consider a path in the (7, U) plane
along which U = 0, and evaluate the partial derivative of Eq. (6.40) along this
path. The result is

dho(§, T, U)
oT

{1 —exp[—hi(§)]} /Ep(T)
— {1 —exp[—h1 (&)} /Ep(T)’

Substituting Egs. (6.41) and (6.40) into Eq. (6.27), we obtain the following
differential equation for the unknown variable ¢ (7):

gy = PO =exp (D)
dT I — {1 —exp[~h;(§)1} /Ep(T)

d
= (1) = B(D) (6.41)

v—o dT

(6.42)
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Multiplying Eq. (6.42) by exp[—® (T)] and noting that

B(T)Eg(T) _d o )
Ep(T) — {1 —exp[—h; (&)} dT In (Eg(T) — {1 —exp[—h;(£)]}), (6.43)

we obtain the following general solution of Eq. (6.42):

exp (=9(T)) = 1 — C(Eg(T) — {1 —exp[h1(§)]}), (6.44)

where C is a constant. The use of the initial condition 9 (0) = 0 results in C = 0.
Hence, we obtain the simple result

9 (T) =0. (6.45)
This leads to the following final expression for the signal gain:
exp {hp(§) [1 — exp(=U)]}
(1= {1 = expl—hs @)1} /Eg(1) ™"

We can now go back to the original single time scale t by recalling that £ = z,
T =1/Ts,and U = t/7,.. Using these relations, the time-dependent gain seen by
the optical pulse is given by

GE, T, U) = (6.46)

exp {hp(2) [1 — exp(—1/7)]}
(1= {1 — expl—h; @1} /Eg(x)) P 7™

This equation shows how the amplification factor depends on the carrier lifetime
T.. In the limit t /7, < 1, it reduces to the one given in Ref. [6].

G(z,7) =

(6.47)

6.3.3 Pulse distortion and spectral broadening

In this section we focus on changes in the pulse shape and spectrum occurring when
a picosecond pulse is amplified in an SOA. The gain expression in Eq. (6.47) can
be used to calculate the output pulse shape using

I(L,t)=G(L,7)I(0, 7). (6.48)

In the limit t /7, < 1, G(L, t) can be written in the simple form [6]

G
GI - (GI - 1) exp[_EO(T)/Esat] '

G(L,17)= (6.49)
where G; = explhy(L)] is the unsaturated SOA gain experienced by a low-
power CW beam, Eg, the saturation energy Eg = hv(A,/a), and Eo(t) =
ffoo P, (1) dt is the partial energy of the input pulse defined such that Eg(c0)
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equals the total pulse energy. The solution Eq. (6.48) shows that the amplifier gain
is different for different parts of the pulse. The leading edge experiences the full
gain Gy since the amplifier is not yet saturated. The trailing edge experiences the
least gain since almost the entire pulse has saturated the amplifier gain by then.
To find the pulse spectrum, we need to take the Fourier transform of A(L, t)
using
o0
AL, w) = Foi|AlL, D)) = / AL, ) exp(jor)dr.  (6.50)
—0
Before we can calculate this integral, we need to find the phase of the output pulse.
As seen from the . term in Eq. (6.14), gain saturation will also produce a time-
dependent phase shift across the pulse. If we use A = /T exp(j¢) in this equation,
we find that the phase ¢ (z, t) satisfies the simple equation
d¢

Pl —3B:8(z. T), (6.51)

which can be integrated over the amplifier length to provide the following
expression:

L
P(L.7) =—%pe /0 g(z.1)dz = —3B:h(L, 1) = —3B:In[G(L, T)]. (6.52)

Since the pulse modulates its own phase through gain saturation, this phenomenon
is referred to as saturation-induced SPM [6].

We can now obtain the pulse spectrum S(w) = |X (L, w) |2 by taking the Fourier
transform as indicated in Eq. (6.50). Because of SPM and the associated frequency
chirping, we expect that the spectrum of a picosecond pulse will be modified by the
SOA during its amplification. This behavior is similar to that occurring when an
optical pulse propagates through an optical fiber, but major differences are expected
because the SOA nonlinearity responds relatively slowly compared with an optical
fiber, whose Kerr-type response is nearly instantaneous.

To illustrate the nature of pulse amplification in SOAs, we consider the amplifica-
tion of a 10 ps unchirped (transform-limited) Gaussian input pulse. Figure 6.4 shows
the shape and the spectrum of the amplified pulse for several values of the unsat-
urated amplifier gain G;. The input pulse energy corresponds to Ej,/Egy = 0.1.
The linewidth enhancement factor S, may vary from one amplifier to another, as
it depends on the relative position of the gain peak with respect to the operating
wavelength. We use a value 8, = 5 in this section. Figure 6.4(a) shows clearly that
the amplified pulse becomes asymmetric, with its leading edge sharper than its trail-
ing edge. Sharpening of the leading edge is a common feature of all amplifiers and
occurs because it experiences more gain than the trailing edge. The pulse spectra
in Figure 6.4(b) show features which are unique to SOAs. In general, the spectrum
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Figure 6.4 Interaction of a transform-limited Gaussian pulse with an SOA: (a)
shows the characteristics of the amplified pulse under various SOA gain values;
(b) shows the corresponding spectral changes in the amplified pulse (relative to
the center frequency of the input pulse).

develops an asymmetric, multipeak structure. The dominant spectral peak shifts to
the low-frequency side (red shift). The red shift increases with the amplifier gain
G and can be as large as 3 to 5 times the spectral width of the input pulse. For
10 ps input pulses, the frequency shift can easily exceed 100 GHz. The temporal and
spectral changes also depend on the level of amplifier gain. Experiments performed
using picosecond pulses have confirmed the behavior seen in Figure 6.4.

It turns out that the frequency chirp imposed by the SOA is nearly linear over a
considerable portion of the amplified pulse. For this reason, the amplified pulse can
be compressed by propagating it in the anomalous-dispersion region of an optical
fiber of suitable length. Such a compression has been observed in an experiment [6]
in which 40 ps optical pulses were first amplified in a 1.52 um SOA and then
propagated through 18 km of single-mode fiber with 8o = —18 ps>km™!. This
compression mechanism can be used to design fiber-optic communications systems
in which SOAs are used to compensate simultaneously for both fiber loss and
dispersion.

6.3.4 Impact of waveguide losses

The situation becomes much more complicated mathematically when waveguide
losses are not negligible. However, the method of multiple scales can still provide
an approximate expression for the time-dependent signal gain. As seen in Eq. (6.20),
the o term contains an integral over the amplifier length. When this term is included
in Eq. (6.24) and terms with various powers of ¢ are considered, the zeroth-order
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equation (6.27) is modified and becomes

ad
a_ThO(gv T’ U) = - IB(T) {exp [hO(%_’ Ta U)] - 1}

: (6.53)
— up(T) / explho(€. T. U) — a&] d.
0
Similarly, the first-order equation (6.28) takes the form
9 9
—ho(6, T, U) + —h1(§, T, U) = [hy, —ho (£, T, U
70 T.U) + 2 6. T, U) [hp — ho (& )]
(6.54)

£
- Oéﬁ(T)/O hi(€, T, U)explho(§, T, U) — agldé

—B(M)explho(§, T, U)Jh1 (§,T,U).

It is not possible to solve these two equations exactly, owing to the presence
of the integrals. However, if we homogenize the signal gain by setting local gain
to the averaged gain along the SOA, we can replace ho(&, T, U) with g(T, U)E,
where the average gain coefficient g(7', U) is independent of the spatial coordinate
&. With this change, we can perform the integration in Eq. (6.53) as

explg(T, U)§ —af] -1

T 0)—a (6.55)

&
/0 expliho(€. T, U) — at]dé =

Noting this relation, we employ the following approximation for the preceding
integral when the gain distribution is spatially nonuniform:

s _explho(€, T, U) — ] — 1
/0 explhol(§, T, U)] — aéldé ~ ZE.T.U) —a ; (6.56)
where g(&, T, U) is calculated from Eq. (6.47) and is found to be
~ _ hy(6) 1 In[(1 = {1 —exp[—h;(E)}/Ep(T))]
BE 1.0 =" [1-e]- cexn) . (657)

As verified through numerical simulations, this turns out to be a good approxi-
mation for the integral in Eq. (6.56), with a relative error of < 10% if input pulse
energy is below 30% of the saturation energy of the amplifier. Substitution of Eq.
(6.56) into Eq. (6.53) then leads to

9 T)g(, T, U
9 e T.U) = _PIEE. T U)

7 SET.U) —a (explho(§, T, U) —aé] —1).  (6.58)

In the method of multiple scales, lower-order coefficients in the expansion i (e) =
> o2 o hne™ affect the higher-order ones, but not the other way around. Using this
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Table 6.1. Parameters used for numerical simulations
SOA length (L) 378 um
Active region width (w) 2.5 pm
Active region thickness (d) 0.2 pm
Confinement factor (I") 0.3
Group index (1) 3.7
Loss coefficient («) 30 cm™!
Carrier lifetime (t,) 300 ps
Carrier injection rate (g€) 1.177 x 103* s~ Im—3
Material differential gain () 2.5 x 10729 m?
Transparency carrier density (Ng) 1.5 x 10** m—3
Linewidth enhancement factor (8.) 5.0
Operating wavelength (1) 1552.5 nm
feature, we split Eq. (6.54) into two separate differential equations:
]
a—Tho(S, T,U)=hgy—ho. T, U), (6.59)
ad
(6.60)

3
BT /0 hi(E. T, U) explho(. T, U) — a&]dE.

We solve these coupled equations using the procedure used earlier in this section
and obtain the following expression for the time-dependent gain seen by the pulse:

G, T,U)e " = exp{lhy(§) — a1l(1 — exp(—U)]}

(6.61)
x (1= {1 —expl—h; (&) + a&1}/ E, (1))~ P,
where E, (T) is defined as
T ~
B B(T)Z(E, T, U)
E,(T) = exp ( A —§($, T.U) —a dT) . (6.62)

To check the accuracy of the preceding result, we compare its predictions with
numerical simulations using the parameters given in Table 6.1. The input pulse is
an unchirped Gaussian pulse of energy Ej, with the intensity profile

Io(t) Ein e (6.63)
=—— —exp|——]. .
T Aoy TP\ 12
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Figure 6.5 Variation of carrier density along the SOA length at time intervals of
0,100, and 500 ps (curves marked I to III) after a 2-ps-wide (FWHM) Gaussian
pulse has completely passed through the SOA. Pulse energy is 50 fJ in part (a) and
500 £J in part (b).

The numerical results were obtained by integrating Eqs. (6.15) and (6.5). The results
provide the intensity profile / (z, t) of the pulse, as it is being amplified, and the cor-
responding carrier-density profile N (z, ¢), which is then used to calculate i (z, t) by
performing the integral indicated in (6.19). The amplification factor is then obtained
using G(z, t) = explh(z, t]. The saturation energy of the amplifier corresponding
to the data in Table 6.1 is 5.5 pJ.

Before the pulse enters the SOA, the carrier density N has a constant value
(3.531 x 10°* m™3) set by the carrier-injection rate. After the pulse enters the SOA,
gain saturation reduces the carrier density N all along the amplifier, making it a
function of both z and ¢. After the pulse has passed through the SOA, the carrier
density and the saturated gain g begin to recover as carriers are continuously injected
into the active region. Figure 6.5 shows the gain-recovery dynamics by plotting
(N — Np)/Ny as a function of z at intervals of 0 ps (I), 100 ps (II), and 500 ps
(III) after a 2-ps-wide (FWHM) Gaussian pulse has completely passed through the
SOA. Input pulse energy is 50 fJ in part (a) and 500 fJ in part (b). Dashed lines
show the results of numerical simulations, while solid lines show the carrier density
calculated using Eq. (6.61). Clearly, the analytical expression predicts the spatial
and temporal gain dynamics of SOAs quite accurately.

Figure 6.6 shows (a) the pulse shape and (b) the pulse spectrum when a
20-ps-wide Gaussian pulse is amplified. Its energy is 50 fJ for trace I and 500 fJ
for trace II. The dashed lines show numerical simulation results and the solid lines
correspond to analytical results. Finally, Figure 6.7 shows the impact of waveguide
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Figure 6.6 (a) Shape and (b) spectrum of output pulses when a 20-ps-wide input
Gaussian pulse is amplified in the SOA. Pulse energy is 50 fJ for trace I and 500 fJ
for trace II. (After Ref. [18]; © IEEE 2008)
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Figure 6.7 Output pulse spectra when a 20-ps-wide input Gaussian pulse with
500 fJ energy is amplified in the SOA. The waveguide loss is 30 cm™! for trace I
and zero for trace II.

losses on the spectrum of the amplified pulse when a 20 ps input Gaussian pulse
with 500 fJ of energy is launched. The loss is 30 cm™! for trace I but zero for
trace II. As before, dashed lines show numerical results, while solid lines show the
corresponding analytical results. Losses reduce the magnitude of red shift as well
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as peak heights. The good match obtained in all cases shows the accuracy of the
approximate treatment based on the multiple-scales method.

6.4 Femtosecond pulse amplification

The theory presented in the preceding section is not adequate for femtosecond pulses
or for pulses with high energies, >10 pJ. Under such conditions, the response of
an SOA is significantly influenced by carrier heating, spectral hole burning, and
two-photon absorption (TPA) [26,27], phenomena that are not included in Section
6.3. If the input pulses have high peak powers, TPA-initiated hot carrier generation
also plays a dominant role in the recovery dynamics of the SOA [28].

Itis possible to analyze the operation of SOAs in the femtosecond and high-power
regime using the density-matrix equations of Chapter 4 [29, 30]. In this approach,
carrier—carrier and carrier—phonon scattering events are described using phe-
nomenological relaxation rates, and carrier occupation probabilities are assumed
not to deviate significantly from equilibrium Fermi distributions [31]. The main
advantage of these approximations is that one can avoid solving a complicated
many-body problem associated with the SOA dynamics, without a significant loss
of accuracy [32]. Since such an approach provides valuable physical insight, we
discuss it in this section.

Let p. be the probability that an electron occupies a state with momentum hk in
the conduction band of the SOA material, and let p, represent this probability for
holes in the valence band. The situation is similar to that of an inhomogeneously
broadened two-level system except that the electron’s momentum is used to distin-
guish various states, in place of atomic velocities. The total carrier densities in the
conduction and valence bands can thus be written as

1 1
Ne®) = 3D pek(®), No() =5 puk (D). (6.64)
k k

where V is the volume of the active region. Owing to charge neutrality in the
semiconductor, these two densities must be equal to the single carrier density N (¢)
used earlier, i.e., N(t) = N.(t) = N,(1).

If we assume that various carrier—carrier scattering processes take place with
relaxation times 71, and 7y, in the conduction and valence bands, respectively, we
can include these processes through simple rate equations:

0pck (1) 1

Pek = ——[pek(t) = for(Uek, Fe, To1, (6.65a)
at e-e scat. Tle

9puk (1) 1

j%— = ——[pok (1) = fuk Uok. Fy, T, (6.65b)
t e-e scat. Tl
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where f.; and f,; represent the corresponding quasi-equilibrium Fermi distribu-
tions given by [30]:

= . (6.66)

In these relations, kg is the Boltzmann constant, T is the carrier temperature, U,
is the carrier energy, and Fj is the quasi-Fermi level (with s = ¢, v).

The carrier temperatures 7, and T, in the conduction and valence bands, respec-
tively, relax toward a common lattice temperature, denoted by 77, owing to
carrier—phonon collisions. We denote the quasi-Fermi level at the lattice temperature
by F SL, with s = ¢, v. Since intraband processes such as carrier—carrier scattering
and carrier—phonon scattering do not change the total number of carriers within the
conduction or valence band, we have the following constraints [30]:

1 1
N@O =5 forWek, Fe, To) = - 3 fuk(Unk, Fo, To)
¢ ¢ (6.67)
1 1 '
= 2 ferWek, FE ) = 37 fokUok, F7 ).
k k

These equations show that, once the carrier density N (¢) and temperatures T, T,
and T are known, it is possible to find the quasi-Fermi levels and the associated
quasi-Fermi distributions uniquely. If 75, and 7, denote the relaxation times for
electron—phonon collisions in the conduction and valence bands, respectively, we
can incorporate such collisions through

ek (1) 1
X = ——[per(t) — fox Uer, FL, T)1, (6.68a)
ot €-p scat. The

00uk (1) 1

Puk = ——puk(t) — fur(Ust, FE, T1)1. (6.68b)
ot e-p scat. Tho

Finally, if the external pumping is turned off, the carrier populations would
relax toward their thermal equilibrium distribution. At thermal equilibrium, it is
not possible to have any discontinuity in the Fermi levels of the two bands, F, and
F, converge to a common value F,,, and the carrier temperatures converge to a
common value T,,. We can calculate F,, for a given equilibrium temperature by
using the relation

1 1
V chk(Ucka Feq’ Teq) ~ V vak(Uvb Feq’ Teq) ~ 0. (669)
k k
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This relation assumes that there are no free carriers in the semiconductor when it
has reached thermal equilibrium. If 7; is the characteristic time for attaining thermal
equilibrium, we have the relations

00k (1) 1
r = ——1pak(0) = ok Uek, F9, Teg)) (6.70a)

equ. s

APy (1) 1
a"t =~ [Pk (1) = for(Uuk. F1. Teg)) (6.70b)

equ. s

This step takes care of all the processes through which carrier populations can relax
spontaneously.

The amplification process in an SOA is dominated by carrier recombinations ini-
tiated by stimulated emission. Following the density-matrix approach of Chapter 4,
it is possible to write the rate of such recombinations in the form[30]

0ok (t j

Pk (1) — L1 oo t) — dipoes (DIEG, 1), (6.71a)
ot stim-em h

00,k (1 j

PO = 4 peit) — depres OIEG. D), (6.71b)
ot stim-em h

where E is the electric field of the optical signal being amplified, and the cross-
density matrix element p., i (¢) satisfies

apcv,k(t) _

1 d
» - <jwk + E) Pev,k(t) — j%[pck(t) + puk (1) = 11E(z, 1). (6.72)

Here 7> is the dipole relaxation time and wy is the transition frequency between
the conduction and valence band states with wave number k. The dipole moment
dy for many semiconductors can be written in the form [33]

d} = (6.73)

2 (@ - > E¢(Eg + Ao)
6m0a),%

me E gt 2A0/3 ’
where m. is the effective mass of carriers in the conduction band, mq is the
free-electron mass, A is the spin—orbit splitting value, and E, is the bandgap.
The macroscopic polarization P(z, t) induced by the electric field E(z, t) can be
calculated using

1
P(r) = v de[pw,k(t) + Pvc k(D] (6.74)
k
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We can now combine all the recombination mechanisms to obtain the following
rate equations for p.x () and pyx(¢):

dPck 1 1 L
= Ack — _[pck(t) - ka(UCkv Fe, Tc)] - _[,Ock(t) - ka(UCkv FC , )]
ot Tle The
1 .
- r_[pck(t) — fek(Uck, Fe, Teq)] - %[d;:pcv,k(t) - dkpvc,k(t)]E(L 1),
‘ (6.75)
dpuk 1 1 L
P) = Avk - —/ka(f) - f’Uk(U’Ukv Fy, Tv)] - _[pvk(t) - ka(ka’ Fv s TL)]
t Tlv Tho

1 .
- t—[/%k(f) - ka(ka, Feq’ Teq)] - %[d]jpm},k(t) - dkpvc,k(t)]E(Z’ t)s
(6.76)

where A and A, denote the pumping rates that generate carriers in the conduction
and valence bands, respectively.

Equations (6.72), (6.75), and (6.76) must be solved numerically for each value
of k corresponding to the momentum /Ak. Such solutions provide neither physical
insight into the operation of an SOA nor a direct way to correlate the results with
experimental observations. A simpler approach is to employ the carrier density
N(t), as defined in Eq. (6.67), and introduce the two variables representing the
total energy densities in the conduction and valence bands:

1 1
Ue) = 3 3 Uekper (), Un(t) =3 Uncpk (0). (6.77)
k k

Noting that all intraband collisions of carriers are elastic and hence do not change
the energy density of an energy band, we can write these energy densities using
Fermi distributions as

1
Uew) = 3 3 Uek fer(Uex, Fe, To), (6.78a)
k

1
Un(®) = 3; D Unk fuk (Uuk, Fo, To). (6.78b)
k

Similarly, we define the lattice energy distributions UCL (t) and UvL(t) by using
the corresponding Fermi distributions f.x (U, FCL, TCL) and for (Uyk, FUL, TUL),
and neglect any residual energy present at thermal equilibrium by using the
approximation

1
7 2 Uek fer(Uek, Feg, Teg) ~ 0. (6.79)
k
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Now, summing Eq. (6.75) or Eq. (6.76) over all possible values of k , we obtain
the carrier-density rate equation in the form

ON(@) 1 N(t) J

Y ﬁ - ‘L'_ - W (d]jpcv,k(t) - dkpvc,k(t)) E(Z, t)- (680)
s

To simplify this equation further, we need an explicit expression for p¢, k(). We
can obtain such an expression using the steady-state solution of Eq. (6.72) when the
widths of pulses being amplified by the SOA are sufficiently larger than the dipole
relaxation time 7>. Under such conditions, we get from Eq. (6.72) the result

i [pck (1) + puk (1) — 1]

Pev k(1) eXp(jwot) = —j == T —ao0) + 1T &(z, 1), (6.81)

where we have assumed that the carrier frequency of the pulse is wg. The slowly
varying amplitude &(z, t) of the electric field E(z, t) is defined, as usual, by the
relation

E(z,1) = Re[&(z, 1) exp(—jwor)]. (6.82)

We are now in a position to calculate the gain coefficient at the carrier frequency
wp. It is related to the imaginary part of the susceptibility y by

g(@0) = —2Im(x), 6.83)
cn

where n is the modal refractive index. The susceptibility yx is related to the
macroscopic polarization P (z, t) given in (6.74) through the relation

1
Releox & exp (—jwon)] = 7 > di(pev®) + pucx(®).  (6.84)
k

We can write the last term of Eq. (6.80) in the form [34]

# (d} Pev s (1) — dipocs(®) E(z 1) =
k - (6.85)
_1agoning 2| | €onng 5
Ug [g(wo) Thoy B2|E(z,1)] ] |:—ha)o |&(z, 1)] }

where vy = c/ng is the group velocity, I' is the confinement factor, B, is the TPA
coefficient, and I'; is the TPA confinement factor. Substitution of this expression
into Eq. (6.80) leads to the final rate equation,

IN(@) 1 N(t)
ar eV Ty

Iheonn gonn
— v, [8(600) - %wogﬂm@(z, t>|2] [‘;Tong, rﬂ :

(6.86)
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Similarly, by multiplying Egs. (6.75) and (6.76) by Uy and summing over all
values of k, we obtain the following rate equations for the energy densities:

aU.(t) U.(t) 1 L
=— — —[U.(t) = U. E U A
97 T Thc[ c( ) c ]+ ck L) ck

k
[eonn 2 | | €onn 2
— Vg |:g(6‘)0)Ec,a)o - TwogﬁzEc,ZwOW(Z, 1| ] [Wogwa(z’ DI~ |,
(6.87)
aU, (1) U,(t) 1 L
=— ——JU,(t) = U Uik Ay
. e L0 v]+; KAk
IMNeonn 2| | €onn 2
— vg [g(wo)Ev,wo — ﬁﬁz&,z@o%(z, 0] ] [WO%@(Z, nI*|.
(6.88)

where Eq ., and Eq 24, (Witha = ¢, v) correspond to carrier energies participating
in optical transition at wy = wp and w; = 2wy, respectively.

Experiments have shown that there are two types of carriers in an SOA [26].
The first category constitutes carriers that interact directly with the optical field,
and the second category corresponds to those whose energies are so different that
they cannot interact with the optical field directly. If the pulse width is significantly
larger than the dipole relaxation time 7>, then one can isolate the carriers in the
first category by grouping energies around the photon energy hwqg over a bandwidth
~ h/ T». If the effective carrier densities of this energy band are given by n.(¢) and
n,(t) for the conduction and valence bands, respectively, then using Eqgs. (6.75)
and (6.76) we obtain

onc(t) _L P sonng )
a1, [nc(t) —n¢] — vgg(wo) [ g |&(z,1)] :|, (6.89)
any (1) 1 o o
ar —;Knv(t) — 1y] — vgg(wo) [ ;’mog 1&(z, z)|2] , (6.90)

where g = Nofouk(Uak, Fo, To) (@ = ¢, v) and Ny is the carrier density of
available states in the optically coupled region. These coupled carrier densities can
then be used to write the following approximate expression for the gain [26]:

1 a)odg T

g(wo) = —
vg heonng

(ne +ny — No), (6.91)

where dj is obtained by evaluating the expression (6.73) at wy = wy.
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The preceding analysis completes the derivation of equations governing the
femtosecond (or subpecosecond) response of an SOA. Of course, it must be
supplemented with the propagation equation (6.15),

al(z,r) 1 0l(z,1)
+ R
0z vg Ot

= g(wo)l(z,1) —al(z, 1) — P2l (z, 1), (6.92)

where the intensity 7 (z, t) is related the electric field £(z, t) by

eonn

I(z,1) = £1&(z, )% (6.93)

hwo

To illustrate the value of this type of a detailed model of SOAs, we consider the
pump-probe configuration in which a femtosecond pump pulse is sent through an
InGasAsP amplifier together with an orthogonal, polarized weak probe pulse [34].
In the following example, both pulses have widths of 120 fs. Figure 6.8 shows
the experimentally observed probe intensities as a function of time, together with
corresponding theoretical predictions for two different pump-pulse energies (input
probe pulse energy is 1 fJ in both cases). The list of parameter values used in
the simulations can be found in Ref. [34]. The agreement between theory and
experiment is remarkable when the femtosecond model of this section is used. The
picosecond model of Section 6.3 cannot explain the experimental observations.
Physically, the narrow peak observed for 1.28 pJ pump energy is due to spectral
hole burning, and the longer transient tail with a time constant of around 0.7 ps

Experiment ————Theory
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T 5 T 5
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> —— 5 _
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Figure 6.8 Experimental and theoretical probe signals for varying pump energy W.
(After Ref. [34]; © AIP 1994)
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reflects the relaxation of the carrier temperature towards the lattice temperature.
Both of these features are observed in the case of 5.4 pJ pump pulses but with
considerable quantitative differences. The peak due to spectral hole burning is less
pronounced in the measured data then in the simulations. This may be due to the
fact that intraband scattering times actually depend on carrier density but were
considered constant in the theoretical model [35]. However, the model is powerful
enough to capture most of the subtle features observed in the experiment. Further
improvements to this model require self-consistent many-body calculations of the
carrier dynamics [32].
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Raman amplifiers

Light gets scattered when it encounters an obstacle or inhomogeneity even on a
microscopic scale. A well-known example is the blue color of the sky, resulting from
Rayleigh scattering of light by molecules in the air. Such redirection of energy can
be used to amplify signals by taking power from a “pump" wave co-propagating
with the signal in an appropriate optical medium. An example of this is provided
by Raman scattering. Having said that, it is important to realize that scattering does
not always occur when light interacts with a material [1]. In some cases, photons
get absorbed in the medium, and their energy is eventually dissipated as heat.
In other cases, the absorbed light may be re-emitted after a relatively short time
delay in the form of a less energetic photon [2], a process known as fluorescence.
If fluorescence takes place after a considerable delay, the same process is called
phosphorescence [3].

For a photon to get absorbed by a material, its energy must correspond to the
energy required by the atoms or molecules of that material to make a transition from
one energy level to a higher energy level. In contrast, the scattering of photons from
a material can take place without such a requirement. However, if the energy of the
incident photon is close to an allowed energy transition, significant enhancement
of scattering can occur. This type of enhanced scattering, often called resonance
scattering, has characteristics significantly different from “normal” scattering [4].
If the energy of a scattered photon is exactly equal to the incident photon energy, the
scattering event is termed elastic scattering. Examples of elastic scattering include
Mie scattering and Rayleigh scattering. The former is observed from dielectric
objects (such as biological cells) whose size is large compared to the wavelength
of the incident light [5]. However, in general, scattered radiation consists of many
other pairs of frequencies of the form w + €2,, and w — €2,,, where w is the frequency
of the incident radiation and 2, (n = 1, 2, - - -) are frequency shifts produced by
molecules of the scattering material. Their numerical values depend on the specific
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rotational, vibrational, and electronic energy levels involved in the scattering pro-
cess. Such inelastic scattering is called Raman scattering. Raman amplifiers make
use of stimulated Raman scattering (SRS) to amplify an optical signal. After dis-
cussing the general aspects of Raman scattering in Section 7.1, we focus in Section
7.2 on SRS in optical fibers. Section 7.3 provides details on how this process can
be used to make fiber-based Raman amplifiers. Silicon-based Raman amplifiers are
covered in Section 7.4.

7.1 Raman effect

The Raman effect was discovered in 1928 by two Indian scientists, C. V. Raman and
K. S. Krishnan [6]. It has proven to be extremely useful for a variety of spectroscopic
applications in physics, chemistry, and biology. The reason is easy to understand:
spontaneous Raman scattering has its origin in the vibrational states of molecules,
and reduces the frequency of incoming light by a precise amount associated with
a specific molecule. Moreover, it can occur for any frequency of the incident light
because of it its nonresonant nature. However, it is important to recognize that the
incident photon must be able to interact with one of the vibrational energy levels
of a molecule to initiate Raman scattering. If a material allows such an interaction,
it is called Raman-active. There exists a large number of Raman-active materials,
and we consider two of them, silica and silicon, in later sections. In this section we
discuss the general aspects of Raman scattering that apply for any Raman-active
material.

7.1.1 Spontaneous Raman scattering

Figure 7.1 shows the origin of spontaneous Raman scattering using the vibrational
states associated with a specific molecule. The energy of the incident photon is notin
resonance with any electronic transition. In quantum mechanics, such a situation is

Virtual state

Incident Stokes Incident Anti-Stokes
photon photon photon photon

Energy

Vibrational states

Figure 7.1 Schematic illustration of Stokes and anti-Stokes Raman scattering with
the assistance of a virtual energy level.
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represented by means of a virtual state, as shown by the dashed line in Figure 7.1.
The molecule makes a transition to the virtual electronic state by absorbing the
incident photon, but it stays in this virtual state only for the relatively short time
permitted by Heisenberg’s uncertainty principle (typically < 1 fs) before it emits a
photon to end up in one of the vibrational states associated with the ground state.
In the case of spontaneous Raman scattering, the molecule ends up in the first
vibrational state, and the photon frequency is reduced by a specific amount. The
frequency shift experienced by the incident light during spontaneous Raman scat-
tering is called the Raman shift, and corresponds to a specific vibrational resonance
associated with the Raman-active medium [7]. Another process, which increases
the frequency of the incident photon, can also occur with a smaller probability.
As a result, for each vibrational resonance, two Raman bands appear in the opti-
cal spectrum on opposite sides of the incident frequency. These are classified as
follows:

Stokes band A Raman band with frequencies less than the incident radiation is
called a Stokes band (see Figure 7.1). During its creation, incident photons have
lost energy to the material’s molecules, which end up in an excited vibrational
state. The stored energy is eventually dissipated as heat.

Anti-Stokes band A Raman band with frequencies greater than the incident radia-
tion is called an anti-Stokes band (see Figure 7.1). During its creation, incident
photons receive energy from the material’s molecules. This can only happen if
a molecule is initially in an excited vibrational state before the incident photon
arrives. After the scattering event, the molecule ends up in the lower energy state.

The strength of spontaneous Raman scattering is directly proportional to the
number of molecules occupying different vibrational states of the Raman-active
material. At room temperature, the population of vibrationally excited states is typ-
ically small but not negligible. In thermal equilibrium, the occupancy of vibrational
states is governed by the Boltzmann distribution, which favors low-lying energy
states over higher energy states at a given temperature. For this reason, each Stokes
band dominates over the corresponding anti-Stokes band in thermal equilibrium.

7.1.2 Stimulated Raman scattering

Consider a Raman-active material pumped by an intense optical beam at a certain
frequency. If a second optical beam whose frequency is lower by exactly the Raman
shift associated with the material’s molecules is also launched into this medium,
the presence of the second beam should stimulate the emission of Stokes photons
from the Raman-active molecules (similar to the case of stimulated emission). This
type of interaction, stimulated Raman scattering, discovered in 1962 by Woodbury
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and Ng [8], is known as (SRS). One can understand this process from Figure 7.1
as follows. Owing to the presence of the pump field, molecules in the electronic
ground state are excited to a virtual energy state with higher energy. The presence
of another external field matching the Stokes frequency stimulates each excited
molecule in this virtual state to emit a Stokes photon such that it ends up in a
vibrational state of the ground state [7]. In contrast to conventional gain media
(such as semiconductor optical amplifiers or doped fiber amplifiers), in which gain
occurs only when a population inversion exists, SRS takes place in Raman-active
media without any population inversion. Except for the presence of a pump beam,
no additional preparation is necessary for SRS to occur. As expected, if the external
Stokes field is switched off, the SRS process falls back to the traditional spontaneous
Raman scattering.

On physical grounds one should expect the growth rate of the Stokes field to
depend on the intensities of both the pump and the Stokes fields, and this is indeed the
case [7]. For this reason, SRS can be categorized as a nonlinear process. In contrast,
spontaneous Raman scattering depends linearly only on the intensity of the pump
beam. The most striking aspect of the SRS process is that laser light at virtually any
wavelength can be used for pumping as long as it lies within the transparency region
of the Raman medium. Clearly, SRS-based amplification has a wider applicability
than amplification mechanisms that rely on the excited electronic states of a gain
medium. It is also interesting to note that if the medium has an external beam
coinciding in frequency with the anti-Stokes frequency, it is possible to achieve
stimulated scattering of photons at the anti-Stokes frequency. However, this process
is considerably less efficient than the normal SRS process because it also depends
on how many molecules exist in the excited vibrational state [7].

Figure 7.2 shows schematically several types of Raman scattering that may occur
in a Raman-active material when two beams with frequencies w, > wj, are incident
on it. During the interaction of the two beams within the material, optical phonons

Wp = Wy

CSRS

Raman-active Material SRS (gain)

SRLS (loss)

Wy = Wp = By

w, + O,
y, @, > o, a M

CARS

Figure 7.2 Different Raman processes; SRS and SRLS, CARS, CSRS, due to
interaction of light with a Raman-active material.
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of a specific frequency wys are created, where wy, is a characteristic vibrational
frequency associated with the molecules of the medium. The Stokes beam at fre-
quency wjp is amplified through SRS, while the other beam at frequency w, is
attenuated. In addition, two other beams may be created from processes known as
coherent Stokes Raman scattering (CSRS) and coherent anti-Stokes Raman scatter-
ing (CARS). CSRS and CARS differ from conventional SRS in several respects [9],
the most important being that their intensities depend on the square of the pump
intensity and the square of the number of molecules participating in the scatter-
ing process. CARS is generally described as a four-wave mixing (FWM) process
enhanced through the Raman effect [10]. CSRS and CARS have less relevance for
optical amplification and thus fall outside the scope of this book.

7.2 Raman gain spectrum of optical fibers

Since optical fibers are made of silica glass consisting of randomly distributed
Si0; molecules, they are a good candidate for Raman amplification by SRS [11].
Stolen and Ippen [12] were the first to observe, in 1973, Raman amplification in
optical fibers. However, until the late 1990s, not much interest was shown in the
use of Raman amplification in telecommunications systems. One reason was that
the erbium-doped fiber amplifiers (EDFAs) discussed in Chapter 5 were serving
this purpose reasonably well. Another reason was the unavailability of the high-
power semiconductor lasers required for pumping Raman amplifiers. Owing to the
need to expand the wavelength-division multiplexed (WDM) systems beyond the
traditional telecommunications band near 1550 nm and the inability of EDFAs to
operate much beyond their resonance near 1530 nm, Raman-amplifier technology
was adopted for modern WDM systems after the year 2000.

The Raman effect in silica arises from vibrational modes of SiOy4 tetrahedra, in
which corner oxygen atoms are shared by adjacent units [14]. Figure 7.3 displays
the Raman gain spectrum of a silica fiber when both the pump and the signal waves
are linearly copolarized. It shows that the Raman gain spans a bandwidth in excess
of 40 THz with a dominant peak close to 440 cm™~! or 13.2 THz. In addition to the
dependence of the Raman gain in Figure 7.3 on the difference in optical frequencies
between the pump and signal, Raman gain also depends on the pump wavelength
and the relative polarizations of the pump and signal. In particular, it nearly vanishes
when the two are orthogonally polarized.

In spite of its complex nature, the Raman gain spectrum can be well approx-
imated using a basis consisting of a finite set of Gaussian functions convolved
with Lorentzian functions [15]. The reason behind this expansion-basis choice is
that the dynamics of each vibrational mode can be approximated with that of a
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Figure 7.3 Raman gain spectrum of a fused silica fiber with copolarized pump
and signal beams. (After Ref. [13]; © OSA 1989)

damped harmonic oscillator with a Lorentzian frequency response. If the oscilla-
tion frequencies of a large number of such vibrational modes are represented by a
Gaussian distribution, the spectrum of the ensemble becomes a convolution of this
Gaussian with individual Lorentzian response functions [16]. It turns out [15] that
the inclusion of just 13 vibrational modes provides a reasonable approximation to
the experimentally measured Raman impulse response A (¢) of optical fibers, and
hence to the Raman spectrum, which is related to the imaginary part of the Fourier
transform of s g(¢). More specifically, the Raman impulse response vanishes for
t < 0 to ensure causality, and for ¢ > 0 has the form

13
hr(t) =) % exp(—yut) exp(—Trt? /4) sin(wpt), (7.1)

n=1 "

where A, is the amplitude of the nth vibrational mode, w,, is its frequency, and y,, is
its decay rate. The parameter ', in the Gaussian function represents the bandwidth
associated with the nth vibrational mode.

The Raman impulse response of optical fibers has been measured experimen-
tally [13]. Figure 7.4 shows how well the experimental data can be fit using
Eq. (7.1). Table 7.1 provides the values of the parameters used for the 13 vibra-
tional modes, with the notation f, = w,/(2nc), By, = An/wn, 6y = yu/(7we),
and A, = I';/(7rc). The inset in Figure 7.4 compares the corresponding Raman
gain spectra obtained by taking the Fourier transform of 4 g (¢). It is evident that the
approximation in Eq. (7.1) is excellent throughout the frequency range of interest.
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Table 7.1. Parameter values used to fit the Raman response

of silica fibers [15]
n Jn (Cm_l) By, Ay (Cm_l) n (Cm_l)
1 56.25 1.00 52.10 17.37
2 100.00 11.40 110.42 38.81
3 231.25 36.67 175.00 58.33
4 362.50 67.67 162.50 54.17
5 463.00 74.00 135.33 45.11
6 497.00 4.50 24.50 8.17
7 611.50 6.80 41.50 13.83
8 691.67 4.60 155.00 51.67
9 793.67 4.20 59.50 19.83
10 835.50 4.50 64.30 21.43
11 930.00 2.70 150.00 50.00
12 1 080.00 3.10 91.00 30.33
13 1215.00 3.00 160.00 53.33
5
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Figure 7.4 Experimentally measured Raman impulse response (solid curve) and
a theoretical fit based on Eq. (7.1). The inset shows the corresponding fit to the
Raman gain spectrum. (After Ref. [15]; © OSA 2002)

The modelin Eq. (7.1) is too simplistic to account for the polarization dependence
of the Raman gain. In general, the Raman gain is anisotropic. This can be seen by
considering the third-order nonlinear response of silica, whose most general form
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is given by [17]
(1 — fr)
R%( )= Tf5(r)(5ij3kl +dikdji + dird k)
; (7.2)
R
+ frha(T)8ij8K + Thb(f)(fsikfsjl +8id k),

where the subscripts take values x, y, and z. The first term, containing §(7), results
from the nearly instantaneous electronic response, but the other two terms have
their origins in molecular vibrations. The functions 4, (7) and hj(t) represent the
isotropic and anisotropic parts of the Raman response function, respectively, and
[r represents the relative contribution of molecular vibrations to the total nonlinear
response (determined in practice by fitting the experimental data). The often-used
scalar form of the nonlinear Raman response can be obtained by setting i, j, k, and
[ equal to x or y, and is given by

R (1) =RY) (1) = (1 = fR)8(x) + frha(T) + frhp (7). (7.3)

This form corresponds to launching linearly polarized light along a principal axis
of a polarization-maintaining fiber.

Noting that the isotropic part of the Raman response stems predominantly from
the symmetric stretching motion of the the bridging oxygen atom in the Si—O-Si
bond, a Lorentzian oscillator model can be used to approximate A, as [17]

ha(t) = fa—— ex p( ¢ ) sin (i) , (7.4)
2 + 2 T2 71

where 11 = 12.2fs, 7o = 32fs, and f, = 0.75 represents the fractional contribution
of h, to the total copolarized Raman response.

To model hj(7), we need to take into account the low-frequency behavior of the
Raman gain spectrum. In addition, one needs to consider the bond-bending motion
and strong intermediate-range correlations between neighboring bonds in glass
media [18]. It was found by Lin and Agrawal [17] empirically that the following
function provides a good approximation to /;(7):

hp(t) = fp (Zrb ) exp ( ) fc 5 eXp ( ‘ ) sin (1) , (7.5)
‘L'b Tp + 2 T1

where fj and f; are fractional contributions such that f, + f, + fo = 1. The three
new parameters appearing in this equation are found to have values 7, = 96 fs,
fo = 0.21, and f. = 0.04 to match the dominant peak in the experimentally
measured Raman response of silica. Figure 7.5 shows the predicted Raman gain
spectrum (solid curve) together with with the experimental data in the case in which
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Figure 7.5 The theoretical fit (solid line) to the measured Raman gain spectrum
(dotted line) calculated using Eq. (7.3) (After Ref. [17]; © OSA 2006)

the Stokes radiation is copolarized with the pump. The fit is quite good in the low-
frequency region of the gain spectrum extending up to the gain peak, but it fails in
the frequency region beyond 15 THz because it is based on the response of a single
vibrational mode. In practice, the high-frequency response becomes relevant only
for ultrashort pump pulses.

The Raman gain spectrum in Figure 7.5 results from the interaction of copolar-
ized pump and signal waves. The case in which the pump and signal waves are
orthogonally polarized is also interesting. The Raman gain for this configuration
can also be calculated from Eq. (7.2). Figure 7.6 compares the Raman gain spectra
for the copolarized and orthogonally polarized cases. It shows that the Raman gain
is reduced by more than a factor of 10 near the peak of the Raman curve when
the pump and signal are orthogonally polarized. One can use these polarization
properties to make a Raman amplifier that is insensitive to polarization by using a
polarization-diversity scheme for pumping [11].

Another aspect that we have not considered so far is the dependence of the Raman
gain on the fiber design. Clearly, Raman interaction can be enhanced at a given pump
power by reducing the diameter of the fiber core to enhance the local intensity. As
an example, Figure 7.7 shows the measured Raman gain efficiency [19], defined
as the ratio gr/Aeer wWhere Aqf is the effective mode area, for standard single-
mode fiber (SMF), dispersion-shifted fiber (DSF), and dispersion-compensating
fiber (DCF). The Raman gain efficiency depends to some extent on the composition
of the fiber core but the most important factor is the size of the fiber core. The DCF
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Figure 7.6 Normalized Raman-gain coefficient when pump and signal waves are

copolarized (solid curve) or orthogonally polarized (dotted curve). (After Ref. [12];
© OSA 2006)
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Figure 7.7 Raman gain efficiency for three different fibers. (After Ref. [19];
© OSA 2000)

curve in Figure 7.7 shows significantly higher Raman gain because a DCF employs
a relatively narrow core size together with the dopants to change its dispersive
properties.

To summarize, Raman gain depends primarily on the frequency difference
between the pump and signal waves but not on their absolute frequencies. This is
the result of energy conservation, requiring that the energy of the optical phonons
participating in the SRS process matches the energy difference between the pump
and signal photons. Momentum conservation is also required for such interactions,
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but this is easily achieved in practice because optical phonons associated with
vibrating molecules have a wide range of momenta. An implicit consequence of
this feature is that Raman gain is independent of the relative propagation directions
of the pump and signal waves. As a result, a Raman amplifier can be pumped in the
forward or backward direction with similar performance. However, as we saw in
Figure 7.6, Raman gain depends on the relative polarization of the pump and signal
waves, and attains its highest value when the waves are copolarized.

7.3 Fiber Raman amplifiers

A very useful application of an optical fiber is to exploit SRS, achieve the Raman
gain by pumping it suitably, and use it as a Raman amplifier. Figure 7.8 shows
schematically how a fiber can be used as a Raman amplifier. It depicts three potential
pumping schemes, obtained when the pump propagates (a) in the direction of the
signal (forward pumping), (b) in the opposite direction (backward pumping), or
(c) in both directions (bidirectional pumping). We analyze the performance of fiber
Raman amplifiers in these three cases by considering the cases of a CW signal and
a pulse signal separately.

7.3.1 CW operation of a Raman amplifier

We consider the general case of bidirectional pumping and assume that both pumps
as well the signal being amplified are in the form of CW waves. If 1£(z) and 15(z)
represent, respectively, the forward and backward pump intensities at a distance z
from the front end of the fiber and I;(z) is the signal intensity at that distance, the
interaction between the pumps and the signal is governed by the following set of
three coupled equations [20]:

al

3_2 = —asly + gR(If + Ip) I, (7.6a)

—> signal, coupler

i coupler fiber i

co-pump, counter-pump_

Figure 7.8 Schematic of a fiber Raman amplifier with bidirectional pumping. The
amplifier can also be pumped in one direction only, by eliminating the pump in
the other direction.
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M gty = 22griyl, (7.6b)
0z (OF
aly w

——2 = —as Iy — L grlpl;, (7.6¢)
0z oF

where g is the Raman-gain coefficient at the difference frequency Q2 = w), — wy,
ws and w), are the signal and pump frequencies, respectively, and a5 and o, account
for fiber losses at these frequencies. The case of forward pumping can be studied by
setting I, = 0. Similarly, the case of backward pumping can be studied by setting
Iy = 0. The latter case is sometimes preferred because it can reduce the impact of
pump noise on the signal.

Consider first the forward-pumping case and set I, = 0 in Egs. (7.6). A simple
analytic solution is possible if we ignore the the second term in Eq. (7.6b), which
corresponds to pump depletion, by assuming that the pump remains much more
intense than the signal throughout the amplifier length. The pump intensity then
varies as I¢(z) = Ipexp(—apz), where Iy is the input pump intensity. Substituting
this form into Eq. (7.6a), we obtain

als
8—; = —ayl; — grloexp(—a,z) ;. (1.7)
This equation can be easily integrated and provides the following expression for
the signal intensity at the output of a Raman amplifier of length L:

I(L) = I;,(0) (Y (grloLeft — a5L) , (7.8)

where the effective length of the amplifier is defined as

I —exp(a,L)

Lesr = (7.9

%p
This effective length is shorter than the actual length L because absorption experi-
enced by the pump in the amplification medium reduces the interaction length of
the SRS process.

The solution of Eqgs. (7.6) shows that the signal power grows exponentially along
the amplifier length. The same exponential dependence is found when the amplifier
is backward pumped. The solution is more complicated in the case of bidirectional
pumping but can be easily obtained. Figure 7.9 shows the evolution of signal power
in a 100-km-long Raman amplifier pumped bidirectionally such that the original
signal power of 1 mW is recovered at the output end in spite of 0.2 dB km™! loss
in the fiber. The percentage of pump power launched in the forward direction is
varied from 0% to 100%. In all cases, the total pump power is chosen such that the
Raman gain is just sufficient to compensate for fiber losses.
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Figure 7.9 Evolution of signal power in a bidirectionally pumped, 100-km-long
Raman amplifier as the contribution of forward pumping is varied from 0 to 100%.
(After Ref. [20]; © Springer 2003)

7.3.2 Amplification of ultrashort pulses

In this section we consider amplification of ultrashort pulses in a fiber Raman ampli-
fier. As discussed in Section 5.5, pulse amplification in doped-fiber amplifiers is
governed by a generalized nonlinear Schrodinger (NLS) equation, modified suit-
ably to account for the optical gain. In the case of Raman amplification, this NLS
equation requires further modification, and takes the following form [11]:

jB23*A B3 dPA

A+ Mawn + jon ) 4+
@o) T 2 972 6 973

9z 2 ot
< (7.10)

— <V(wo) + m%) (A(z, 0 /0 RO (A, 1 — z/>|2dﬂ> ,

where A(z, t) is the slowly varying envelope of the electric field at a reference
frequency wo, « is the loss parameter, 8, and B3 are the second- and third-order
dispersion parameters, and y is the nonlinear parameter, all evaluated at wg. The
frequency dependence of the loss and nonlinear parameters is included through the
derivatives 1 = da/dw and y; = dy/dw, both evaluated at wp. In practice, y;
can be approximated by y /wy, if the effective mode area of the fiber is nearly the
same at the pump and signal wavelengths.

In the case of Raman amplifiers, the total electric field contains both the signal
and the pump fields, i.e., E = Ae @0 = Age™®! + A,e™'r!, where w, and
w, are the carrier frequencies of the signal and pump pulses, respectively. If we
choose wy = wy, we obtain A = A, + Ape_im, where Q@ = w, — w,. Since
Q/(2m) is close to the Raman shift of 13.2 THz for silica fibers, a direct solution



186 Raman amplifiers

of Eq. (7.10) is time-consuming because it requires a temporal step size < 10 fs to
cover the entire bandwidth. The computational time can be significantly reduced
by recasting the pulse-amplification problem as a coupled set of equations for the
signal amplitude A and the pump amplitude A . Using the preceding form of A
in Eq. (7.10), we obtain the following set of two coupled equations [21]:

0As a5 | JjBas Ay Bas Ay

az 27 2 9T2 6 oT3

_ SN - 2 2
= j¥ (1 +o 81) (1= fRAR + 214,04,

+ frRAs / [ha(t) + hp ([ As(z, t — )+ |Ap(z, t — )| 1dt’
0

(e.¢]
+fRApf [ha(t) + hp ()] Az, t — 1) A% (2.t — t))e T dt/},
0

(7.11)
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=jyp {1+ (I = fRUARI" +2|As1)Ap
wp dat

 frA, /0 Ura (') + (A ot — )P + 1A (2 £ — 1) 1d1

+ frA,s / [haa/)+hb(z’>]Ap<z,t—t/>A:‘<z,t—t’)e""”/f”/]’
0
(7.12)

where the subscripts s and p on the parameters «, f, and y indicate whether they
are evaluated at w; or w,.

These equations can be simplified considerably for picosecond pump and signal
pulses whose widths are much larger than the Raman response time (about 60 fs).
The final result can be written in the following compact form [11]:

0Ag Og JBo2s 0 2As

)
. SR
=m[|As|2+(z—fR>|Ap|2]Ap+—2 1A, 17 As,

A A By, 02A
ap+a7pA”+dan+]ﬁ22p T2p
z d (7.13b)

. 8RW
= jypllA, 1 + 2 — fRIANPIA, — ~ P1As1PA,,
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where d = By, — B represents the group-velocity mismatch and gg is the Raman
gain at the signal frequency.

Amplification of picosecond pulses in Raman amplifiers requires a numerical
solution of the preceding two equations. Before solving them, it is useful to intro-
duce four length scales that determine the relative importance of various terms in
these equations. For a pump pulse of duration 7y and peak power Py, these are
defined as follows:

Dispersion length Lp = TO2 /1B2p| is the length scale over which the effects of
group-velocity dispersion become important. Typically, Lp > 1 km for 7p =
5 ps but becomes ~1 m for a femtosecond pulse.

Walk-off length Ly = Ty/|B1, — Bis| is the length scale over which the walk-off
between pump and signal resulting from their different group velocities becomes
important. Typically Ly &~ 1 m for Ty < 1 ps.

Nonlinear length Ly; = 1/(y, Po) is the length scale over which nonlinear effects
such as self- and cross-phase modulation become important. Typically Ly ~
1 km for Py = 100 mW.

Raman gain length L = 1/(g, Py), where g, is the Raman-gain coefficient at the
pump frequency, is the length scale over which Raman gain becomes important.
Typically Lg ~ 1 km for Py > 100 mW.

It is important to note that the shortest length among the four length scales plays
the dominant role during pulse propagation.

To illustrate the amplification of ultrashort pulses in a fiber Raman amplifier, it
is instructive to look at a specific example. Figure 7.10 shows the evolution of the
pump and signal pulses in the normal-GVD regime over three walk-off lengths when
the pump pulse and fiber parameters are such that Lp /Lw = 1000, Ly /Lyt = 24,
and Lw/Lg = 12. The pump pulse is assumed to have a Gaussian shape initially.
The input signal pulse is also Gaussian with the same width but its peak power
is quite small initially (Py = 2 X 1077 W at z = 0). The signal pulse starts to
grow exponentially close to the input end, but its growth slows down because of
the walk-off effects between the pump and the signal. In fact, energy transfer from
the pump pulse stops after z = 3L w as the two pulses are then physically separated
because of their group-velocity mismatch. Since the signal pulse moves faster than
the pump pulse in the normal-GVD regime, the energy for Raman amplification
comes from the leading edge of the pump pulse. This is apparent near z = 2Ly,
where energy transfer has led to a two-peak structure in the pump pulse as a result of
pump depletion. The hole near the leading edge corresponds exactly to the location
of the signal pulse. The small peak near the leading edge disappears with further
propagation as the signal pulse walks through it. The pump pulse at z = 3L is
asymmetric in shape and appears narrower than the input pulse as it consists of the
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Figure 7.10 Evolution of pump (top) and signal (bottom) pulses over three walk-
off lengths when Lp/Lw = 1000, Lw/Ly; = 24, and Ly /L = 12. (After
Ref. [11]; © Elsevier 2007)

trailing portion of the input pulse. The signal pulse is also narrower than the input
pulse and is asymmetric with a sharp leading edge.

The preceding results show that the transfer of energy from a pump pulse to a
signal pulse of comparable width is hindered considerably by the walk-off effects
resulting from a mismatch between their group velocities. This problem is reduced
considerably when pump pulses are much wider than the signal pulses, and disap-
pears for a CW pump. Indeed, fiber Raman amplifiers employ a CW pump when they
are used for amplifying picosecond signal pulses in telecommunications systems.

7.4 Silicon Raman amplifiers

Silicon is called the material where the “extraordinary is made ordinary" [22].
Silicon continues to dominate the microelectronics industry because of its remark-
able electrical, chemical, thermal, and mechanical properties that enable mass-scale
manufacturing methods [23]. In contrast to this, no single material or technology
plays a dominant role in the photonics area, a fact that creates a plethora of interfac-
ing and manufacturing problems. The use of silicon for photonic integrated circuits
is attracting attention because it capitalizes on the success of the silicon revolution
[22-24]. Silicon-based optical devices have the potential for providing a monolith-
ically integrated optoelectronic platform. However, as mentioned in Section 6.1,
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silicon is an indirect bandgap material, and this feature makes light emission in
silicon quite inefficient. To make matters worse, nonradiative recombination rates
in silicon are much higher than radiative ones.

Because of the indirect bandgap of silicon, it is unlikely that electrical pumping
can be used to achieve the population inversions required for optical gain. Even
if a population inversion is achieved, nonlinear absorption mechanisms such as
two-photon absorption in silicon will make it difficult to obtain a net optical gain.
However, it has been known for years that the Raman-gain coefficient in silicon
is higher than that of a silica fiber by a large factor. At the same time, the effec-
tive mode area is about 100 times smaller in typical silicon waveguides, known
as nanowires, because of their relatively small dimensions, resulting in consider-
able enhancement of pump intensity at a given pump power. For these reasons,
the use of the Raman effect in silicon waveguides has attracted considerable atten-
tion. Spontaneous Raman scattering was observed in 2002 using such a silicon
nanowire [25]. Soon afterward, SRS was employed to achieve Raman gain in such
waveguides [26]. Since then, the SRS process has been utilized to make silicon-
based Raman amplifiers [26-33] as well as Raman lasers [34-37]. Since silicon
nanowires exhibit a strong nonlinear response [38—41], they have been used for
many other applications. For example, four-wave mixing has been used to make
parametric amplifiers acting as broadband wavelength converters [17,42—-47]. Such
amplifiers are discussed in Chapter 8.

7.4.1 Coupled pump and signal equations

Similarly to the case of a fiber Raman amplifier, we need to find the coupled set of
two equations governing pulse amplification in silicon Raman amplifiers. The form
of these equations is similar to those in Egs. (7.13), but they must be generalized
to include new features that are unavoidable in silicon devices. The most important
among these is two-photon absorption (TPA), which occurs whenever the energies
of pump and signal photons exceed one-half of the bandgap. Since the bandgap of
silicon is near 1.1 eV, this is the case in the wavelength region near 1550 nm, where
photon energies are close to 0.8 eV. Another complication is that the electron—
hole pairs produced by TPA can create a substantial density of free carriers, which
not only absorb light (free-carrier absorption) but also change the refractive index
within the silicon waveguide region (free-carrier dispersion). A third issue that
needs attention is that the Raman gain spectrum of silicon is so narrow compared
with optical fibers (only about 100 GHz wide) that the Raman response time is close
to 3 ps.Taking into account all these three issues, one obtains the following coupled
NLS-type equations that govern the evolution of the pump and signal pulses in a
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silicon waveguide [48]:
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The first term on the right side of Egs. (7.14) represents linear losses, while
the second term accounts for SPM, cross-phase modulation, and TPA through the
nonlinear parameters defined as y,, = (w,,/c)n2 + jBr(wm)/2 (m = p, s), where
Bt (w) is the TPA coefficient of silicon. In addition, we have two other nonlinear
parameters, defined as y,s = byno + j(w,/ws)Br /2, where by has its origin in the
anisotropic nature of third-order susceptibility for silicon [48]. The third term on
the right side of Egs. (7.14) represents the impact of TPA-generated free carriers on
the pump and signal pulses through the parameter 0,, = 0, (A /A)> (m = p, 5),
where, o, = 1.45 x 1072 m? is the FCA coefficient at a reference wavelength
Ar = 1550 nm. The dimensionless parameter w,, = 2k;,0y, /0, with o, = 5.3 x
10727 m3, accounts for free-carrier-induced changes in the refractive index. It plays
the same role as the linewidth enhancement factor in SOAs and its value is about
7.5 for silicon amplifiers.

The integrals in Egs. (7.14) account for SRS whose magnitude depends on the
pump-signal frequency detuning, 2 = @, — w;, and the Raman response function
hr(t). Using the classical oscillator model of SRS [49], this function for silicon is
given by

QZ
hgr(t) = Q_s sin(Qot) exp(—I'gt), (7.15)

where Qo = (Q%e — 1"%)1/ 2 T'g is the bandwidth of the Lorentzian-shaped Raman
gain spectrum in silicon (about 105 GHz), and Q2 is the Raman shift (about
15.6 THz for silicon). The parameters y,, and y; depend on the Raman gain and are
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defined as
grlR
Wy
Vs = — Vp» (7.16b)
@p

where gg is the Raman-gain coefficient.

Similarly to the case of SOAs, we need a rate equation for the density N (z, ¢) of
free carriers before we can solve Egs. (7.14). This equation should include all mech-
anisms by which free carriers can be generated and all channels through which they
may recombine, including radiative recombination, thermal diffusion, and nonra-
diative recombination at the defects on waveguide interfaces. It is common to lump
the impact of all recombination channels in a single parameter t., called the effec-
tive carrier lifetime. With this simplification, the carrier rate equation becomes [48]

oN N 4 4 2
o1 = I + pplApl™ + pslAsl™ + pps|ApAsl®, (7.17)
c

where the carrier-generation parameters are defined as

Br Br 287
_ , o , = . 7.18
Pr 2hw, Ps 2hwy Pr hawy ( )

Owing to the presence of cross-coupling terms, Egs. (7.14) and (7.17) cannot be
solved analytically. Nevertheless, several approximate solutions that shed light on
the operation of silicon Raman amplifiers can be derived in few cases of practical
interest [50]. We focus on these solutions in what follows.

7.4.2 CW operation of silicon Raman amplifiers

In the CW regime, the envelopes of the pump and signal fields do not change with
time. As a consequence, all time derivatives in Eqgs. (7.14) vanish. The integrations
in the Raman term can be performed by noting that

t i , 92
/ hr(t—t') et = — R (7.19)
oo Q% — Q2+ 2iRQ

In addition, the free-carrier density can be obtained from Eq. (7.17) by setting
dN /0t = 0 and is given by

N @) = te(pplApl* + o5l Asl* + pps|Ap Asl?). (7.20)



192 Raman amplifiers

Using this result in Egs. (7.14) and introducing the intensities of pump and signal
(Stokes) waves, I,(z) = |A,(2)|? and I;(z) = |A;(z)|?, we obtain [50]

dﬁ——al—ﬁ 12— 0ol ds — 0pte(ppl? + psI? + ppsIpI)1
dz = plp Tplp é‘ps pls = OpTe(Pply T Psiy Ppsipls )
(7.21a)
dl; 2 2 2
d_Z =—osls — Brsly — {splslp - Usfc(pplp + posly + ppslpls)ISa (7.21b)
where we have introduced two new quantities,
w 4grT2QRQ
— 28,2 4 R , 7.22a
;PS ﬁT w; (QzR _ 92)2 +4F%QZ ( )
4grTZQRQ (5 /w))
Lsp = 2B1 — K - (7.22b)

(Q%F — Q)2 4+4I2Q2

To solve Egs. (7.21) analytically, we make some reasonable simplifications. First,
we assume that linear losses are equal at the pump and signal wavelengths, i.e.,
ap = ay = a. Second, we discard the second terms on the right side of Egs. (7.21)
since losses from TPA are typically much smaller than losses from FCA in the case
of CW pumping [48]. Third, noting that Qg < w, or wy, we make two rough
approximations, o, ~ oy and p, ~ pg X pps/4. Fourth, noting that g > Brps.,
we set {5 ~ |¢sp| = y. With these simplifications, the coupled intensity equations
(7.21) become

dIP 2 2

d—z’V—aIp—/c(Ip+4IpIs+Is)Ip—yISI , (7.23a)

dl ) )

e ~—aly — (I, +4lp 1 + 1) [+ y Ipls, (7.23b)
where k = 71.0,p5 is an effective TPA parameter. These equations cannot yet

be solved in an analytic form, so, we make one more simplification. It consists
of replacing the quantity in the parenthesis of Eqs. (7.23) with (1, + I;)? and
amounts to replacing 4 with 2 in the cross-TPA term that corresponds to simultane-
ous absorbtion of one photon from the pump and another from the signal. Numerical
simulations used to judge the error introduced with this replacement show that it is
a reasonable approximation. After this change, we obtain the following set of two
coupled equations:

dIP 2
—L el — kU + 1)L, —y L), (7.24a)
<

dIy s
T &l =k + 1Py Dl (7.24b)
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An important point to note is that, even though we have made several approxi-
mations in arriving at Egs. (7.24), they still contain all the physics of Eqgs. (7.23)
and should predict all the features associated with the FCA and SRS processes
qualitatively.

Equations (7.24) can be solved analytically by noting that the total intensity
I(z) = I,(z) + I;(z) satisfies the Bernoulli equation (see Ref. [51]) whose solution
is given by
lpexp(— az)

\/ 1+ & 12 Legr (22)
where Iy = 1,0 + I, is the total input intensity, with 1,0 = 1,,(0) and I5o = I5(0).
By substituting /,(z) = I(z) — I5(z) into Eq. (7.24b), we can solve this equation
as well. The resulting solution is given by

I1(z) = (7.25)

1
1) = © , (7.26a)
1+ (lo/Is0) expl—y loZef(2)]
Ip(2) = 1(2) = I5(2), (7.26b)
where the generalized effective length of the silicon waveguide is defined as
fO0) - f@)
Z = 7.27

f@) =tan™ [\/g I (z)} : (7.27b)

In the limit in which FCA becomes negligible (Ip — 0 or « — 0), it is easy to
show that
Zeit(2) = Lefr(z) = (1 — ™) /a, (7.28)

and we recover the usual definition of the effective length.

Equation (7.26a) shows that changes in the signal intensity result from two
sources with different physical origins. The steadily decreasing function / (z) results
from linear losses and FCA, whereas the denominator of Eq. (7.26a) arises from
SRS and exhibits a saturable character. The structure of the denominator shows that
the generalized effective length has a direct influence on the signal gain. If the pump
intensity is so large that the condition Io/ I > exp[y lo-Zer(z)] remains satisfied
for all z, we can neglect 1 in the denominator of Eq. (7.262). In this limit, we recover
the exponential growth of the signal resulting from Raman amplification and obtain

1
1) = Iyo exp[ylo.,%ff@]%. (7.29)

In the other extreme limit, Iy/I;0 < exply lo-Ztt(z)], we can replace the denom-
inator in Eq. (7.26a) with 1 and obtain I;(z) = I(z), indicating that the signal
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Figure 7.11 Z.(z) as a function of propagation distance for different input inten-
sities Iy. The dashed curve shows the linear-loss limit. The dotted line corresponds
to the lossless case. (After Ref. [50]; © IEEE 2010)

intensity approaches the total intensity 7 (z). This is the limit in which the pump is
nearly depleted because of an efficient transfer of pump power to the signal.

The influence of FCA on CW Raman amplification manifests in two ways. First,
FCA leads to an overall attenuation of the signal, as indicated by the denominator
in Eq. (7.25). Second, it leads to a decrease in the generalized effective length
compared with Leg and, what is more important, makes it intensity-dependent. The
influence of total input intensity on the generalized effective length is illustrated
by solid curves in Figure 7.11. Clearly, one can increase Z.f(z) substantially by
decreasing Ip. This is somewhat counterintuitive because one tends to increase
pump power to increase the signal gain. The effective length can also be increased
by reducing 7. because k scales linearly with 7.. This approach is pursued often
for silicon Raman amplifiers because it allows for significant amplification of the
signal.

The approximate solution (7.26) contains errors resulting from the simplifications
that were used to obtain Eq. (7.23) and the terms that we discarded in Eq. (7.24).
We can reduce the errors of the second type by introducing corrective multipliers.
Assuming a corrected solution of the form

Iy corr(2) = £(2)15(2), (7.30a)
Ip,corr(Z) = s(z)lp (2), (7.30b)

we find from Eq. (7.23) that the corrective multiplier is

z —1/2
§(2) = (1 + ZK/ 1,(2)15(2) dz/> , (7.31)
0
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Figure 7.12 Evolution of pump and signal intensities along the amplifier length
obtained numerically (solid curves) and predicted analytically (dashed curves).
Dotted curves show the uncorrected solution in Eq. (7.26). Dash-dotted curves
show the solution when the pump is assumed to remain undepleted. The left and
right panels correspond to Iy = 0.5 GW cm™2 and 0.05 GW cm™2, respectively.
(After Ref. [50]; © IEEE 2010)

where 1), (z) and I;(z) are given in Eq. (7.26). Once corrected with this multiplier,
the analytical solution in Eq. (7.23) becomes quite close to the numerical solution
of Eq. (7.21).

The validity range of this analytic solution can be estimated by asking when the
TPAterms in Eq. (7.21) become small compared with the linear loss and FCA terms.
This requirement leads to the condition /o < «/B or Iy > B/k.Fora = 1dB/cm,
B = 0.5cm/GW, and A, near 1600 nm, we obtain /S ~ 0.5GW cm ™2 and B/k ~
0.01 GW cm™2. Thus, the result in Eq. (7.26) is a good approximate solution of Eq.
(7.21) for input pump intensities in the range 0.02 to 0.5 GW cm™2. Figure 7.12
compares the analytical solution with the numerical solution (solid curves) for input
powers of Ip = 0.5 GW cm 2 (left) and 0.05 GW cm 2 (right) using I;o = 0.011.
The other parameter values are: « = 1 dB cm™ 1, B =0.5cm GW!, ., = 1 ns,
gr = 76 cm GW!, Ap = 1550 nm, and A; = 1686 nm. The corrected and
uncorrected solutions are shown by the dashed and dotted curves, respectively. For
reference, the solution that corresponds to the undepleted-pump approximation is
shown by the dash-dotted curves. It is evident that this approximation becomes
invalid within a distance of 2 mm inside a silicon waveguide and should be used
with caution.

7.4.3 Amplification of picosecond pulses

We now consider the situation in which a silicon Raman amplifier, pumped with a
CW beam, is used to amplify a train of signal pulses whose carrier frequency differs
from the pump frequency by the Raman shift of 15.6 THz. Each signal pulse, as it
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is amplified through SRS, is also affected by several nonlinear processes including
SPM, XPM, and TPA. All of these phenomena are included in Eqgs. (7.14), which
must be solved numerically. Since such an approach requires extensive computa-
tional resources and also does not provide much physical insight, one may ask if
an approximate solution can be obtained with a different approach. It turns out that
the variational technique allows one to derive a set of relatively simple first-order
differential equations [52] that describe the evolution of pulse parameters such as
amplitude, phase, width, and chirp. A numerical solution of these equations can
be obtained much faster than one for the original equations, and it also provides
considerable physical insight for designing silicon Raman amplifiers

Variational technique method

The calculus of variations was developed into a full mathematical theory by Euler
around 1744 and extended further by Lagrange [53]. Although developed originally
for mechanical systems, it can also be used for solving optics problems [54]. Let us
assume that the problem under consideration can be described using n generalized
coordinates, written in vector form as ¢ = (g1, q2, - - - , qn). These coordinates
change with distance z and time 7 as the system evolves. One may thus speak of
generalized velocities ¢, and g, defined as

dq1 02 9qn
= (= =, : 7.32
1 <8r 0T ot (7.322)
— % @ 94n (7.32b)
z aZ ) az 9 ) az . .

Consider first a conservative system with no dissipation. The dynamic evolution
of such a system can be studied by using a generic variational principle known as
the principle of least action (or Hamiltonian principle):

) (// Lq.q..q9, 7, z)drdz) =0, (7.33)

where L is called the Lagrangian density of the system, and its integral z and t
over the variables is called the action. The operator § represents the variation of
the action taken over both z and t. The precise meaning of Eq. (7.33) is that the
action takes an extreme value (a minimum, maximum, or saddle point) for the
space—time trajectory associated with the system’s motion. Equation (7.33) leads
to the Euler—Lagrange equation,

d oL 0 oL oL

— —— = — =0, 7.34
T 09, + dzdq, Odq ( )
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where the derivative with respect to a vector s = (s1, 82, - - - , §,) is defined as
oL oL JL oL
— =, —]. (7.35)
s ds1 05y dsy

The variational technique has been extended to lossy systems by including the
effects of dissipation through a function called the Rayleigh dissipation function,
denoted by R [52,55,56]. The generalized Euler—Lagrange equation then takes the
form

0 dL 0 dL JdL OR OR

dt dq, + dz9q, 9q + dq. + dq, 0 (7.36)
Inherent in this formalism is the assumption that losses are a function only of the
generalized velocities. Even though this assumption is restrictive, it is adequate to
handle pulse propagation through silicon amplifiers. The interested reader can find
more details in Ref. [56].

We now apply this general approach to the propagation of optical pulses in a
nonlinear medium. If u(z, t) represents the slowly varying amplitude of a pulse
propagating through a silicon amplifier, both u and u* should be treated as gener-
alized coordinates. The Lagrangian L of the propagation problem depends on the
following variables:

(7.37)

. ou Oou OJu* ou*
L=L{z t,ulz,v),u*(z 1), - .

8z’ ot 9z ot

We assume that the functional form of the pulse shape at z = 0 is known in terms of
N specific parameters such that u(z, t) = f (b, ba, --- , by, T). Now comes the
chief limitation of the variational technique. It consists of assuming that the pulse
evolves in such a fashion that its N parameters change with z but the overall shape
of the pulse does not change. We can express this requirement by writing u(z, 7)
as [57]

M(Z, f) - f(bl (Z)’ bZ(Z)7 Tty bN(Z)’ t)' (738)

Notice that the N pulse parameters change with z but not with .

Since we are only interested in the evolution of pulse parameters with z, the
problem can be simplified considerably by carrying out time integration in Eq.
(7.33) and reducing the dimensionality of the problem by one. The resulting reduced
Lagrangian L and the Rayleigh dissipation function are obtained using