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book provides a comprehensive treatment of the fundamental concepts, theory,
and analytical techniques behind modern optical amplifier technology.

The book covers all major optical amplification schemes in conventional materi-
als, including the Raman and parametric gain processes. The final chapter is devoted
to optical gain in metamaterials, a topic that has been attracting considerable atten-
tion in recent years. The authors emphasize analytical insights to give a deeper,
more intuitive understanding of various amplification schemes. The book assumes
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sure to electrodynamics and wave motion, and is ideal for graduate students and
researchers in physics, optics, bio-optics, and communications.
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Preface

Everything should be made as simple as possible, but not simpler.
–Albert Einstein

An optical fiber amplifier is a key component for enabling efficient transmission of
wavelength-division multiplexed (WDM) signals over long distances. Even though
many alternative technologies were available, erbium-doped fiber amplifiers won
the race during the early 1990s and became a standard component for long-haul opti-
cal telecommunications systems. However, owing to the recent success in producing
low-cost, high-power, semiconductor lasers operating near 1450 nm, the Raman
amplifier technology has also gained prominence in the deployment of modern light-
wave systems. Moreover, because of the push for integrated optoelectronic circuits,
semiconductor optical amplifiers, rare-earth-doped planar waveguide amplifiers,
and silicon optical amplifiers are also gaining much interest these days.

Interestingly, even though completely unrelated to the conventional optical
communications technology, optical amplifiers are also finding applications in
biomedical technology either as power boosters or signal-processing elements.
Light is increasingly used as a tool for stretching, rotating, moving, or imaging
cells in biological media. The so-called lab-on-chip devices are likely to integrate
elements that are both acoustically and optically active, or use optical excitation for
sensing and calibrating tasks. Most importantly, these new chips will have optical
elements that can be broadly used for processing different forms of signals.

There are many excellent books that cover selective aspects of active optical
devices including optical amplifiers. This book is not intended to replace these
books but to complement them. The book grew out of the realization that there is a
need for coherent presentation of the theory behind various optical amplifiers from
a common conceptual standpoint, while highlighting the capabilities of established
methods and the limitations of current approaches.

xi



xii Preface

Most of the existing literature on amplifiers covers the advances in amplifier tech-
nology related to their fabrication and operation. While it is important to be aware
of these developments, this awareness is being achieved at the cost of skipping the
fundamentals and the material related to the important physical concepts and under-
lying mathematical representation. We try to bridge this gap by providing a theoreti-
cal framework within which the amplifier theory and device concepts are presented.
Our objective is to provide a comprehensive account of light propagation in active
media and employ it for describing the signal amplification in different optical
amplifier structures. Whenever possible, we obtain approximate analytical results
to estimate the operational characteristics of amplifiers, thus enabling the reader
to build a detailed intuitive picture about the device operation. We provide suffi-
cient details for numerical implementation of the key algorithms, but we emphasize
throughout this text the value and utility of having approximate solutions of different
amplification processes. Such an approach not only provides a thorough understand-
ing of the underlying key process of light interaction with matter but also enables
one to build a mental picture of the overall operation of the device, without being
cluttered with details. However, we have intentionally not included the analysis of
noise in amplifiers because a rigorous treatment of noise processes requires sophis-
ticated mathematical machinery beyond the scope of this book. Interested readers
may find a thorough discussion of amplifier noise in the book by E. Desurvire,
Erbium-Doped Fiber Amplifiers: Principles and Applications (Wiley, 1994).

Our presentation style is multi-folded in the sense that we use different descrip-
tions of light, as rays, scalar waves, or vector electromagnetic waves, depending
on the sophistication needed to carry out the intended analysis. Our intention is to
equip the reader with such sophistication and understanding that he or she gradually
develops adequate insight to use a combination of these different descriptions of
light to describe the operation of modern optical amplifiers. More specifically, we
show that the optical gain of an amplifying medium either can be derived from the
first principles using the material susceptibility based on a quantum-mechanical
approach or it can be deduced from empirical phenomenological models based on
experimental observations. Most importantly, our approach is not to pick a specific
model but to show diverse models and techniques to the reader so that reader can
make the best possible choice of the method based on the circumstances and the
domain of applicability.

In this book, state-of-the-art methods and algorithms suitable for understanding
the underlying governing principles and analyzing optical amplifiers are presented
in a manner suited to graduate research students and professionals alike. The mate-
rial in this book may be suitable for scientists and engineers working in the fields
of telecommunications, biophotonics, metamaterials, etc., and for those interested
in learning and advancing the technology behind modern optical amplifiers. This
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book is also suitable for individuals opting for self-study as a way for continuing
professional development and for professional consultants evaluating technology
for industry and government agencies. The readers are assumed to have background
in electrical engineering or applied modern physics, including some exposure to
electrodynamics and wave motion. Knowledge of quantum mechanics, high-level
programming languages such as C++ or Matlab, and numerical software methods
is helpful but not essential. We recognize the importance of computer modeling
in understanding, analyzing, and designing optical amplifiers. By emphasizing the
mathematical and computational issues and illustrating various concepts and tech-
niques with representative examples of modern optical amplifiers, we try to make
this book appeal to a wider audience. While any programming language in conjunc-
tion with a suitable visualization tool could, in principle, be employed, we feel that
reader is best served by learning C++ or a Matlab-type high-level programming
language for numerical work associated with this book. We occasionally describe
algorithms in this text, but we attempt to avoid programming-specific details.

Our intent has been to provide a self-contained account of the modern theory of
optical amplifiers, without dwelling too much on the specific details of each ampli-
fier technology. The book should, therefore, not be considered as a compendium
that encompasses applications and design optimizations applicable to a specific
amplifying system. Brief derivations of many basic concepts are included to make
this book self-contained, to refresh memory of readers who had some prior expo-
sure, or to assist the readers with little or no prior exposure to similar material.
The order of the presentation and the level of rigor have been chosen to make the
concepts clear and suitable for computer implementation while avoid unnecessary
mathematical formalism or abstraction. The mathematical derivations are presented
with intermediate steps shown in as much detail as is reasonably possible, without
cluttering the presentation or understanding. Recognizing the different degrees of
mathematical sophistication of the intended readership, we have provided exten-
sive references to widely available literature and web links to related numerical
concepts at the book’s website, www.malinp.com.

Malin Premaratne
Govind P. Agrawal
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Introduction

In this introductory chapter we focus on the interaction of optical fields with matter
because it forms the basis of signal amplification in all optical amplifiers. Accord-
ing to our present understanding, optical fields are made of photons with properties
precisely described by the laws of quantum field theory [1]. One consequence of
this wave–particle duality is that optical fields can be described, in certain cases, as
electromagnetic waves using Maxwell’s equations and, in other cases, as a stream
of massless particles (photons) such that each photon contains an energy hν, where
h is the Planck constant and ν is the frequency of the optical field. In the case
of monochromatic light, it is easy to relate the number of photons contained in
an electromagnetic field to its associated energy density. However, this becomes
difficult for optical fields that have broad spectral features, unless full statistical
features of the signal are known [2]. Fortunately, in most cases that we deal with,
such a detailed knowledge of photon statistics is not necessary or even required
[3, 4]. Both the linear and the nonlinear optical studies carried out during the last
century have shown us convincingly that a theoretical understanding of experimen-
tal observations can be gained just by using wave features of the optical fields if
they are intense enough to contain more than a few photons [5]. It is this semiclas-
sical approach that we adopt in this book. In cases where such a description is not
adequate, one could supplement the wave picture with a quantum description.

In Section 1.1 we introduce Maxwell’s equations and the Fourier-transform rela-
tions in the temporal and spatial domains used to simplify them. This section also
establishes the notation used throughout this book. In Section 1.2 we look at widely
used dielectric functions describing dispersive optical response of materials. After
discussing dispersion relations in Section 1.3, we show in Section 1.4 that they can-
not have an arbitrary form because of the constrained imposed by the causality and
enforced by the Kramers–Kronig relations. Section 1.5 considers the propagation
of plane waves in a dispersive medium because plane waves play a central role in
analyzing various amplification schemes.

1



2 Introduction

1.1 Maxwell’s equations

In this section we begin with the time-domain Maxwell’s equations and introduce
their frequency-domain and momentum-domain forms using the Fourier trans-
forms. These forms are then used to classify different optical materials through
the constitutive relations.

1.1.1 Maxwell’s equations in the time domain

In a semiclassical approach, Maxwell’s equations provide the fundamental basis
for the propagation of optical fields through any optical medium [6, 7]. These four
equations can be written in an integral form. Two of them relate the electric field
vector E and electric flux-density vector D with the magnetic field vector H and
the magnetic flux-density vector B using the line and surface integrals calculated
over a closed contour l surrounding a surface Sl shown in Figure 1.1:

Faraday’s law of induction:

∮
l

E(r, t) · dl = − d

dt

∫
Sl

B(r, t) · dS, (1.1a)

Ampere’s circuital law:

∮
l

H (r, t) · dl = d

dt

∫
Sl

D(r, t) · dS + I (t), (1.1b)

where I (t) is the total current flowing across the surface Sl . The pairs E,D and
H ,B are not independent even in vacuum and are related to each other by

dS

direction of traversal

contour l

surface normal

dl

Figure 1.1 Closed contour used for calculating the line and surface integrals
appearing in Maxwell’s equations.
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dV

dS

Volume V

Closed Surface SV

Surface Normal

Figure 1.2 Fixed volume used for calculating the surface and volume integrals
appearing in Maxwell’s equations.

D = ε0E, (1.2a)

B = µ0H , (1.2b)

where µ0 is the permeability and ε0 is the permittivity in free space.
The other two of Maxwell’s equations relate the electric field vector E with

the magnetic flux-density vector B using surface integrals calculated over a fixed
volume V, bounded by a closed surface SV as shown in Figure 1.2. Their explicit
form is

Gauss’s law:

∮
SV

D(r, t) · dS = q(t), (1.3a)

Gauss’s law for magnetism:

∮
SV

B(r, t) · dS = 0, (1.3b)

where q(t) is the total electric charge contained in the volume V .
In a continuous optical medium, the four integral equations can be recast in an

equivalent differential form useful for theoretical analysis and numerical com-
putations [6, 7]. Application of the Stokes theorem1 to Eqs. (1.1) provides us
with

1 A continuous vector field F defined on a surface S with a boundary l satisfies
∮
l F · dl = ∫

S ∇ × F · dS.
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Curl equation for electric field: ∇ ×E(r, t) = −∂B(r, t)

∂t
, (1.4a)

Curl equation for magnetic field: ∇ ×H (r, t) = ∂D(r, t)

∂t
+ J (r, t), (1.4b)

where J (r, t) is the electric current density. Similarly, application of the divergence
theorem2 to Eqs. (1.3) provides us with

Divergence equation for electric field: ∇ ·D(r, t) = ρ(r, t), (1.5a)

Divergence equation for magnetic field: ∇ · B(r, t) = 0, (1.5b)

where ρ(r, t) is the local charge density.
The current density J (r, t) and the charge density ρ(r, t) are related to each

other through Maxwell’s equations. This relationship can be established by taking
the divergence of Eq. (1.4b) and noting the operator identity ∇ · (∇ × F ) ≡ 0 for
any vector field F . The result is

∇ · J (r, t)+ ∂ρ(r, t)

∂t
= 0. (1.6)

This equation is called the charge-continuity equation because it shows that the
charge moving out of a differential volume is equal to the rate at which the charge
density decreases within that volume. In other words, the continuity equation rep-
resents mathematically the principle of charge conservation at each point of space
where the electromagnetic field is continuous.

1.1.2 Maxwell’s equations in the frequency domain

The differential form of Maxwell’s equations can be put into an equivalent format
by mapping time variables to the frequency domain [8]. This is done by introducing
the Fourier-transform operator Ft+ {} (ω) as

Ỹ (. . . , ω, . . .) � Ft+ {Y (. . . , t, . . .)} (ω)

=
∫ ∞

−∞
Y (. . . , t, . . .) exp(+jωt)dt,

(1.7)

where j = √(−1) and ω is the associated frequency-domain variable correspond-
ing to time t;ω can assume any value on the real axis (i.e.,−∞ < ω < +∞). Even
though all quantities in the physical world correspond to real variables, their Fourier

2 A vector field F defined on a volume V with a boundary surface S satisfies
∮
V ∇ · FdV = ∫

S F · dS.
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transforms can result in complex numbers. Nonetheless, for physical and mathe-
matical reasons, the Fourier representation can provide a much simpler description
of an underlying problem in certain cases.

We consistently use the notation that a tilde over a time-domain variable Y

represents its Fourier transform when the Fourier integral is done with the plus sign
in the exponential exp(+jωt). The Fourier operator shows this sign convention
by displaying a plus sign just after its integration variable t . It is important to note
that by adopting this notation, we also explicitly indicate that the Fourier transform
takes the real variable t to its Fourier-space variable ω.

A very useful feature of the Fourier transform is that a function can be readily
inverted back to its original temporal form using the inverse Fourier-transform
operator F−1

ω+ {} (t), defined as

Y (. . . , t, . . .) � F−1
ω+

{
Ỹ (. . . , ω, . . .)

}
(t)

= 1

(2π)dim(ω)

∫ ∞

−∞
Ỹ (. . . , ω, . . .) exp(−jωt)dω,

(1.8)

where dim(ω) is the dimension of the variable ω. Because t → ω is a one-
dimensional mapping, we have dim(ω) = 1 in this instance, but it can assume
other positive integer values. For example, the dimension of the Fourier mapping
is 3 when we later use spatial Fourier transforms.

To convert Maxwell’s equations to the Fourier-transform domain, we need to
map the partial differentials in Maxwell’s equations to the frequency domain. This
can be done by differentiating Eq. (1.8) with respect to t to get

∂Y (. . . , t, . . .)

∂t
= 1

2π

∫ ∞

−∞
−jωỸ (. . . , ω, . . .) exp(−jωt)dω. (1.9)

This equation shows that we can establish the operator identity

∂Y (. . . , t, . . .)

∂t
≡ F−1

ω+
{−jωỸ (. . . , ω, . . .)

}
(t), (1.10)

resulting in the mapping ∂
∂t
→−jω from time to frequency domain.

We apply the operator relation (1.10) to the time-domain Maxwell’s equations in
Eqs. (1.4) and (1.5) to obtain the following frequency-domain Maxwell’s equations:

∇ × Ẽ(r, ω) = jωB̃(r, ω),

∇ · D̃(r, ω) = ρ̃(r, ω),

∇ × H̃ (r, ω) = −jωD̃(r, ω)+ J̃ (r, ω),

∇ · B̃(r, ω) = 0.

(1.11)
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1.1.3 Maxwell’s equations in the momentum domain

Further simplification of Maxwell’s equations is possible by mapping the spa-
tial variable r to its equivalent Fourier-domain variable k (also called the
momentum domain or the k space). For physical reasons discussed later,
the Fourier transform in the spatial domain is defined with a minus sign in the
exponential, i.e.,

Ŷ (. . . , k, . . .) � Fr− {Y (. . . , r, . . .)} (k)

=
∫ ∞

−∞
Y (. . . , r, . . .) exp(−jk · r)dr.

(1.12)

The Fourier operator shows this sign convention clearly by displaying a minus sign
just after its integration variable r . The hat symbol over a field variable Y represents
its spatial-domain Fourier transform.

We should point out that a second choice exists for the signs used in the temporal
(t → ω) and spatial (r → k) Fourier transforms. The sign convention that we have
adopted is often used in physics textbooks. Using Maxwell’s equations with this
sign convention, one can show that a plane wave of the form exp(jk · r − jωt)

moves radially outward from a point source for positive values of r and t [9]. The
opposite sign convention, where the temporal variable in Eq. (1.7) carries a negative
sign, is widely used in electrical engineering literature.

Similarly to the time-domain Fourier transform, a spatial-domain Fourier
transform can be inverted with the following formula:

Y (. . . , r, . . .) � F−1
k−

{
Ŷ (. . . , k, . . .)

}
(r)

= 1

(2π)dim(k)

∫ ∞

−∞
Ŷ (. . . , k, . . .) exp(+jk · r)dk,

(1.13)

where dim(k) = 3 because the mapping is done in three-dimensional space. Using
a relation similar to that appearing in Eq. (1.10), we can establish the mapping
∇ → jk from the spatial domain to the k space [10]. Applying this mapping to
the differential form of Maxwell’s equations (1.4) and (1.5) leads to the k-space
version of Maxwell’s equations:

jk × Ê(k, t) = −∂B̂(k, t)

∂t
,

jk × Ĥ (k, t) = ∂D̂(k, t)

∂t
+ Ĵ (k, t),

jk · D̂(k, t) = ρ̂(k, t),

jk · B̂(k, t) = 0.
(1.14)

Further simplification occurs if we combine the temporal and spatial mappings
to form a ω⊗ k representation of Maxwell’s equations. To achieve this, we define
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a function that takes us from t ⊗ r space to ω ⊗ k space (with a hat over the
tilde):

̂̃Y (. . . , k, . . . , ω, . . .) � Fr+,t− {Y (. . . , r, . . . , t, . . .)} (k, ω)

=
∫ ∞

−∞
Y (. . . , r, . . . , t, . . .) exp(jk · r − jωt) dr dt.

(1.15)

Application of this Fourier transform to Maxwell’s equations in Eqs. (1.4) and (1.5)
gives us their following simple algebraic form:

k × ̂̃E(k, ω) = ω
̂̃B(k, ω),

jk × ̂̃H (k, ω) = −jω
̂̃D(k, ω)+̂̃

J (k, ω),

k · ̂̃D(k, ω) = ̂̃ρ(k, ω),

k · ̂̃B(k, ω) = 0.
(1.16)

These vectorial relationships show that, in a linear isotropic medium, the triplets

(
̂̃E,

̂̃B, k) and (
̂̃D,

̂̃H , k) form two right-handed coordinate systems shown in
Figure 1.3, irrespective of material parameters. However, such a general relation-

ship does not exists for the triplets (
̂̃E,

̂̃H , k) and (
̂̃D,

̂̃B, k). We shall see later
that the signs of the permittivity and permeability associated with a medium play
an important role in establishing functional relationships between the four field
variables.

The preceding Maxwell’s equations need to be modified when they are applied
to physical materials because of charge movement (conductance), induced polar-
ization, and induced magnetization within the medium. Charge movement in a
material occurs because the electric and magnetic fields exert force on charges.
Induced polarization within a material medium is a result of the rearrangement of
the bound electrons, and it is responsible for the appearance of additional charge
density known as the bound charge density. If these bound charges oscillate as
a result of an externally applied electromagnetic field, electric dipoles induce a
polarization current within the medium. In addition to the electric dipoles, a mag-
netization current can also be generated if magnetic dipoles are present in a medium.

E

B

k

D

H

k

~^

~^

~^

~^

Figure 1.3 An illustration of the orthogonality of the triplets (
̂̃E,

̂̃B, k) and (
̂̃D,

̂̃H , k).
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Table 1.1. Constitutive relations for several types of optical media

Medium type Functional dependence Description

Simple ̂̃D = ε
̂̃E ε: constant, scalar̂̃B = µ
̂̃H µ: constant, scalar

Dispersive ̂̃D = ̂̃ε(k, ω)
̂̃E ̂̃ε(k, ω): complex function̂̃B = ̂̃µ(k, ω)
̂̃H ̂̃µ(k, ω): complex function

Anisotropic ̂̃D = ε0
̂̃E + ε0̂̃χe · ̂̃E ̂̃χe: 3× 3 matrix̂̃B = µ0
̂̃H + µ0̂̃χm · ̂̃H ̂̃χm: 3× 3 matrix

Bi-isotropic ̂̃D = ε
̂̃E + ξ

̂̃H ε, ξ : constant, scalarŝ̃B = ζ
̂̃E + µ

̂̃H ζ, µ: constant, scalars

All of these phenomena are incorporated within Maxwell’s equations through the
so-called constitutive relations among the four field vectors.

1.1.4 Constitutive relations for different optical media

The most general linear relationship among ̂̃E,
̂̃D,

̂̃H , and ̂̃B occurs in a
bi-anisotropic medium, and it can be written as

̂̃D(k, ω) = ̂̃ε(k, ω) · ̂̃E(k, ω)+ ̂̃
ξ(k, ω) · ̂̃H (k, ω), (1.17a)̂̃B(k, ω) = ̂̃ζ (k, ω) · ̂̃E(k, ω)+ ̂̃µ(k, ω) · ̂̃H (k, ω), (1.17b)

where ̂̃ε(k, ω), ̂̃ξ(k, ω), ̂̃ζ (k, ω), and ̂̃µ(k, ω) are in the form of 3 × 3 matrices.
However, some of those matrices are identically zero or have scalar values depend-
ing on the nature of material medium. The constitutive relations for several classes
of optical media are classified in Table 1.1, based on the dependence of the four
parameters on ω and k. A medium is called frequency dispersive if these parameters
depend explicitly on ω. Similarly, a medium is called spatially dispersive if they
depend explicitly on k.

Frequency dispersion is an inherent feature of any optical medium because no
real medium can respond to an electromagnetic field instantaneously. It is possible
to show that the frequency dependence of the permittivity of a medium is funda-
mentally related to the causality of the response of that medium that leads naturally
to the Kramers–Kronig relations [11,12] discussed later. Using these relations one
can also show that a frequency-dispersive medium is naturally lossy. Since the com-
monly used assumption of a lossless dispersive medium is not generally valid, the
notion of an optically thick, lossless medium needs to be handled very cautiously.
In certain cases, we may consider the frequency dependence of the refractive index
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but neglect such dependence for the absorption. Generally, these kinds of assump-
tions lead to the prediction of noncausal behavior (e.g., a signal traveling faster
than the of speed of light in vacuum). However, if the frequency dependence of the
refractive index is considered only over a finite frequency range, absorption can be
neglected over that range without violating causality [13].

We do not consider spatial dispersion in this text because optical wavelengths
are much longer than atomic dimensions and inter-atomic spacing. It is interesting
to note that spatial dispersion is implicitly related to the magneto-electric response
of a medium. In a magneto-electric medium, the presence of electric fields causes
the medium to become magnetized, and the presence of magnetic fields makes the
medium polarized. It is evident from Eq. (1.16) that the magnetic field is completely
determined by the transverse part of the electric field in the ω ⊗ k space. Thus, it
is not possible, in principle, to separate the roles of electric and magnetic fields.

Most physical media are neither linear nor isotropic in the sense that their prop-
erties depend on both the strength of the local electric field and its direction. Also,
there exist optically active media that can rotate the state of polarization of the
electric field either clockwise (dextrorotation) or counterclockwise (levorotation).
Although we consider the nonlinear nature of an optical medium whenever rel-
evant, unless otherwise stated explicitly we do not cover this type of optically
active medium in this text. Furthermore, unless explicitly stated, we assume that
the medium is nonmagnetic. In such a medium, the parameters ξ and ζ in Eqs. (1.1)
vanish and the magnetic permeability can be replaced with its vacuum value µ0.
With these simplifications, we only need to know the permittivity ε to study wave
propagation in a nonmagnetic medium. It is common to introduce the susceptibility
χ of the medium by the relation ε = ε0(1+ χ).

1.2 Permittivity of isotropic materials

In this section we focus on an isotropic, homogeneous medium and ignore the
dependence of the permittivity ε on the propagation vector k. In the frequency
domain, this dielectric function is complex because, as mentioned earlier, it must
have a nonzero imaginary part to allow for absorption at certain frequencies that
correspond to medium resonances. As we show later, the real and imaginary parts
of the dielectric function are related to each other through the Kramers–Kronig
relations [11].

1.2.1 Debye-type permittivity and its extensions

In some cases one can model an optical medium as a collection of noninter-
acting dipoles, each of which responds to the optical field independently. The
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electromagnetic response of such a medium is given by the Debye dielectric
function [14],

ε̃Debye(ω) = ε0

[
ε∞ + �εp

1− jωτp

]
, (1.18)

where ε∞ is the dielectric constant of the medium in the high-frequency limit and
�εp = εs − ε∞ is the change in relative permittivity from its static value εs owing
to the relaxation time τp associated with the medium. The parameter ε∞ represents
the deformational electric polarization of positive and negative charge separation
due to the presence of an external electric field [15]. The ratio ε/ε0 is sometimes
referred to as the relative permittivity of the medium.

The permittivity εDebye(t) of the medium in the time domain is obtained by taking
the inverse Fourier transform of Eq. (1.18). If we introduce the susceptibility as
defined earlier, its time dependence for the Debye dielectric function is exponential
and is given by

χDebye(t) =
{

�εp
τp

exp
(
− t

τp

)
if t > 0,

0 otherwise.
(1.19)

This equation shows the case of a medium with only one relaxation time. The
Debye dielectric function in Eq. (1.18) can be extended readily to a medium with
N relaxation times by using

ε̃Debye(ω) = ε0

[
ε∞ +

N∑
m=1

�εm

1− jωτm

]
. (1.20)

To account for the asymmetry and broadness of some experimentally observed
dielectric functions, a variant of Eq. (1.18) was suggested in Ref. [16]. This variant,
known as ε̃DHN(ω), introduces empirically two parameters, α and β:

ε̃DHN(ω) = ε0

[
ε∞ + �εp

[1+ (−jωτp)α]β
]
. (1.21)

The value of α is adjusted to match the observed asymmetry in the shape of the
permittivity spectrum and β is used to control the broadness of the response. When
α = 1, this model is known as the Cole–Davidson model [17] and has the form

ε̃CD(ω) = ε0

[
ε∞ + �εp

(1− jωτp)β

]
, 0 < β ≤ 1. (1.22)
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It is interesting to note that the Cole–Davidson form can be seen as a continuous
superposition of multiple Debye responses by replacing the sum in Eq. (1.20) with
an integral:

ε̃CD(ω) = ε0

[
ε∞ +�εp

∫ ∞

−∞
GCD(τ )

1− jωτp
dτ

]
, 0 < β ≤ 1, (1.23)

where the weighting function has the specific form

GCD(τ ) =
 sin(πβ)

π

(
τ

τp−τ

)β

if −∞ < τ < τp,

0 otherwise.
(1.24)

The average relaxation time for the Cole–Davidson model is given by βτp.

1.2.2 Lorentz dielectric function

The classical Lorentz model of dielectric materials is of fundamental importance
in optics because it has the ability to describe quite accurately many observed dis-
persion phenomena such as normal and anomalous types of dispersion [5]. It can
also accurately describe the frequency-dependent polarization induced by bound
charges. In practice, it provides a simple way to model materials with optical prop-
erties dominated by one or more resonance frequencies associated with a specific
medium.

The Lorentz dielectric function [14] has the following form:

ε̃Lorentz(ω) = ε0

[
ε∞ +

�εpω
2
p

ω2
p − 2jω'p − ω2

]
, (1.25)

where ε∞, as before, is the permittivity of the medium in the high-frequency limit.
The two parameters, ωp and 'p, represent the frequency of the medium resonance
and its damping rate. This function has two poles at frequencies

ω± =
√

ω2
p − '2

p ± j'p (1.26)

that form a complex-conjugate pair.
The time-dependent susceptibility associated with the Lorentz model can be

found by taking the inverse Fourier transform of Eq. (1.25) and is given by

χLorentz(t) =
�εpω

2
p√

ω2
p − '2

p

e−'pt sin
(√

ω2
p − '2

p t
)
, (t > 0). (1.27)

It vanishes for t < 0 as required by causality.
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Similarly to the Debye case, the Lorentz dielectric function in Eq. (1.25) with
a single relaxation time can be easily extended to the case where the medium
has multiple resonance frequencies. In the case of N resonance frequencies, it is
given by

ε̃Lorentz(ω) = ε0

[
ε∞ +

N∑
m=1

�εmω2
m

ω2
m − 2jω'm − ω2

]
. (1.28)

1.2.3 Drude dielectric function

The Lorentz model is applicable to materials in which bound charges dominate the
dielectric response. In contrast, the response of a metallic medium is dominated
by the free electrons within the conduction band. For such a medium, the Drude
model provides a very good approximation of the dielectric properties over a wide
frequency range [18]. It can be obtained by setting ωp = 0 in the Lorentz model,
which corresponds to making the bound electrons free. The simplest Drude response
is of the form [14]

ε̃Drude(ω) = ε0

[
ε∞ −

ω2
p

ω2 + jωγp

]
, (1.29)

where ωp is the Drude pole frequency and γp > 0 is the relaxation rate. The
corresponding time-domain susceptibility is given by

χDrude(t) =


ω2
p

γp
[1− exp(−γpt)] if t > 0,

0 otherwise.
(1.30)

The extension of the Drude dielectric function to a case of multiple relaxation
rates is straightforward. As before, we sum over all multiple resonances (or relax-
ation rates) in Eq. (1.29). For a a metallic medium with N relaxation rates, we
obtain

ε̃Drude(ω) = ε0

[
ε∞ −

N∑
m=1

ω2
m

ω2 + jωγm

]
. (1.31)

1.3 Dispersion relations

In ω⊗k space, frequency ω and propagation vector k are independent variables cor-
responding to time and space variables. When an optical wave propagates through
an optical medium, Maxwell’s equations establish a functional relation between ω
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and k, known as the dispersion relation of the medium. This relationship can be
written in the following symbolic form [19]:

D(k, ω) = 0. (1.32)

This equation can be solved to find an explicit relation between ω and k which
defines a solution of Maxwell’s equations that can be sustained by the medium.
Such solutions are known as modes. Its physical meaning is that an electromagnetic
wave at a specific frequency ω must propagate with a propagation vector k that
satisfies Eq. (1.32).

1.3.1 Dispersion relation in free space

As an example, consider wave propagation in free space or vacuum by using
Maxwell’s equations (1.16) with the “simple" constitutive relations given in
Table 1.1. In the case of free space, ε and µ are replaced with their free-space
values ε0 and µ0. The resulting Maxwell’s equations in ω ⊗ k space are

k × ̂̃E(k, ω) = µ0ω
̂̃H (k, ω), (1.33a)

k × ̂̃H (k, ω) = −ωε0
̂̃E(k, ω), (1.33b)

k · ̂̃E(k, ω) = 0, (1.33c)

k · ̂̃H (k, ω) = 0. (1.33d)

Substituting ̂̃H (k, ω) from Eq. (1.33a) into Eq. (1.33b), we obtain

k × k × ̂̃E(k, ω)+ µ0ε0ω
2̂̃E(k, ω) = 0. (1.34)

Using the well known identity k × k × F = k(k · F ) − (k · k)F , valid for an
arbitrary vector F , together with Eq. (1.33c), we obtain[

k · k − µ0ε0ω
2
] ̂̃E(k, ω) = 0. (1.35)

The term in square brackets has to be identically zero for a finite electric field to
exist. Thus, wave propagation in free space must satisfy the dispersion relation

k2 = µ0ε0ω
2 = ω2/c2, (1.36)

where we have used k2 = k ·k and the well-known definition for the speed of light
c in vacuum:

c = 1√
µ0ε0

. (1.37)
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The propagation modes can be identified by solving Eq. (1.36). One can use
either ω or k as an independent variable. If we use ω as an independent variable
and solve for k, we obtain

k = ω/c, or k = −ω/c. (1.38)

These relations show two possible modes for each frequency ω, corresponding to
forward and backward propagating waves in free space. This result is not going
to be different if we change the choice of the independent variable. However,
we need to keep in mind that ω can be positive or negative in Eqs. (1.33). It is
traditional to use positive frequencies when describing dispersion phenomena. This
can be justified by noting that the field variables in Eqs. (1.33) are not independent
when ω is changed to −ω. The reason is that the electromagnetic field is real-
valued in physical space and time. It can be shown using the properties of the
Fourier-transform integral that

̂̃E∗(k, ω) = ̂̃E(−k,−ω),
̂̃D∗

(k, ω) = ̂̃D(−k,−ω), (1.39a)̂̃H ∗
(k, ω) = ̂̃H (−k,−ω),

̂̃B∗(k, ω) = ̂̃B(−k,−ω), (1.39b)

where the superscript ∗ denotes the complex-conjugate operation. As long as we
are aware of these subtle relations, we could operate anywhere in the frequency
domain and arrive at meaningful results.

1.3.2 Dispersion relation in isotropic materials

It is instructive to look at plane-wave propagation in isotropic materials to under-
stand some subtle issues associated with important concepts such as the group and
phase velocities and the refractive index. For the moment, we limit our analysis
to a passive medium with loss, and discuss the case of active media (relevant for
optical amplifiers) later [20, 21]. We also ignore spatial dispersion because it only
complicates the following analysis without providing any additional insight.

With the preceding assumptions, the permeability ε(ω) and permittivity µ(ω) of
an isotropic medium can be written in the form

ε(ω) = εr(ω)+ jεi(ω), εi(ω) > 0, (1.40a)

µ(ω) = µr(ω)+ jµi(ω), µi(ω) > 0, (1.40b)

where the subscripts r and i denote the real and imaginary parts of a complex
number. The conditions εi(ω) > 0 and µi(ω) > 0 ensure that the material is
absorptive. We can understand this by noting that the total electromagnetic energy
absorbed in a volume V of an isotropic medium is given by [22]
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1

2π

∫
V

∫ ∞

−∞

[
ωεi(ω)|Ẽ(r, ω)|2 + ωµi(ω)|H̃ (r, ω)|2

]
dω dr. (1.41)

Clearly, the positive imaginary parts of the permittivity and permeability ensure
that this expression remains positive, in compliance with the thermodynamic
requirements for a passive system.

Following an analysis similar to that for the free-space case, the dispersion
relation for this material is found to be

k2 = µ(ω)ε(ω)ω2. (1.42)

However, solving this equation to calculate the propagation constant k is not trivial
because of some subtle reasons. As we know, light propagates at a slower speed in
a material medium compared to its speed in vacuum. To quantify this feature, we
can rewrite the preceding equation by using µ0ε0 = 1/c2 in the form

k2 = µ(ω)ε(ω)

µ0ε0
(ω2/c2) = n2(ω)(ω2/c2), (1.43)

where n2(ω) is a well-defined complex function of frequency.
To find k, we need to take the square root of a complex function. One has to be

careful at this point because such an operation exhibits a branch-cut singularity.
Formally, we can introduce two complex parameters n+ and n−:

n±(ω) = ±
√

µ(ω)ε(ω)

µ0ε0
, (1.44)

where both have the same magnitude but opposite signs. However, only one of
these parameters makes physical sense, and the one selected is called the complex
refractive index of the material.

1.3.3 Refractive index and phase velocity

Physically, the refractive index provides a way to quantify the magnitude and direc-
tion of the phase velocity of light in a medium [23]. Recently, it has been argued in
the literature that the correct choice of sign for the refractive index in Eq. (1.44) has
no bearing on the solution of Maxwell’s equations in a finite domain because the
concept of refractive index is present in neither the time-domain nor the frequency-
domain Maxwell’s equations [24]. However, in practice, even the simple problem
of wave propagation in a homogeneous isotropic medium, occupying the entire
half-space z > 0, cannot be successfully resolved without specifying the correct
sign of the refractive index. In fact, knowledge of the refractive index provides
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Figure 1.4 A map of wave propagation ability against material parameters for an
isotropic material.

the direction of the phase velocity of the medium and dictates whether light will
refract positively or negatively at the boundary at z = 0. A numerical solution
of Maxwell’s equations with the associated boundary conditions may resolve this
situation, for both active and passive media, without resorting to the concept of
the refractive index [20]. Nonetheless, the concept of refractive index is useful for
analyzing any amplifier, and we need to investigate it further.

It is clear from Eq. (1.42) that, even when µ and ε are real (no losses), a real
solution for the propagation constant k exists only if ε and µ are both positive or
both negative. If these quantities have opposite signs, the propagation constant k

becomes purely imaginary, leading to evanescent waves that decay exponentially
with distance. Figure 1.4 shows the four possible scenarios in ε–µ space. If both
εr(ω) and µr(ω) are positive, then taking the positive square root in Eq. (1.44)
ensures that the phase velocity is correctly represented and is in the direction in
which energy flows. This is the case for most optical media. Such a medium is
called a right-handed medium since E, B, and k form a right-handed coordinate
system as shown in Figure 1.3.

In contrast, a medium in which the phase velocity and power flow are in the
opposite directions is an example of a left-handed medium. Such media do not
occur naturally but can be designed with artificial structural changes at nanometer
scales, and a new field of metamaterials has emerged in recent years. A unique
property of left-handed materials is that both εr(ω) and µr(ω) are negative. In this
case, we may not know the correct sign for the refractive index, but n2± has a unique
magnitude with positive sign. We denoted this quantity by the variable n2(ω) in
Eq. (1.43). More explicitly, it is defined as [25]

n2(ω) = n2±(ω) = µ(ω)ε(ω)

µ0ε0
= c2µ(ω)ε(ω). (1.45)
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If the real and imaginary parts of n are nr and ni , respectively, these two quantities
can be found by equating the real and imaginary parts of Eq. (1.43), resulting in
the following two relations:

n2
r (ω)− n2

i (ω) = c2[µr(ω)εr(ω)− µi(ω)εi(ω)], (1.46a)

2nr(ω)ni(ω) = c2[µi(ω)εr(ω)+ µr(ω)εi(ω)]. (1.46b)

The phase velocity vp of a plane wave in a medium is given by

vp(ω) = c

nr(ω)
. (1.47)

It is clear that the sign of nr determines the direction of phase velocity. It is logical to
choose the positive sign in Eq. (1.44) if the medium is right-handed. However, the
negative sign should be chosen for a left-handed medium. To prove this, we need to
find the direction of power flow using the Poynting vector. One can show [26] that
the direction of power flow is proportional to the real part of the ratio n(ω)/µ(ω).
Denoting this quantity by Pd , we obtain

Pd = Re

[
n(ω)

µ(ω)

]
= nr(ω)µr(ω)+ ni(ω)µi(ω)

µ2
r (ω)+ µ2

i (ω)
. (1.48)

Therefore, the conditions for obtaining a left-handed medium are

nr(ω)µr(ω)+ ni(ω)µi(ω) > 0 and nr(ω) < 0. (1.49)

Using nr and ni in terms of εr and εi , we find that the preceding two conditions
are simultaneously satisfied if

H (ω) = εr(ω)

|ε(ω)| +
µr(ω)

|µ(ω)| < 0. (1.50)

We thus arrive at the following definition of the refractive index for a passive
medium with εi(ω) > 0 and µi(ω) > 0:

n(ω) =
{
n+ if εr(ω) > 0, µr(ω) > 0,

n− if H (ω) < 0.
(1.51)

A left-handed material with a negative value of the refractive index is also called a
negative-index material and constitutes an example of a metamaterial.

1.3.4 Instabilities associated with a gain medium

Even though we could deduce the sign of the refractive index by noting the hand-
edness of a passive medium, the preceding analysis cannot be extended even to a
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weakly active medium exhibiting a relatively low gain. It has been argued recently
that one needs to know the global characteristics of the permittivity and the perme-
ability functions conclusively to determine the sign and magnitude of the refractive
index in active media [27]. However, Eq. (1.51) remains valid for determining the
handedness of active media as well [28].

Because our main focus is on analyzing signal propagation in active amplifying
media, we need to understand where concepts such as refractive index and wave
vector, derived using linear properties of Maxwell’s equations, remain meaning-
ful. The main issue is that, if a weak signal launched into a gain medium grows
exponentially as it propagates down the medium, does it become unstable at some
point? A linear stability analysis can be carried out for this purpose. Such an anal-
ysis discards the effect of gain saturation that limits the signal growth and thus
allows for unbounded growth indicative of an instability. Instabilities in physical
media refer to a blowing up of the field amplitude with time. There are three types
of commonly encountered instabilities [20,29–31]:

Absolute instability refers to a blowing up of the field amplitude with time at a fixed
point in space. Figure 1.5(a) shows an illustration of this phenomenon. Abso-
lute instabilities arise from the intrinsic properties of the participating medium,
regardless of the boundary conditions. Mathematically, such an instability is
associated with the poles or odd-order zeros of the function ε(ω)µ(ω) in the
complex ω plane. As a result, the refractive index n(ω) is not analytic in the
upper half of the complex plane. If an optical wave strikes a semi-infinite medium
obliquely, component of the propagation vector perpendicular to the interface
may have branch cuts [28].

Convective instability refers to a blowing up of the optical field as it propagates
through the medium. The blow-up happens at a point away from the origin
(source) of the signal, as illustrated in Figure 1.5(b). Similarly to the case of
absolute instability, the convective instability is intrinsic to the medium and
occurs regardless of the boundary conditions. An example is provided by the
modulation instability occurring in optical fibers [4].

Absolute Instability Convective Instability

time
time

(a) (b)

Figure 1.5 Illustration of two common instabilities in causal media. (After
Ref. [20]; © APS 2008)
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Global instability refers to an instability in a bounded medium such that both the
intrinsic properties of the medium and the boundary conditions contribute to
blowing up of the field amplitude within the medium. An active medium placed
inside a resonator constitutes an example of this scenario. Physically, the active
medium tends to amplify the signal without bounds. However, in the presence
of gain saturation, such an unlimited growth of the field is hindered beyond the
laser threshold [20].

1.4 Causality and its implications

When a dielectric medium is free of instabilities (or the situation can be modified
to remove instabilities in the complex frequency plane), it is possible to establish
two integral relations between the real and the imaginary parts of the dielectric
function. They are known as the Kramers–Kronig relations. The reasons behind the
existence of these relations can be traced back to the the fundamental concept of
causality, requiring that no physical effect can occur without a cause [11].

1.4.1 Hilbert transform

One can say that the Kramers–Kronig relations restate causality in mathematical
terms [19]. To gain an insight into this statement, it is instructive to consider the
Fourier transform of a causal function ζ(t) defined such that it exists only for
positive times t > 0, i.e., ζ(t) = 0 for t < 0. If we use the Heaviside step function3

H(t), defined as

H(t) =
{

1 if t > 0,

0 otherwise,
(1.52)

then ζ(t) can be written as ζ(t) ≡ H(t)ζ(t).
We now take the Fourier transform of ζ(t). The Fourier transform of H(t) is

well known and is given by

H̃ (ω) = 1

2
δ(ω)+ j

2πω
. (1.53)

Noting that time-domain multiplication translates to convolution in the frequency
domain (denoted by a ∗), we obtain [32]

ζ̃ (ω) = ζ̃ (ω) ∗
(

1

2
δ(ω)+ j

2πω

)
= 1

2
ζ̃ (ω)+ j

2π
P

∫ ∞

−∞
ζ̃ (1)

ω −1
d1,

(1.54)

3 This is also known as a unit step function. It can also be written as H(t) = ∫ t
−∞ δ(τ ) dτ .
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where P in front of the integral sign indicates that the principle value of the
integral [33] is taken (in the Cauchy sense). Solving this equation for ζ̃ (ω), we
obtain the relation

ζ̃ (ω) = 1

jπ
P

∫ ∞

−∞
ζ̃ (1)

1− ω
d1. (1.55)

This equation forms the basis for the Kramers–Kronig relations. We obtained it by
considering only the causality requirement of the function ζ(t). However, further
advances can be made if we employ the well-established machinery of complex
variables.

In this approach, the complex function ζ̃ (1) is a function of the complex variable
1 = 1r+j1i , where 1r and 1i are the real and imaginary parts of 1, respectively.
We assume that this function is analytic in the upper half of the complex 1 plane.
Then, the application of the Cauchy theorem [33] leads to the result

ζ̃ (ω) =
∮
C

ζ̃ (1)

1− ω
d1, (1.56)

where ω is a real quantity corresponding to a frequency in physical terms and C is a
closed contour in the upper half of the complex 1 plane. If we choose this contour
as shown in Figure 1.6, assume ζ̃ (1) → 0 asymptotically as |1| → ∞, and use
the residue theorem [33], we recover Eq. (1.55).

We now introduce the real and imaginary parts of ζ̃ (1) through ζ̃ = ζ̃r + j ζ̃i

and equate the real and imaginary parts of Eq. (1.55). This provides us with the
following two relations:

0 ω R (Ω)

I (Ω)

Figure 1.6 Contour in the upper half of the complex plane, used for deriving the
Kramers–Kronig relations.
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ζ̃r (ω) = 1

π
P

∫ ∞

−∞
ζ̃i (1)

1− ω
d1,

ζ̃i(ω) = − 1

π
P

∫ ∞

−∞
ζ̃i (1)

1− ω
d1.

(1.57)

These equations show that ζ̃r (ω) and ζ̃r (ω) form a Hilbert-transform pair.

1.4.2 Kramers–Kronig relations

It is useful to write the integrals in Eqs. (1.57) using only positive frequencies. As
discussed earlier, negative and positive frequencies carry the same information for
a real function ζ(t) because its Fourier transform satisfies the relation ζ̃ ∗(ω) =
ζ̃ (−ω). Applying this to Eq. (1.57), we obtain the Kramers–Kronig relations:

ζ̃r (ω) = 2

π
P

∫ ∞

0

1ζ̃i(1)

12 − ω2
d1,

ζ̃i(ω) = −2ω

π
P

∫ ∞

0

ζ̃r (1)

12 − ω2
d1.

(1.58)

These relations apply to any causal response function.
In practice, the integrals appearing in the Kramers–Kronig relations converge

slowly.Asingle subtractive Kramers–Kronig relation has been proposed [34] whose
use improves accuracy while evaluating it numerically. The idea is to note that
Eq. (1.58) holds for any real frequency. Thus, if we pick a suitable frequency ω0

and subtract ζ̃r (ω0), we obtain the relation

ζ̃r (ω)− ζ̃r (ω0) = 2

π
(ω2 − ω2

0)P

∫ ∞

0

1ζ̃i(1)

(12 − ω2)(12 − ω2
0)

d1. (1.59)

A similar equation can be derived for the imaginary part. This process can be con-
tinued to derive multiply-subtractive Kramers–Kronig relations if the convergence
still remains an issue.

Let us consider how these relations can be applied to analyze passive dielec-
tric materials. For such materials, ε(ω) is responsible for the electromagnetic
response. As ω → ∞, the permittivity ε(ω) → ε0, where ε0 is the permittiv-
ity of free space. This can be understood intuitively by noting that material cannot
respond fast enough to very large frequencies. As a result, an electromagnetic field
with an extremely high frequency sees any medium as a vacuum. However, one
requirement in deriving the Kramers–Kronig relations was that the function ζ(ω)

vanish at infinity. Therefore, we must choose ε(ω)− ε(ω0) as an analytical func-
tion in the upper half of the complex plane. Substituting ζ(ω) = ε(ω) − ε0 into
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Eq. (1.58), we find that the real and imaginary parts of the dielectric constant are
related by

εr(ω) = ε0 + 2

π
P

∫ ∞

0

1εi(1)

12 − ω2
d1,

εi(ω) = −2ω

π
P

∫ ∞

0

εr(1)− ε0

12 − ω2
d1.

(1.60)

It is important to realize that these two relations are valid only when no singularity
of ε(1) occurs on the real axis. For example, conductors will have a singularity
at 1 = 0, and this singularity must be subtracted from the permittivity function
before the Kramers–Kronig relations can be established for conductors.

The preceding example shows that causality alone is sufficient to establish the
Kramers–Kronig relations in a passive dielectric medium. This is not the case for
active, dielectric, and magnetic media because of the presence of instabilities [20].
If instabilities (or singularities) exist in the upper complex plane, the contour in
Figure 1.6 needs to be adjusted so that the integral is taken on a line above the
singularities.

1.5 Simple solutions of Maxwell’s equations

Plane waves form the most fundamental instrument for analyzing electromagnetic
wave propagation in optical media because, even though they are an idealization of
real propagating waves, they closely resemble waves found far from a point source.
For example, light incident on a detector on Earth from distance stars, or radio waves
reaching a receiver placed far from an antenna, can be considered plane waves for
all practical purposes. In this section, we first focus on the continuous-wave (CW)
case and then consider optical pulses in the form of plane waves.

1.5.1 Continuous-wave plane waves

In Section 1.3.1 we found two solutions of Maxwell’s equations in free space at a
frequency ω in the form of forward and backward propagating plane waves with
the propagation constant k = ±ω/c. We saw in Section 1.3.2 that these solutions
apply even in a dispersive medium with frequency-dependent permittivity and
permeability, provided we multiply k by its refractive index. Here, we focus on a
plane wave at the frequency ω0 propagating forward in such a medium with the
propagation constant k0 = n(ω0)ω0/c.

A plane wave has a constant phase front that propagates at the phase velocity
of the medium. Moreover, the direction of propagation is always perpendicular to
this phase front. Figure 1.7 shows a plane wave propagating in a medium with
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k0r - ω0t = ϕ0
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Figure 1.7 A general plane wave. Note that the propagation vector k0 is
perpendicular to the constant-phase wavefront k0 · r − ω0t = ϕ0.

the propagation vector k0. Consider a point on the phase front of the plane wave,
denoted by the vector r . The electric field of the plane wave at that point can be
written as

Ep(r, t) = Re{E0 exp[j (k0 · r − ω0t)]} (1.61a)

= |E0| cos(k0 · r − ω0t + φ0), (1.61b)

where Re denotes the real part and E0 = |E0| exp(jφ0) is the complex amplitude
of the plane wave. The constant phase fronts on the plane wave can be tracked by
finding spatial and temporal points that satisfy k0 · r − ω0t + φ0 = ψ0, where the
value of ψ0 is chosen to represent a particular wavefront.

The magnetic field associated with the electric field in Eq. (1.61) can be found
from Maxwell’s equations, given in Eq. (1.33) in ω ⊗ k space. We first transform
the electric field to the ω⊗ k space by taking the Fourier transform with respect to
both t and r . The result is given by

̂̃Ep(k, ω) = 1

2
E0δ(k − k0)δ(ω − ω0), (1.62)

where we have ignored the negative-frequency component. Using Maxwell’s
equations (1.33), we then obtain the magnetic field in the form

̂̃Hp(k, ω) = k ×E0

2ωµ(ω)
δ(k − k0)δ(ω − ω0). (1.63)



24 Introduction

Using the dispersion relation of the medium, given in Eq. (1.42), the preceding
equation can be written as

̂̃Hp(k, ω) = 1

2

√
ε(ω)

µ(ω)

k

|k| ×E0δ(k − k0)δ(ω − ω0). (1.64)

However, caution needs to be exercised when determining the sign of the square
root in this equation in view of our earlier discussion in Section 1.3.2. We discuss in
Chapter 2 how one can determine all field components in an active medium capable
of amplifying an electromagnetic field. We can get back to the time domain by using
the inverse Fourier-transform relations:

Hp(r, t) = k0 ×E0

2η(ω0)|k0| exp(jk0 · r − jω0t), (1.65)

where η(ω) = √µ(ω)/ε(ω) is the impedance of the dispersive medium.

1.5.2 Pulsed plane waves

Temporal modulation of the amplitude of an electromagnetic wave can create
pulses. Although pulses propagating through optical amplifiers are not in the form
of plane waves and have spatial beam profiles, in this subsection we consider pulsed
plane waves in order to become familiar with the essential features of optical pulses
within the framework of Maxwell’s equations.

Consider a plane wave whose amplitude is modulated using a time-domain
function s(t):

Ep(r, t) = 1

2
s(t)E0 exp(jk0 · r − jω0t). (1.66)

The spectrum of this pulse is found by taking the Fourier transform of this
expression. The result is

Ẽp(r, ω) = 1

2
s̃(ω − ω0)E0 exp(jk0 · r), (1.67)

where s̃(ω) is the temporal Fourier transform of s(t).
The bandwidth of the pulse is governed by the spectral intensity |̃s(ω)|2. However,

a unique definition of the pulse bandwidth is not possible in all contexts because it
depends to some extent on details of the pulse shape. Figure 1.8 shows three different
definitions of bandwidth used in practice. They can be summarized as follows:

Full width at half-maximum (FWHM) bandwidth is equal to the full width of
the pulse spectrum measured at half of its maximum amplitude. In mathematical
terms, this amounts to finding the largest continuous interval where ω satisfies
s̃(ω) ≥ 1

2s(ωp), where ωp is the frequency at which the pulse spectrum peaks.
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Table 1.2. Three measures of spectral bandwidth for four pulse
shapes

Pulse s(t) s̃(ω) FWHM Abs NtN

Square rect(2t/T ) sinc(ωT /2) 3.8/T ∞ 4π/T

Gaussian exp(−t2/T 2) exp(−ω2T 2/2) 1.665/T ∞ ∞
Exponential exp(−|t |/T ) 1/(1+ ω2T 2) 2/T ∞ ∞
sech sech(t/T ) sech(πωT/2) 1.122/T ∞ ∞

~

max

Nult-to-Null

FWHM

ω

Absolute

1
2

max

r(v)� �

Figure 1.8 Commonly used measures of bandwidth of a pulse.

Null-to-null (NtN) bandwidth is equal to the maximum continuous interval sur-
rounding the peak amplitude of the pulse spectrum between two points of zero
amplitude. In mathematical terms this amounts to finding the largest continuous
interval near ω0 where the frequency ω satisfies s̃(ω) �= 0.

Absolute (Abs) bandwidth is equal to the length of the largest continuous interval
[ωa, ωb] such that the spectral amplitude of the pulse vanishes for any frequency
lying outside of this interval. In mathematical terms, s̃(ω) = 0 for any frequency
ω not in the interval [ωa, ωb].
The shape of pulses launched into an optical amplifier can vary widely. The

two most common pulse shapes are Gaussian, with s(t) = exp(−t2/2T 2), and
hyperbolic secant, with s(t) = sech(t/T ). Other possibilities are a square pulse,
with s(t) = rect(2t/T ), and an exponential pulse, with s(t) = exp(−|t |/T ).
Table 1.2 lists the FWHM, NtN and Abs bandwidth values for these four types of
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pulses. The temporal width of a pulse can also be defined using the same three
measures. In practice, the FWHM of the intensity profile |s(t)|2 is employed. For a
square pulse with s(t) = rect(2t/T ), the FWHM is just T . In contrast, the FWHM
of a Gaussian pulse is given by TFWHM = 2

√
ln 2T0 ≈ 1.665T0. The same relation

for a “sech" pulse takes the form TFWHM = 2 ln(1 +√2)T0 ≈ 1.763T0. We shall
encounter Gaussian and sech-shape pulses in later chapters.

As mentioned earlier, plane waves are not realistic because the amplitude of a
plane wave has a constant value over the entire plane orthogonal to its direction of
propagation. In any amplifier, an optical beam of finite size is launched inside it, and
this beam is amplified as it propagates down the amplifier. The spatial profile as well
as the temporal profile of the beam may change during amplification, as dictated by
the solution of Maxwell’s equations in the gain medium. We shall encounter such
beams in later chapters.
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2

Light propagation through dispersive dielectric slabs

An integral feature of any optical amplifier is the interaction of light with the material
used to extract the energy supplied to it by an external pumping source. In nearly
all cases, the medium in which such interaction takes place can be classified as
a dielectric medium. Therefore, a clear understanding of how light interacts with
active and passive dielectric media of finite dimensions is essential for analyzing the
operation of optical amplifiers. When light enters such a finite medium, its behavior
depends on the global properties of the entire medium because of a discontinuous
change in the refractive index at its boundaries. For example, the transmissive and
reflective properties of a dielectric slab depend on its thickness and vary remarkably
for two slabs of different thicknesses even when their material properties are the
same [1].

In this chapter we focus on propagation of light through a dispersive dielectric
slab, exhibiting chromatic dispersion through its frequency-dependent refractive
index. Even though this situation has been considered in several standard textbooks
[2, 3], the results of this chapter are more general than found there. We begin by
discussing the state of polarization of optical waves in Section 2.1, followed with
the concept of impedance in Section 2.2. We then devote Section 2.3 to a thorough
discussion of the transmission and reflection coefficients of a dispersive dielectric
slab in the case of a CW plane wave. Propagation of optical pulses through a
passive dispersive slab is considered in Section 2.4, where we also provide simple
numerical algorithms. The finite-difference time-domain technique used for solving
Maxwell’s equations directly is presented in Section 2.5.After discussing phase and
group velocities in Section 2.6, we focus in Section 2.7 on propagation of pulses
through a dispersive dielectric slab. In all cases, special attention is paid to the sign
of the imaginary part of the refractive index because this distinguishes active and
passive media and can lead to controversial issues.

28
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2.1 State of polarization of optical waves

Electromagnetic waves propagating through a dielectric medium cannot be fully
analyzed without knowing the direction of the electric and magnetic fields within
the medium. Polarization of an optical wave provides us with a way to quantify
these directions.According to Faraday’s law, the directions of electric and magnetic
fields are intrinsically coupled with each other.As a result, it is sufficient to consider
the polarization characteristics of one of them. Traditionally, the electric field has
been chosen as the preferred field quantity for describing the polarization of an
electromagnetic field.

Most of the fundamental aspects of light polarization can be understood by
inspecting the polarization properties of a plane wave propagating in free space.
Consider a time-harmonic, monochromatic, plane wave traveling in the +z direc-
tion of a right-handed coordinate system. The propagation vector k has only a
z component for such a wave. From the divergence equation for the electric field
and the Fourier-transform relations given in Section 1.1, it follows that the electric
field lies in the x–y plane perpendicular to the propagation vector k = kz. Thus,
E can be written in its most general form as

E = Exx + Eyy = Eax cos(kz− ωt + φx)x + Eay cos(kz− ωt + φy)y, (2.1)

where k = |k| = ω/c, ω is the optical frequency, φx and φy are the phase angles
of the electric field in the x and y directions, and x, y, and z are unit vectors in the
three directions of the coordinate system. The electric field amplitudes, Eax and
Eay , are related to the electric field components in the x and y directions:

Ex = Eax cos(kz− ωt + φx), (2.2a)

Ey = Eay cos(kz− ωt + φy). (2.2b)

It is possible to eliminate the dependence on kz − ωt in Eqs. (2.2) and find a
relation between the two amplitudes and the corresponding phase angles. To do
this, we expand the cosine function in Eqs (2.2) and obtain the following matrix
equation: [

Ex/Eax

Ey/Eay

]
=

[
cos(φx) − sin(φx)

cos(φy) − sin(φy)

] [
cos(kz− ωt)

sin(kz− ωt)

]
. (2.3)

Inverting the square matrix on the right side of Eq. (2.3) and noting that the
determinant of this matrix is given by sin(φx − φy), we obtain

Ex

Eax

sin(φy)− Ey

Eay

sin(φx) = sin(kz− ωt) sin(φx − φy), (2.4a)

Ex

Eax

cos(φy)− Ey

Eay

cos(φx) = cos(kz− ωt) sin(φx − φy). (2.4b)
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LCPRCP

x

y

z observer

electric field electric field

Figure 2.1 Polarization ellipse of a plane wave propagating along the +z axis.
The direction of rotation of the electric field along this ellipse corresponds to an
observer looking toward the incoming wave. LCP and RCP stand for left and right
circular polarizations, respectively.

We can eliminate the time and space dependence from these two equations by
squaring and summing them. The resulting equation,

E2
x

E2
ax

+ E2
y

E2
ay

− 2 cos(φx − φy)

EaxEay

ExEy = sin2(φx − φy), (2.5)

shows that the the trajectory of Ex and Ey is in the form of an ellipse in the x–y
plane, often called the polarization ellipse. Figure 2.1 shows two examples of such
an ellipse schematically.

We have thus found that, in general, the electric field vector rotates with the
frequency ω, in a plane perpendicular to the z axis, tracing out an ellipse. The state
of polarization (SOP) of such a field is referred to as being elliptic. Apart from this
general case, several special cases are of practical interest.

• Linear polarization refers to a scenario where it is possible to establish a linear
relationship between the x and y components of the electric field. It is easy to see
from Eq. (2.5) that this can occur when the relative phase difference |φx − φy |
between the two components is equal to 0 or π . The SOP of the optical wave is
also linear when one of the field components, Eax or Eay , is identically equal to
zero.

• Circular polarization refers to the case in which the polarization ellipse reduces
to a circle. It is easy to see from Eq. (2.5) that this occurs when the two field
components have the same amplitudes (Eax = Eay) and their relative phase
difference φx−φy is equal to±π/2. The positive and negative signs of this phase
difference determine the direction in which the electric field vector rotates with
time. If φx − φy = −π/2, the rotation is clockwise when viewed by an observer
facing the −z direction (see Fig. 2.1). This SOP is referred to as being right
circularly polarized (RCP). In the second case, this rotation is counterclockwise,
and the SOP represents a left circularly polarized (LCP) state.
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• p and s polarizations refer to the special choice of a coordinate system in which
the electric field components are measured relative to the incident plane of light,
defined as a plane that contains the surface normal at the point where light enters
the medium and the vector (k) of the incident light ray. Clearly, this type of
polarization description makes sense only when interaction of light with a medium
is considered. The component of the electric field parallel to the incident plane is
termed p-like (parallel) and the component perpendicular to this plane is termed
s-like (from senkrecht, German for perpendicular) [4]. The corresponding SOPs
are called p-polarized and s-polarized, respectively.Asimilar terminology applies
for magnetic fields.

In addition to the preceding classification for plane waves, another scheme is
used in practice for light propagating in optical waveguides. This scheme is based
on the optical modes supported by such waveguides, and electromagnetic waves are
classified according to the nonzero components they have relative to the propagation
direction. Modes occurring in optical waveguides are often called transverse electric
(TE), transverse magnetic (TM), transverse electromagnetic (TEM), or hybrid.

• TE modes correspond to an optical mode whose electric field has no component
in the direction of propagation. A subscript may be added to identify explicitly
this direction [5]. For example, if a TE mode is propagating in the z direction, it
is written as TEz. In most waveguides, the component of the electric field in the
direction normal to the plane of the waveguide layer is so small that TE modes
are almost linearly polarized.

• TM modes refer to an optical mode whose magnetic field has no component in
the direction of propagation. Similarly to the TE case, a subscript may be added
to identify explicitly this direction [5]. In most waveguides, the component of the
magnetic field in the the plane of the waveguide layer is so small that TM modes
are almost linearly polarized.

• TEM modes refer to an optical mode for which neither the electric field nor
the magnetic field has a component in the direction of propagation. Plane
electromagnetic waves discussed in Section 1.5 fall into this category.

• Hybrid modes refer to an optical mode for which both the electric and the mag-
netic fields have components in the direction of propagation. Light propagating
in an optical fiber falls in this category.

2.2 Impedance and refractive index

When we consider reflection and refraction of a plane wave at an interface, we need
to know its propagation vector in the medium and the impedance of the medium
seen by this plane wave. Calculations of these quantities require a selection of the
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correct sign for the square roots of the permittivity and permeability of the medium.
In fact, an incorrect choice of this sign can lead to noncausal results making little
physical sense! Moreover, a consistent strategy must be used to select the right
sign for both the propagation vector and the impedance of the medium because any
incompatibility between them also leads to erroneous results [6, 7].

The impedance η of any medium is defined as

η =
√

µ

ε
, Re(η) > 0. (2.6)

In general, both the permittivity ε and the permeability µ of an optical medium
are complex quantities as they are defined in the Fourier-transform domain (see
Section 1.3). As a result, the preceding definition is ambiguous because we have
not explicitly specified the branch of the square-root function to be used. This choice
cannot be arbitrary because causality considerations lead to an additional condition,
Re(η) > 0 [6, 7]. Moreover, this choice also depends on whether the medium is
passive or active because Im(ε) < 0 for an active dielectric material exhibiting the
optical gain needed for optical amplifiers.

The simplest way to select the correct branch of the square-root function in Eq.
(2.6) is to express the complex quantities ε and µ in their polar form,

ε = |ε| exp[j arg(ε)+ j2mπ ], m = 0,±1,±, 2, · · · , (2.7a)

µ = |µ| exp[j arg(µ)+ j2pπ ], p = 0,±1,±, 2, · · · , (2.7b)

and select the integers m and p to satisfy the criterion Re(η) > 0. The result is

η = +
√
|µ|
|ε| exp

(
j

2
[arg(µ)− arg(ε)] + j (p −m)π

)
, Re(η) > 0. (2.8)

The selected branches of ε and µ are then directly used to calculate the propagation
vector k:

k = √εµ = +√|ε||µ| exp

(
j

2
[arg(ε)+ arg(µ)] + j (m+ p)π

)
. (2.9)

A nice consequence of the preceding procedure is that the refractive index n of
the material can be written with the right sign, for both positive- and negative-index
materials, in the following form:

n = +
√
|ε||µ|
ε0µ0

exp

(
j

2
[arg(ε)+ arg(µ)] + j (m+ p)π

)
. (2.10)

In particular, when both ε and µ are negative real quantities, as may be the case for
a negative-index metamaterial, arg(ε) = arg(µ) = π , and it is easy to see that n is
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negative for the choice m = p = 0. However, in general, optical loss (or optical
gain) exhibited by any material makes ε a complex quantity. In this case, one may
have to choose nonzero values of m and p in Eq. (2.8) to ensure Re(η) > 0. The
same values of m and p should be used to find the the refractive index n.

2.3 Fresnel equations

The passage of an electromagnetic plane wave through a material interface provides
considerable insight into the vectorial nature of light. The reflectance and transmis-
sion coefficients at the interface depend not only on the optical properties of the
two media making up the interface but also on the direction and the polarization of
the incoming plane wave. We treat the cases of s and p polarizations separately and
refer to them as the s-wave and p-wave, respectively. We neglect medium losses
initially but consider the effect of medium loss or gain in the last subsection.

2.3.1 Case of plane s-waves

Figure 2.2 shows a plane s-wave (TE mode) undergoing reflection and refraction
at an interface occupying the x–y plane located at z = 0. Owing to our assumption
of lossless media on both sides of the interface, both the permittivity and the per-
meability of the two media, (ε1, µ1) and (ε2, µ2), are real. To sustain propagating
waves in these media, we also need to assume that the sign of ε1 matches the sign
of µ1 and the sign of ε2 with that of µ2.

Interface Between 
Two Media
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ur ui
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medium 2 

Plane of Incidence

Normal to the Interface

Ei Hiki
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Figure 2.2 Schematic of a plane s-wave (TE mode) reflecting and refracting at an
interface located in the z = 0 plane between two media with different dielectric
properties.
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Adopting the notation that subscripts i, r , and t describe incident, reflected, and
transmitted quantities, respectively, we can write the following expressions for the
corresponding electric fields (in phasor notation):

Ei = Eiye(ki ·r−ωt), ki = −ki sin(θi)x − ki cos(θi)z, (2.11a)

Er = Erye(kr ·r−ωt), kr = −kr sin(θr)x + kr cos(θr)z, (2.11b)

Et = Etye(kt ·r−ωt), kt = −kt sin(θt )x − kt cos(θt )z, (2.11c)

where ki = kr = ω
√

µ1ε1 and kt = ω
√

µ2ε2. The corresponding magnetic fields
can be written as

H i = ki

ηiki
×Ei = Ei

ηi

[− sin(θi)z+ cos(θi)x]e(ki ·r−ωt), (2.12a)

H r = kr

ηrkr
×Er = Er

ηr

[− sin(θr)z− cos(θr)x]e(kr ·r−ωt), (2.12b)

H t = kt

ηt kt
×Et = Et

ηt

[− sin(θt )z+ cos(θt )x]e(kt ·r−ωt). (2.12c)

Because the two optical media are dielectric in nature, there are no surface cur-
rents at the interface. In this situation, Maxwell’s equations dictate the boundary
condition that the tangential components of the electric and magnetic fields should
be continuous across the interface. This continuity requirement leads to the relations

z× (Ei +Er ) = z×Et , z× (H i +H r ) = z×H t . (2.13)

Using Eqs. (2.11) and (2.12) in these two relations, we obtain the following matrix
equation: [

−1 1
cos(θr )

ηr

cos(θt )
ηt

][
'TE

TTE

]
=

[
1

cos(θi )
ηi

]
, (2.14)

where we have defined amplitude reflection and transmission coefficients

'TE = Er/Ei, TTE = Et/Ei. (2.15)

By inverting the coefficient matrix in Eq. (2.14), we obtain the Fresnel equations
for a plane s-wave:

'TE = ηt cos(θi)− ηi cos(θt )

ηt cos(θr)+ ηr cos(θt )
, (2.16a)

TTE = ηr cos(θi)+ ηi cos(θr)

ηt cos(θr)+ ηr cos(θt )
. (2.16b)
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Figure 2.3 Schematic of a plane p-wave (TM mode) reflecting and refracting at
an interface located in the z = 0 plane between two media with different dielectric
properties.

These equations can be simplified by noting that θr = θi , kr = ki , and ηr = ηi .
Furthermore, Snell’s law, kt sin(θt ) = ki sin(θi), can be used to calculate cos(θt ).

2.3.2 Case of plane p-waves

Figure 2.3 shows a plane p-wave (TM mode) undergoing reflection and refraction
at the interface located at z = 0. We adopt the notation used in Section 2.3.1 and
write the following equations for the magnetic field associated with the incident,
reflected, and transmitted plane waves:

H i = Hiye(ki ·r−ωt), ki = −ki sin(θi)x − ki cos(θi)z, (2.17a)

H r = Hrye(kr ·r−ωt), kr = −kr sin(θr)x + kr cos(θr)z, (2.17b)

H t = Htye(kt ·r−ωt), kt = −kt sin(θt )x − kt cos(θt )z, (2.17c)

where, as before, ki = kr = ω
√

µ1ε1 and kt = ω
√

µ2ε2. The corresponding
electric fields are:

Ei = −ηi

ki
ki ×H i = ηiHi[sin(θi)z− cos(θi)x]e(ki ·r−ωt), (2.18a)

Er = −ηr

kr
kr ×H r = ηrHr [sin(θr)z+ cos(θr)x]e(kr ·r−ωt), (2.18b)

Et = −ηt

kt
kt ×H t = ηtHt [sin(θt )z− cos(θt )x]e(kt ·r−ωt). (2.18c)
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Using again the continuity requirements for the tangential components of the
electric and magnetic fields, we obtain the matrix equation[−1/ηr 1/ηt

cos(θr) cos(θt )

] [
'TM

TTM

]
=

[
1/ηi

cos(θi)

]
, (2.19)

where we have defined the amplitude reflection and transmission coefficients for
the TM wave as

'TM = Er/Ei, TTM = Et/Ei. (2.20)

Again, inverting the coefficient matrix, we obtain the Fresnel equations for a plane
p-wave in the form

'TM = ηr

ηi

[
ηi cos(θi)− ηt cos(θt )

ηr cos(θr)+ ηt cos(θt )

]
, (2.21a)

TTM = ηt

ηi

[
ηr cos(θr)+ ηi cos(θi)

ηr cos(θr)+ ηt cos(θt )

]
. (2.21b)

These equations can be further simplified by noting that θr = θi , kr = ki , and
ηr = ηi . Again, Snell’s law, kt sin(θt ) = ki sin(θi), can be used to calculate
cos(θt ).

2.3.3 Fresnel equations in lossy dielectrics

It is instructive to consider the propagation of a plane wave from a lossless medium
to a lossy medium. The scenario where both media are lossy can be handled using
a similar strategy, but one cannot avoid sophisticated mathematical machinery
because of the appearance of bivectors in the formalism. The interested reader
should consult Ref. [8] for details. The functional form of the Fresnel equations
does not change when a medium becomes lossy. However, the propagation con-
stant becomes complex in that medium, and care must be exercised in dealing with
complex quantities.

When the second medium is lossy, material parameters ε1 and µ1 remain real,
but ε2, µ2, or both become complex. Here we focus on the general case and assume
that

ε2 = ε2r + jε2i , µ2 = µ2r + jµ2i . (2.22)

The propagation constant and the impedance in the second medium are given by

η2 =
√

µ2r + jµ2i

ε2r + jε2i
, k2 =

√
(µ2r + jµ2i)(ε2r + jε2i). (2.23)
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The correct branch of the square root must be determined, following the discussion
in Section 2.2. Assuming this has been done, we write these parameters in their
complex form,

η2 = η2r + jη2i , k2 = k2r + jk2i . (2.24)

Next consider Snell’s law, k2 sin(θs) = k1 sin(θ1). Since k2 is complex, we obtain
the relation

sin(θ2) = k1

k2r + jk2i
sin(θ1). (2.25)

The complex angle θt can be calculated by writing the sine function in its exponential
form and and solving the resulting quadratic equation for exp(jθ2). Taking the
logarithm of the resulting expression, we obtain

θ2 = −j ln

(
j℘ +

√
1− ℘2

)
, (2.26)

where ℘ = k1 sin(θ1)/k2 is a complex number. Subsequent calculations must be
carried out in the complex domain to find the correct form of the corresponding
Fresnel equations. More specifically, when θ = θr + jθi ,

cos(θ) = cos(θr + jθi) = cos(θr) cosh(θi)− j sin(θr) sinh(θi), (2.27a)

sin(θ) = sin(θr + jθi) = sin(θr) cosh(θi)+ j cos(θr) sinh(θi). (2.27b)

The expressions for the reflection and transmission coefficients associated with the
TE and TM waves can be obtained by using these relations.

2.4 Propagation of optical pulses

Analysis of optical amplifiers requires a detailed understanding of pulse dynamics
in dielectric media. Almost all known amplifier systems make use of a dispersive
dielectric medium. In this section we discuss how propagation of optical pulses
in such a medium can be treated mathematically. It is important to emphasize that
Maxwell’s equations can be solved without having any knowledge of the refractive
index or the propagation vector because both of them are Fourier-domain concepts.
As these concepts have a limited validity under general conditions, they must be
used with care. For example, when a Fourier transform does not exist for a certain
medium, one could carry out the analysis using Laplace transform. This feature
points toward an important theme that recurs in physics and engineering: concepts
with limited applicability can often be extended to cover a wider scope with a
detailed understanding of the underlying physical principles.
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2.4.1 One-dimensional propagation model

Propagation of optical pulses in an amplifying medium can often be studied by
using a one-dimensional model involving time and the direction of propagation.1

The reason is that the gain medium is often in the form of a waveguide that supports
a finite number of optical modes whose transverse distributions in the x and y

directions do not change much along the z axis. In some cases, such as fiber-based
amplifiers, the medium supports a single mode with a definite SOP. As a result, the
electric field can be written in the form

E(x, y, z, t) = p̂F(x, y)E(z, t), (2.28)

where p̂ represents a unit vector representing the field SOP and F(x, y) governs
the spatial distribution of the optical mode.

The scalar electric field E(z, t) is known in practice at the input end of the
amplifier medium, located at z = 0, and we want to know how it evolves along
the medium length with time. Assuming that nonlinear effects are negligible, it is
useful to work in the Fourier domain and use the relation

Ẽ(z, ω) =
∫ ∞

−∞
E(z, t) exp(+jωt) dt. (2.29)

Since E(0, t) is known, we can find Ẽ(0, ω) using Eq. (2.29) at z = 0. To propagate
each Fourier component over a distance z, we only need to multiply Ẽ(0, ω) by
exp(jkz), where k is the propagation constant of the medium. Using the refractive
index, n(ω), we can write k = ωn(ω)/c. Taking the inverse Fourier transform of
Eq. (2.29), we obtain the electric field at a distance z in the form

E(z, t) = 1

2π

∫ ∞

−∞
Ẽ(0, ω) exp

[
jωn(ω)

z

c
− jωt

]
dω. (2.30)

The preceding expression can be written in an equivalent but intuitively appealing
form familiar to engineers by introducing the following transfer function associated
with the amplifier medium:

H(z, t) = 1

2π

∫ ∞

−∞
exp (−jω[t − n(ω)z/c]) dω. (2.31)

With this transfer function, it is possible to write Eq. (2.30) as a filtering operation,

E(z, t) =
∫ ∞

−∞
H(z, t − τ)E(0, τ )dτ, (2.32)

1 We assume that this direction is parallel to the +z axis.
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where the integral involves time-domain convolution of the filter function (or the
impulse response) with the input electric field at z = 0 [9].

Using purely mathematical arguments, it is possible to show that the transfer
function H(z, t) is causal. The proof is based on the analytic nature of the complex
function n(ω) in the upper half of the complex ω plane. If n(ω)→ 1 as ω →+∞,
as required for physical reasons, then H(z, t) must be zero for t < z/c [9]. Note
that analyticity in the upper half of the complex plane is a consequence of our
exp(−jωt) convention. If exp(+jωt) is used instead, analyticity of n(ω) in the
lower half of the complex plane is required.

2.4.2 Case of a Gaussian pulse

Although the frequency integral in Eq. (2.30) cannot be carried out analytically for
an arbitrary input pulse shape, an analytic approach is possible for some specific
pulse shapes.Auseful example is provided by input pulses whose shape is Gaussian,
such that

E(0, t) = E0 exp

(
− t2

2T 2
0

− jω0t

)
, (2.33)

where E0 is the peak amplitude, ω0 is the carrier frequency, and the parameter
T0 is related to the FWHM of the pulse by TFWHM = 2

√
ln 2T0 ≈ 1.665T0. It is

clear that there is no clear starting or ending point for this pulse. Instead, the pulse
shape is interpreted based on measurements made by an observer at z = 0 who
sees a maximum amplitude of the Gaussian pulse at time t = 0. Taking the Fourier
transform as indicated in Eq. (2.29), we obtain

Ẽ(0, ω) = E0T0√
2π

exp

[
−1

2
(ω − ω0)

2T 2
0

]
. (2.34)

To find the propagated field at a distance z > 0, this expression should be used in
Eq. (2.30).

Before proceeding further, we need an analytic form of the refractive index n(ω)

associated with the medium. A common model makes use of the Lorentz response
function (see Section 1.2.2) with a single resonance [10].Assuming that the medium
exhibits anomalous dispersion, we use

n(ω) = n∞ − ωaωp

ω(ω − ωa + jγ )
,

∣∣∣∣ωp

γ

∣∣∣∣� n∞, (2.35)

whereωa is the atomic resonance frequency, γ governs the bandwidth of the absorp-
tion peak, ωp is a constant (often called the plasma frequency), and n∞ is the value
of n(ω) at very large frequencies.
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To simplify the analysis, we assume that the spectral width of the pulse is sub-
stantially smaller than the atomic bandwidth (γ T0 � 1). Since the dominant
contribution to the integral in Eq. (2.30) comes from the neighborhood of ω = ω0,
we expand ωn(ω) in a Taylor series as [10]

ωn(ω) = ω0n(ω0)+ n∞(ω − ω0)

− ωaωp(ω − ω0)

(ω0 − ωa + jγ )2
+ ωaωp(ω − ω0)

2

(ω0 − ωa + jγ )3
− · · · .

(2.36)

We truncate this series expansion by assuming that (ω−ω0)
2 � (ω0−ωa)

2+ γ 2

for all frequencies that contribute to the integral significantly.
If the distance z is not too large, it is possible to show [10] that frequencies

that contribute to the integral are those satisfying the condition (ω − ω0)
2T 2

0 ≤ 1.
Keeping terms up to second order in ω − ω0, and substituting the result back into
Eq. (2.30), we obtain

E(z, t) = exp

(
j (k0z− ω0t)+ ζ 2

1

4ζ2

)

× E0T0

(2π)3/2

∫ ∞

−∞
exp

[
−ζ2

(
u− ζ1

2ζ2

)2
]

du,

(2.37)

where k0 = ω0n(ω0)/c, u = ω − ω0, and we have introduced

ζ1 = j (n∞z/c − t)− jωaωp(z/c)

(ω0 − ωa + jγ )2
, (2.38a)

ζ2 = 1

2
T 2

0 −
jωaωp(z/c)

(ω0 − ωa + jγ )3
. (2.38b)

The integral in Eq. (2.37) converges if the real part of ζ2 is positive because the
integrand then goes to zero as u tends to ±∞. Under this condition, an analytical
expression for the propagated field can be obtained by using∫ ∞

−∞
exp[−p(t + c)2]dt = √

π/p, Re(p) > 0, (2.39)

and the final result is given by

E(z, t) = E0T0√
2ζ2

exp

(
j (k0z− ω0t)+ ζ 2

1

4ζ2

)
. (2.40)

This expression shows that a Gaussian pulse maintains its Gaussian shape during
propagation but its width increases because of dispersion. At the same time, the
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pulse develops a phase that varies quadratically with time. Such pulses are said to
be linearly chirped .

2.4.3 Numerical approach

In cases in which the frequency integral in Eq. (2.30) cannot be performed analyti-
cally, we must use a numerical approach. Given that this integral is in the form of a
a Fourier transform, it is common to employ the fast Fourier transform (FFT) algo-
rithm to evaluate it. The FFT is an efficient way of evaluating the discrete Fourier
transform of a periodic signal. So, we must truncate the integral in Eq. (2.30) over
a finite time window and assume a periodic extension beyond this window. How-
ever, according to Fourier theory, such a truncation can introduce new frequency
components in the entire frequency domain [11].

This issue was examined in detail by Slepian [12], who found that, if a signal
contains most of its energy in a finite time window, tmin < t < tmax, then it is
possible to find a finite window containing that energy in the frequency domain
as well. In mathematical terms, given any small positive number ε, the energy
contained outside the finite interval can be made arbitrarily low, i.e.,∫

A

|E(z, t)|2dt < ε, (2.41)

where A = (−∞, tmin)
⋃

(tmax,+∞). Slepian showed that it is possible to
find a finite frequency interval [−ω0,+ω0] such that the following integral
holds [12]: ∣∣∣∣∫

B

exp(−jωt)

∫
A

E(z, t) exp(+jωt)dt dω

∣∣∣∣2 < ε, (2.42)

where B = (−∞,−ω0)
⋃

(+ω0,+∞). One must use this important result to
discretize the Fourier integral in Eq. (2.30).

If a time-domain signal f (t) is defined within the interval [tmin, tmax], and if the
bandwidth W of this signal is known, then we can employ the Shannon sampling
theorem well known in communications theory. More specifically, we should sam-
ple the signal at intervals �t such that the sampling frequency fs = (�t)−1 > 2W .
If the signal is sampled at M points, �t = (tmax − tmin)/M . If F(k) denotes the
FFT of the function f (t),

F(k) = FFT[f (m)] =
M−1∑
m=0

f (m) exp

(
+j

2π

M
km

)
, (2.43)
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with k = 0, 1, · · · ,M − 1. It is possible to invert this relation and recover the
original sequence using the inverse FFT (IFFT) operation such that

f (m) = IFFT[F(k)] = 1

M

M−1∑
k=0

F(k) exp

(
−j

2π

M
km

)
. (2.44)

Using these definitions, we can evaluate the integral in Eq. (2.30) as

E(z, p�t) = IFFT
[
FFT[E(0,m)] exp

(
+jωmn(ωm)

z

c

)]
, (2.45)

where p = 0, 1, · · · ,M − 1, and ωm = 2πm/(M�t) are the discrete frequencies
employed by the FFT algorithm. Although the FFT technique is widely employed
for solving a variety of problems, especially in the context of pulse propagation in
optical fibers [13], its use requires adopting the slowly-varying-envelope approxi-
mation. Some applications require a more general numerical technique; we discuss
this in the next section.

2.5 Finite-difference time-domain (FDTD) method

The finite-difference time-domain (FDTD) method [5] is the most general numer-
ical technique for solving Maxwell’s equations directly without recourse to a
slowly-varying-envelope approximation [13]. Its use requires adopting spatial and
temporal step sizes that are a small fraction of the wavelength and the optical period,
respectively, of the incident electromagnetic field, making it quite intense on com-
putational resources. The numerical error is controlled solely by these step sizes.
In spite of its general nature and the use of no approximations except those related
to finite-difference approximations for various derivatives, the FDTD scheme is
numerically dispersive and anisotropic even for a nondispersive, isotropic medium
(or a signal propagating in vacuum). If a coarse grid is used to speed up the FDTD
code, errors resulting from numerical dispersion and anisotropy accumulate and
become unacceptable. If the medium is linear, reasonably accurate results can be
obtained with a spatial step size near λ/20 for an optical wave with wavelength λ.
However, if nonlinearities are to be taken into account, even a λ/200 step size may
not provide adequate accuracy or convergence.

2.5.1 FDTD algorithm in one spatial dimension

Although the FDTD method is applicable for optical fields propagating in three
spatial dimensions, to present the underlying algorithm as simply as possible, we
consider the one-dimensional case by focusing on a plane wave propagating in the
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z direction with its electric field polarized along the x axis. Maxwell’s equations
then reduce to

∂Ex

∂z
= −µ

∂Hy

∂t
, (2.46a)

∂Hy

∂z
= −ε

∂Ex

∂t
, (2.46b)

where ε and µ are assumed to be constant. The case where ε depends on the
frequency2 is handled in Section 2.5.3. It is possible to solve these equations by
adopting a central-difference approximation for partial derivatives. However, such
discretization is not robust for problems in which electric and magnetic fields are
interlinked. It was shown byYee in 1966 that it is better to use a staggered grid where
Faraday’s and Ampere’s law are coupled via interlinked time and space grids [5]. In
physical terms, such an approach implies that a time-varying electric field creates a
time-varying magnetic field and vice versa. Owing to the use of central differences,
the resulting algorithm is accurate to second order in spatial step size. Moreover,
the use of an explicit leapfrog scheme in the time domain also makes it accurate to
second order in temporal step size.

We discretize Eqs. (2.46) in both z and t and employ the notation

Ex(z, t) = Ex(k�z, n�t) = Ex |nk, (2.47a)

Hy(z, t) = Hy(k�z, n�t) = Hy |nk , (2.47b)

where�z and�t are the step sizes along the spatial and temporal grids, respectively.
Figure 2.4 shows how the space and time steps are interleaved by employing the
concept of a half-step. More specifically, we evaluate Eq. (2.46a) at the grid point
[(k+1/2)�z, n�t] and Eq. (2.46b) at the grid point [k�z, (n+1/2)�t] by using

∂Ex

∂z

∣∣∣∣n�t

(k+1/2)�z

= − µ
∂Hy

∂t

∣∣∣∣n�t

(k+1/2)�z

, (2.48a)

∂Hy

∂z

∣∣∣∣(n+1/2)�t

k�z

= − ε
∂Ex

∂t

∣∣∣∣(n+1/2)�t

[k�z

. (2.48b)

Employing central differences to approximate partial derivatives on both sides
of these equations, they can be written as

Hy |n+1/2
k+1/2 = Hy |n−1/2

k+1/2 −
1

µ

�t

�z

(
Ex |nk+1 − Ex |nk

)
, (2.49a)

2 We do not consider the case where µ depends on frequency.
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Figure 2.4 Schematic of a staggered grid used for the FDTD algorithm. Arrows
mark the direction of electric field and a dot within a circle indicates that the
magnetic field is directed normal to the plane of the figure.

Ex |n+1
k = Ex |nk −

1

ε

�t

�z

(
Hy |n+1/2

k+1/2 −Hy |n+1/2
k−1/2

)
. (2.49b)

When these equations are iterated to find the electric and magnetic fields along the
z axis, one may run into problems because of finite reflections at the boundaries
of the spatial grid. The remedy is to include artificial boundary conditions at the
two ends of this grid such that reflections are nearly eliminated. These boundary
conditions are known as the absorbing boundary conditions.

Several different absorbing boundary conditions are available for FDTD simu-
lations. In the so-called Mur boundary conditions [5], the electric fields at the two
boundary nodes of the z grid are calculated using

Ex |n+1
start = Ex |nstart+1 +

(
1− b

1+ b

)(
Ex |n+1

start+1 − Ex |nstart

)
, (2.50a)

Ex |n+1
end = Ex |nend−1 +

(
1− b

1+ b

)(
Ex |n+1

end−1 − Ex |nend

)
, (2.50b)

where b = �z/(c�t). The interested reader can find further details in Ref. [5].
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2.5.2 Total and scattered electromagnetic fields

One additional concept needs to be introduced to make a plane wave propagate
correctly with the FDTD method. The reason is related to the observation that
Maxwell’s equations support the propagation of both forward and backward prop-
agating waves, regardless of the material properties. Thus, if an electromagnetic
wave is generated at some point in the medium, one would see two replicas of
that wave propagating in the forward and backward directions. To select the prop-
agation direction in advance, and to stop the backward propagation in the opposite
direction, the total field/scattered field (TF/SF) formulation is widely employed [5].

In the TF/SF formulation, the FDTD grid is divided into two regions. The total-
field region consists of a superposition of the incident and scattered fields, while the
scattered-field region contains only scattered fields from the objects of interest. The
point at which the incident field is introduced is called the TF/SF boundary. This
boundary can be chosen arbitrarily but it is typically placed such that any scatterers
are contained in the total-field region.

Figure 2.5 shows the case where the TF/SF boundary is on the immediate left
of the electric field node z = S�z. Because the total and scattered fields are
“electromagnetic fields” themselves, we can use Eqs. (2.49) without any alterations.

n
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Figure 2.5 Illustration of the boundary separating the total and scattered fields at
z = S�z.
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However, at the vicinity of the boundary, nodes that are immediately to the left or
right of the boundary require special attention because the TF/SF boundary feeds
the incident field to the FDTD grid. If we know the incident field in the vicinity of
the TF/SF boundary, we can update the magnetic and electric fields using

H sc
y |n+1/2

S−1/2 = H sc
y |n−1/2

S−1/2 −
1

µ

�t

�z

(
Esc

x |nS − Esc
x |nS−1

)+ 1

µ

�t

�z
Einc

x |nS , (2.51a)

Etot
x |n+1

S = Etot
x |nS −

1

ε

�t

�z

(
H tot

y |n+1/2
S+1/2 −H tot

y |n+1/2
S−1/2

)
+ 1

ε

�t

�z
H inc

y |n+1/2
S−1/2 .

(2.51b)

Because only the last terms in the preceding equations differ from their nor-
mal form, we can apply the update in Eqs. (2.49) first and the correction terms
afterwards. The incident fields required for this purpose can be easily calculated
by propagating the plane wave to the desired grid point analytically using direct
integration in Eq. (2.30), with a similar equation for the magnetic field. However,
owing to the discretization of the optical field, the dispersion relation for the medium
changes and has the following form:

sin2
(

1

2
k(ω)�z

)
=

(
�z

c�t

)2

sin2
(

1

2
ω�t

)
. (2.52)

This relation can be solved to find k(ω), resulting in [14]:

k(ω) = 2

�z
sin−1

[(
�z

c�t

)
sin

(
ω�t

2

)]
. (2.53)

There is a possibility that the argument of the sin−1 function acquires a value
greater than 1 during numerical calculations, making k(ω) complex. For this reason,
sin−1(ζ ) = −j ln(jζ + √

1− ζ 2) must be used when implementing Eq. (2.53)
numerically.

2.5.3 Inclusion of material dispersion

Pulse propagation in a dispersive material requires special care because the standard
FDTD algorithm needs to be modified to include variations of the dielectric function
with frequency. Many techniques have been proposed for this purpose [5,15–17].We
discuss here a versatile method that allows the inclusion of any complex linear
dispersion profile through appropriate curve fitting. The Debye, Lorentz, and Drude
dielectric functions, used widely in practice and discussed in Section 1.2, constitute
the special cases of this method.
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The basic idea is to employ a pair of complex-conjugate poles in the complex fre-
quency domain to represent an arbitrary dispersion profile, and write the dielectric
function in the form [18, 19]

ε(ω) = ε0ε∞ + ε0

M∑
p=1

(
cp

jω − ap

+ c∗p
jω − a∗p

)
, (2.54)

where the real part of the pole at ap is positive to ensure causality of the dielectric
response. The complex coefficients cp and c∗p are chosen to fit a specific dispersion
model of interest. For example, when ap = 1/τp and cp = −�εp/(2τp), this
formulation reduces to the well-known Debye model [18, 19],

εDebye(ω) = ε0ε∞ + ε0

M∑
p=1

�εp

1− jωτp
. (2.55)

If we choose ap = δp−j
√

ω2
p − δ2

p and cp = j�εpω
2
p/(2

√
ω2

p − δ2
p), we recover

the Lorentz model [18, 19],

εLorentz(ω) = ε0ε∞ + ε0

M∑
p=1

�εpω
2
p

ω2
p − j2δpω − ω2

. (2.56)

In both cases, the model order M needs to be chosen to represent intricate features
of the actual material dispersion by using standard curve-fitting techniques. Also,
in the case of metals, the Drude model can be seen as a special case of the Lorentz
model in which the resonance frequency ωp is so small compared with ω that ω2

p

can be neglected in the denominator.
To construct a suitable FDTD model, we introduce two complex quantities J̃p(ω)

and Ĩp(ω) as follows [18, 19]:

J̃p(ω) = ε0
cp

jω − ap

jωẼ(ω), (2.57a)

Ĩp(ω) = ε0
c∗p

jω − a∗p
jωẼ(ω). (2.57b)

Taking the inverse Fourier transform of these equations and noting that jω →− ∂
∂t

,
we obtain

∂Jp(t)

∂t
+ apJp(t) = ε0cp

∂E(t)

∂t
, (2.58a)

∂Ip(t)

∂t
+ a∗pIp(t) = ε0c

∗
p

∂E(t)

∂t
. (2.58b)
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Because E(t) is a real quantity, these equations show that Ip(t) = J ∗p(t), provided
both have the same initial values [18, 19]. Thus, we only need to calculate Jp(t).

The dielectric function enters Maxwell’s equations through Ampere’s law, which
can be written, including the conductivity σ , as

∇ ×H = ∂D

∂t
+ σE. (2.59)

Noting that D̃(ω) = ε(ω)Ẽ, we obtain the following time-stepping rule for
updating the electric field and Jp(t) as time advances from n�t to (n+ 1)�t :

E(n+1) =
(

2ε0ε∞ + 2
∑M

p=1 Re(βp)− σ�t

2ε0ε∞ + 2
∑M

p=1 Re(βp)+ σ�t

)
En

+
2�t

[
∇ ×H(n+1/2) − Re

(∑M
p=1(1+ kp)J

n
p

)]
2ε0ε∞ + 2

∑M
p=1 Re(βp)+ σ�t

,

(2.60)

J (n+1)
p = kpJ

n
p +

βp

�t

(
E(n+1) − En

)
, (2.61)

where we have defined kp and βp as

kp = 1+ ap�t/2

1− ap�t/2
and βp = ε0cp�t

1− ap�t/2
. (2.62)

These equations permit one to use the FDTD technique for propagation of light in
any dispersive medium. However, the adoption of a dispersive model complicates
the situation at the boundaries of the grid used for FDTD simulations. To suppress
spurious reflections at the grid boundaries, we need to introduce a perfectly matched
layer (PML) around the grid.

2.5.4 Perfectly matched layer for dispersive optical media

A perfectly matched layer (PML) is an artificial layer designed to obey Maxwell’s
equations with superior absorbing properties to those of a real material. A key
property of a PML medium is that an electromagnetic wave incident upon the PML
from a non-PMLmedium does not reflect at the interface. Its use eliminates spurious
reflections, a source of numerical problems in practice. The concept of PMLwas first
developed by Berenger in 1994 [20] and has gone several reformulations since then.
Berenger employed a split form of Maxwell’s equations, introducing additional
terms for the electric field, but this form still matched Maxwell’s equations exactly.
However, these additional electric fields cannot be associated with any physical
fields. To circumvent this deficiency, two years later Gedney introduced a modified
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approach called unsplit PML (UPML) that makes use of physical fields [21]. Later,
a novel way to construct PML was introduced by Zhao [22]. This approach is called
generalized theory-based PML (GTPML) and makes use of a complex coordinate
stretching in the frequency domain. More specifically, PMLs were shown to corre-
spond to a coordinate transformation in which one (or more) coordinates are mapped
to complex numbers. This transformation essentially constituted an analytic contin-
uation of the wave equation into the complex domain, replacing propagating waves
with exponentially decaying waves. We adopt this coordinate-stretching concept in
the following discussion.

Let Ẽ(r, ω) and H̃(r, ω) be the electric and magnetic fields in the generic dis-
persive medium described in Section 2.5.3. In a medium where no electromagnetic
sources are present, the evolution of these fields (in the frequency domain) is
governed by Maxwell’s equations (see Section 1.1):

∇ × Ẽ(r, ω) = jωµ0H̃(r, ω), (2.63a)

∇ × H̃(r, ω) = −jωε(ω)Ẽ(r, ω). (2.63b)

An absorbing PML, impedance-matched perfectly to its adjacent medium, can be
created by transforming coordinates appropriately (see Ref. [21] for details). As a
result, in the PML region Eqs. (2.63) take the form

∇′ × Ẽ(r, ω) = jωµ0'̃(ω)H̃(r, ω), (2.64a)

∇′ × H̃(r, ω) = −jωε(ω)'̃(ω)Ẽ(r, ω), (2.64b)

where ∇′ is the operator ∇ in the new coordinate system and '̃(ω) is the PML
material tensor, defined as

'̃(ω) =



sy(ω)sz(ω)

sx(ω)
0 0

0
sx(ω)sz(ω)

sy(ω)
0

0 0
sx(ω)sy(ω)

sz(ω)


. (2.65)

The presence of the material tensor '̃(ω) on the right side of Eqs. (2.64) is equivalent
to filling the PML with an artificial absorbing material having anisotropic permit-
tivity ε̃(ω)'̃(ω) and anisotropic permeability µ0'̃(ω). Clearly, for any choice of
the stretching coefficients sr(ω), the impedances of the dispersive medium and the
PML are equal with η = √

µ0/ε(ω). Attenuation properties of the PML can be
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controlled by choosing the stretching coefficients sr(ω) appropriately. Here, we
adopt the form [23]

sr(ω) = κr + σr

γ − jωε0
, r = x, y, z, (2.66)

corresponding to the so-called complex-frequency-shifted (CFS) PML. The impact
of parameters σr > 0, κr > 1, and γ > 0 on attenuation properties of the CFS-PML
is analyzed in [24–26]From a physical point of view, σr resembles the conductivity
of the PML and provides attenuation of propagating waves in the rth direction. The
parameters κr and γ absorb the evanescent waves. To avoid numerical reflections
from the PML boundaries, both σr and κr need to be varied smoothly in space. A
common choice of these parameters is [27]

σr = σmax(k/δr)
m+n, (2.67a)

κr = 1+ (κmax − 1)(k/δr)
n, (2.67b)

where k ≤ δr , δr is the PML depth in the rth direction, m and n are two integers
taking values in the range [−3, 3] and [2, 6] with the restriction m + n > 1,
and κmax is a number in the range 1–10. The parameter σmax satisfies σmax =
−cε0(m+ n+ 1) ln R0/(2δr), where R0 is in the range [10−12, 10−2].

The FDTD solution of of Eqs. (2.63) and (2.64) requires discretization of the
electric and magnetic fields and the use of a set of update equations on the
entire computational grid. It is desirable that update equations do not depend
on the exact form of the PML material tensor, as such a dependance would
require code modification for each specific choice of the attenuation parameters sr .
This is accomplished by rewriting the update equations in terms of two auxiliary
functions,

R̃E = '̃(ω)Ẽ(r, ω), (2.68a)

R̃H = '̃(ω)H̃(r, ω). (2.68b)

Once the values of these functions are found in the time domain, they are used to
calculate the real fields, E(r, t) and H(r, t).

The update equations for RE and RH can be derived as follows. Substituting
Eq. (2.54) into Eq. (2.64b), and writing ∇′ as ∇ for convenience, we obtain

−∇ × H̃ = jωε0ε∞R̃E +
M∑

p=1

(̃Jp + K̃p), (2.69)

where (see Section 2.5.3)

J̃p = ε0
cp

jω − ap

jωR̃E, (2.70a)
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K̃p = ε0
c∗p

jω − a∗p
jωR̃E. (2.70b)

Writing Eq. (2.70) in the discrete time-domain form, we obtain

Jn+1
p = αpJn

p + βp(R
n+1
E − Rn

E), (Kn
p)
∗ = Jn

p, (2.71)

where

αp = 1− ap�t/2

1+ ap�t/2
, (2.72a)

βp = ε0cp

1+ ap�t/2
. (2.72b)

Using Eq. (2.71), we can write the discrete time-domain version of Eq. (2.69) in
the form

−∇ ×Hn = − ε0ε∞
Rn+1/2

E − Rn−1/2
E

�t
,

+
M∑

p=1

Re
[
(1+ αp)J

n−1/2
p

]+ (Rn+1/2
E − Rn−1/2

E )

M∑
p=1

Re(βp).

(2.73)

From this equation, we find the following update equation for RE:

Rn+1/2
E = Rn−1/2

E + ∇ ×Hn +∑
Re

[
(1+ αp)J

n−1/2
p

]
ε0ε∞/�t −∑

Re(βp)
. (2.74)

Similarly, using Eq. (2.64a) one can show that the update equation for RH is

Rn+1
H = Rn

H −
∇ × En+1/2

µ0/�t
. (2.75)

To restore the electric and magnetic fields from auxiliary functions, we need to
find the relationships between them in the discrete time domain. This can be done by
converting Eqs. (2.68) to continuous time domain with the Fourier correspondence
−jω ↔ ∂/∂t and discretizing the resulting differential equations with appropri-
ate difference operators. This procedure, however, is quite tedious in our case and
becomes even more involved for more complicated forms of the coefficients sr(ω)

(e.g., for negative-index materials [28] or higher-order PMLs [26]). The inconve-
nience associated with the discretization of high-order differential equations can
be avoided by using the Z-transform technique [29, 30] discussed next.

Let us illustrate the Z-transform technique by deriving the difference equation
for the x component of the electric field using the relation R̃E,x = '̃x(ω)Ẽx(r, ω).
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Introducing two new parameters, ξr = ξ0+σr/(κrε0) and ξ0 = γ /ε0, and utilizing
Eq. (2.66), we represent the relation between R̃E,x and Ẽx in the form

κx

κyκz

R̃E,x

(ξy − jω)(ξz − jω)
= Ẽx

(ξx − jω)(ξ0 − jω)
. (2.76)

We recast this equation into the Z domain using the transform pair

1

ξ − jω
↔ 1

1− Z−1e−ξ�t
, (2.77)

where Z is used to represent the Z transform and should not be confused with the
spatial variable z. The result is given by

κx

κyκz

RE,x(Z)

1− Z−1(e−ξy�t + e−ξz�t )+ Z−2e−(ξy+ξz)�t

= Ex(Z)

1− Z−1(e−ξx�t + e−ξ0�t)+ Z−2e−(ξx+ξ0)�t
. (2.78)

This equation can be readily inverted to get its equivalent time-domain form suitable
for numerical implementation. Using the transform correspondence Z−kA(Z) ↔
An−k , we obtain the result

En+1
x =En

x

(
e−ξy�t + e−ξz�t

)− En−1
x e−(ξy+ξz)�t

+ κx

κyκz

[
Rn+1

E,x − Rn
E,x

(
e−ξx�t + e−ξ0�t

)
+ Rn−1

E,x e−(ξx+ξ0)�t
]
. (2.79)

Analogous expressions can be obtained to restore the Ey and Ez components by
changing the subscript x to y or z in Eq. (2.79). The magnetic field components,
Hn+1

m (m = x, y, z), satisfy equations identical to those for En+1
m after we replace

RE,m with RH,m.
The preceding equations allow one to develop a unified FDTD algorithm for

simulation of optical phenomena in a wide range of dispersive media truncated
by a perfectly matched absorbing boundary. The main steps of the algorithm for
updating the electromagnetic field in the PML can be summarized as follows:

(1) Apply the update equation (2.74) and store Rn+1/2
E values. This update requires

retrieving of values Hn, Jn−1/2
p , and Rn−1/2

E from preceding time steps.

(2) Calculate and store the auxiliary variables Jn+1/2
p for each pole p using

Eq. (2.71). This update requires the value Rn+1/2
E calculated in the current time

step and requires the retrieving of values Jn−1/2
p and Rn−1/2

E from preceding
time steps.
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(3) Use Eq. (2.79) with similar equations for y and z components to restore the elec-
tric field En+1/2 from values of En−1/2, En−3/2, Rn−1/2

E , and Rn−3/2
E retrieved

from preceding time steps and the value Rn+1/2
E calculated in the current time

step.
(4) Update Rn+1

H values using Eq. (2.75). This update requires values of Rn
H and

En+1/2 retrieved from preceding time steps.
(5) Employ an analog of Eq. (2.79) to calculate Hn+1 using values of Hn, Hn−1,

Rn
H , and Rn−1

H retrieved from preceding time steps as well as the value of Rn+1
H

calculated in the current time step.

It is useful to note that, as expected, this algorithm reduces to the algorithm given
in Section 2.5.3 if the PML-specific parameters are set to zero. No restoration of
electric and magnetic fields is needed in the absence of the PML since the auxiliary
functions are identically equal to these fields. Hence, steps 3 and 5 of the above
algorithm should be omitted in this situation and the functions Rn

E and Rn
H should

be replaced with En and Hn in the other steps.

2.6 Phase and group velocities

Propagation of pulses in dispersive dielectric media requires a clear understanding
of the concepts of phase and group velocities.We discuss both of them in this section,
starting from Eq. (2.30). We expand the propagation constant, k(ω) = ωn(ω)/c,
around the pulse’s carrier frequency ω0, a representative of the mean frequency of
the overall signal, as

k(ω) = k(ω0)+ (ω − ω0)

vg

+ · · · , (2.80)

where the group velocity of the pulse is defined as

1

vg

= ng

c
= dk(ω)

dω

∣∣∣∣
ω=ω0

, (2.81)

ng being the group index of the medium. Substituting Eq. (2.80) into Eq. (2.30)
and rearranging various terms, we obtain

E(z, t) = ej [k(ω0)z−ω0t] 1

2π

∫ ∞

−∞
Ẽ(0, ω)e−j (ω−ω0)(t−z/vg) dω. (2.82)

In this expression, the integral represents the slowly varying part of the electric
field associated with a pulse.
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The rapidly varying part of the electric field oscillates at the carrier frequency.
These oscillations advance with phase velocity vp given by

vp = k(ω0)

ω0
. (2.83)

There is a subtle distinction between the phase and group velocities. The phase of
the carrier can be written as

φ(ω) = ωn(ω)z/c − ωt. (2.84)

The phase velocity amounts to the speed with which the phase front of a wave
advances. This can be seen by considering a phase front with the constant phase φ0

and propagating it through space such that φ(ω) = φ0. In contrast, if we track the
speed where phase is stationary and set the derivative of φ(ω) with respect to ω to
zero, we obtain the group-velocity expression given in Eq. (2.81).

It is instructive to look at the behavior of φ(ω) as ω varies because it gives us
better insight into variations of group velocity with frequency. It is clear from Eq.
(2.84) that φ(0) = 0. However, if we use n(ω) = nr(ω)+ jni(ω) for the complex
refractive index, it is not obvious how φ(ω) behaves in the neighborhood of the
origin at ω = 0. To clarify this, we make use of the Kramers–Kronig relations
that relate the real and imaginary parts of the refractive index (see Section 1.4). In
particular, the so-called zero-frequency sum rule [31, 32] states that

nr(0) = 1+ 2

π
P

∫ ∞

0

ni(ω)

ω
dω, (2.85)

where P denotes the principle value of the Cauchy integral [33].
The difference between the pulse’s propagation in vacuum (i.e., nr = 1) and

through a dispersive medium can be gauged by considering the additional phase
shift �φ(ω) acquired by the pulse in the medium:

�φ(ω) = ωz

c
[nr(ω)− 1]. (2.86)

The frequency derivative of this function is the group delay, representing the time
taken by the pulse peak to reach a distance z. Focusing on the region near ω = 0
and substituting Eq. (2.85) into Eq. (2.86), we obtain

�φ(ω ≈ 0) = 2ωz

πc
P

∫ ∞

0

ni(ω
′)

ω′
dω′. (2.87)

This integral behaves differently depending on whether the medium is absorptive
or amplifying [31]. In a purely absorptive medium, ni(ω) > 0, and the integral
assumes a positive value. It remains positive even in an amplifying medium with
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small gain over a relatively small bandwidth. In contrast, in a medium with high
gain over a relatively large bandwidth, the integral may become negative. In all
cases, the Kramers–Kronig relations show that nr(ω) has the following asymptotic
form as ω tends to infinity:

nr(ω) = 1− ω2
p

2ω2
. (2.88)

Therefore, at large frequencies, the phase difference in Eq. (2.86) behaves as

�φ(ω) = −ω2
pz

2cω
. (2.89)

This quantity is always negative because electrons essentially behave as free
particles at very high frequencies [31].

Consider the case for which�φ in Eq. (2.87) is positive.As seen in Figure 2.6,�φ

is then positive in the vicinity of ω = 0 and becomes negative as ω →∞. However,
nr is continuous and differentiable because absorption (or gain) and refractive index
are related to each other through the Kramers–Kronig relations [31]. It follows
from Eq. (2.86) that the phase difference �φ(ω) must also be continuous and
differentiable along the entire positive frequency axis. By the mean-value theorem,
there is a point where the derivative of �φ with respect to frequency becomes
negative. Since this derivative gives us the group delay of the medium, a negative
group delay implies that

d(�φ)

ω
=

(
1

vg

− 1

c

)
z < 0. (2.90)

0

∆f(v)

v
0

Figure 2.6 Typical frequency dependence of phase difference �φ in a weakly
amplifying or purely absorptive medium. (After Ref. [31]; © APS 1993)
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∆f(v)

v0

Figure 2.7 Typical frequency dependence of phase difference �φ in a strongly
amplifying medium. (After Ref. [31]; © APS 1993)

There are two ways this expression can become negative: vg > c (including vg =
∞) or vg < 0. Because we reached this conclusion solely based on the Kramers–
Kronig relations, one can definitely say that this conclusion is a consequence of the
principle of causality.

The case of a strongly amplifying medium is illustrated in Figure 2.7. For such
a medium, �φ is negative in the vicinity of ω = 0, reaches a minimum value at
a specific frequency, and approaches zero when ω → ∞. Interestingly, the group
delay is negative at small frequencies for such a medium. As a result, there exists
at least one frequency where vg > c or vg < 0 holds in a strongly amplifying
medium. In the case of an infinite group velocity, the peak of a pulse emerges from
a finite-size medium at the same instant as the peak of the pulse enters it. A negative
group velocity implies that the output pulse peaks at an earlier time than the peak of
the incident pulse. At first sight, these conclusions are hard to understand physically
and have been the subject of intense debates in the literature. One conclusion is that
the group velocity is not limited by Einstein’s relativity theory because it is not the
speed with which information can be transmitted through a medium.

It is important to understand that we arrived at the preceding results by consid-
ering an unbounded medium, extending to infinity on both sides of the z axis. If
a finite slab of the dispersive medium is considered, the phase difference �φ(ω)

needs to be modified because additional phase shifts occur at the medium bound-
aries. Even though the mathematical treatment becomes complicated in this case,
the main conclusions still remain valid. The interested reader is referred to the
appendix of Ref. [31] for details.

2.7 Pulse propagation through a dielectric slab

We next consider pulse propagation through a dielectric slab, a configuration
that provides the basic framework needed to understand many kinds of optical
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EG(z,t)

z = 0 z =L

z

slab

Left Mirror Right Mirror

Figure 2.8 A Gaussian pulse transmitted through a Fabry–Perot resonator.

amplifiers. The new feature is that we must take into account the influence of
boundaries when solving Maxwell’s equations. The transmittance and reflectance
at each boundary are quantified through the Fresnel equations given in Section
2.3. However, because of two boundaries, multiple reflections take place and lead
to resonance conditions. To understand such resonances, we study the dynamic
response of a Fabry–Perot resonator under pulsed conditions.

2.7.1 Fabry–Perot resonators

Figure 2.8 shows a Fabry–Perot resonator made of a dielectric slab with refractive
index n0 and length L. The left facet of this slab, located at z = 0, has reflection
and transmission coefficients r1 and t1, respectively; the corresponding quantities
at the right facet, at z = L, are r2 and t2. A unit-amplitude impulse pulse with a
temporal form δ(t) entering this resonator from the left at time t = 0 will undergo
multiple reflections at the two facets. A part of it will exit from the right facet with
an amplitude t1t2 at time τ0 = n0L/c. Another part of the pulse will exit from the
resonator after one round-trip time 2τ0 with amplitude t1t2r1r2. This process will
continue repeatedly, resulting in the following impulse response function, TFP(t),
for the Fabry–Perot resonator [34]:

TFP(t) = t1t2

∞∑
m=0

rm
1 rm

2 δ (t − (2m+ 1)τ0) . (2.91)

Because this is a time-invariant expression, the corresponding frequency-domain
transfer function can be obtained by taking its temporal Fourier transform, and is
given by

T̃FP(ω) = t1t2

∞∑
m=0

rm
1 rm

2 exp[j (2m+ 1)ωτ0]

= t1t2 exp(jωτ0)

1− r1r2 exp(j2ωτ0)
.

(2.92)
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This transfer function shows that a three-component Fabry–Perot resonator (two
mirrors and a dielectric medium sandwiched between them) can be mapped to a
single optical slab, with no reflections at its boundaries, if we employ the concept
of an effective refractive index, neff (ω). The transfer function of this effective slab
of length L is exp[jωneff (ω)L/c]. Comparing this to Eq. (2.92), we obtain [35]

neff (ω) = c

jωL
ln

(
t1t2 exp(jωτ0)

1− r1r2 exp(j2ωτ0)

)
. (2.93)

Using neff (ω) = ne(ω) + jκe(ω), we obtain the real and imaginary parts in the
form

ne(ω) = n0(ω)+ tan−1
(

r1r2 sin(2ωτ0)

1− r1r2 cos(2ωτ0)

)
, (2.94a)

κe(ω) = − n0

ωτ0
ln

(
t1t2

[1+ r2
1 r

2
2 − 2r1r2 cos(2ωτ0)]1/2

)
. (2.94b)

With this effective formulation, it is possible to employ the techniques developed
in the previous sections for analyzing pulse propagation through a Fabry–Perot
resonator. Alternatively, realizing that we have a time-invariant transfer function,
pulse propagation can be viewed as a filtering operation. This latter approach is
taken in this section because it provides more physical insight.

Suppose a chirped Gaussian pulse with an electric field

Eg(t) = A exp

(
− t2

2T 2
0

)
exp(−jω0t + jat2) (2.95)

is incident on a Fabry–Perot resonator from the left [36]. If we view its transmis-
sion as a filtering operation, the spectrum of the output pulse can be calculated by
multiplying the input spectrum by the Fabry–Perot transfer function. The result-
ing time-domain output field Eo is then computed by taking the inverse Fourier
transform. The result is

Eo(t) = A

2π

√
πT 2

0

1− 2jaT 2
0

∫ ∞

−∞
T̃FP exp

(
− (ω − ω0)

2T 2
0

4(1− 2jaT 2
0 )
− jωt

)
dω. (2.96)

If the frequency dependence of the refractive index, n0(ω), of the Fabry-Perot
medium is important, the preceding integral cannot be performed analytically in
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general. However, if this dependence is negligible, we can perform the integration
and obtain the following analytical result:

Eo(t) = t1t2Ae−jω0t

×
∞∑

m=0

rm
1 rm

2 exp

[
j (2m+ 1)τ0 − (1− 2jaT 2

0 )

2T 2
0

[t − (2m+ 1)τ0]2
]

.

(2.97)

This simple result shows how a Gaussian pulse is affected by multiple round trips
inside a Fabry–Perot resonator.

2.7.2 Transfer function of a dielectric slab

In this section we consider a dielectric slab of thickness L with a uniform refractive
index n0 surrounded by air on both sides (see Figure 2.9). Such a slab acts as a
Fabry–Perot resonator because of an abrupt change in the refractive index at its
two interfaces, and the reflection and transmission coefficients can be obtained
from the Fresnel relations given in Section 2.3. As shown earlier, reflections at
two interfaces of this dielectric slab can be mapped to an effective slab with no
reflections, provided we modify the refractive index appropriately.

This approach can be supplemented with a rigorous approach based on Maxwell’s
equations. We assume that the left and right interfaces of the slab are located at z = 0
and z = L, respectively, and a plane wave with electric field Ẽi(0, ω) is incident
on the left facet of the slab. Following the general solution given in Section 2.3
based on Maxwell’s equations, the electric field Ẽ(z, ω) at a distance z inside the
dielectric slab can be written in the form [37]:

Ẽ(z, ω) = Ẽi(0, ω)×


ejωz/c + R̃FP(ω)e−jωz/c, if z < 0,

Of ejωz/c + Obe
−jωz/c, if 0 ≤ z ≤ L,

T̃FP(ω)e−jωz/c, if z > L,

(2.98)

Ei(z,t)

z = 0 z = L
z

slab

Left Facet Right Facet

Figure 2.9 An optical pulse transmitted through a dielectric slab with a sudden
change in the refractive index at its facets.
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where R̃FP(ω) is the reflectivity of the slab, T̃FP(ω) is its transfer function, and Of

and Ob are the forward and backward amplitudes inside the slab.
As seen from Eq. (2.98), the incident wave propagates forward in the z > 0

region, but it also creates a reflected wave from the left facet of the slab that
propagates backward in the z < 0 region. The relative amplitude of this reflected
wave region is governed by R̃FP(ω). The forward and backward propagating waves
coexist within the slab but only the forward wave exists in the region z > L, and
its amplitude is governed by T̃FP(ω).

As discussed in Section 2.3, since no free charges exist within the slab or its facets,
the tangential electric field must be continuous at its two interfaces. Matching the
electric field at both interfaces, we arrive, after considerable algebra, at the following
expressions [37]:

T̃FP(ω) = 4η

(η + 1)2 exp(−jkL)+ (η − 1)2 exp(jkL)
, (2.99a)

R̃FP(ω) = (η2 − 1) exp(−jkL)− (η2 − 1) exp(jkL)

(η + 1)2 exp(−jkL)+ (η − 1)2 exp(jkL)
, (2.99b)

Of = 2η(η + 1)

(η + 1)2 + (η − 1)2 exp(j2kL)
, (2.99c)

Ob = 2η(η − 1)

(η − 1)2 + (η + 1)2 exp(−j2kL)
, (2.99d)

where η = √µ0/ε0/n0 is the wave impedance inside the slab (see Eq. (2.6)) and
k = n0ω/c is the propagation constant inside the slab. Even though Eqs. (2.92) and
(2.99a) appear quite different, their equivalence can be established by noting that
exp(jkL) = exp(jωτ0) and using the Fresnel equations for the reflection and and
transmission coefficients at the two facets. More specifically,

t1 = 2

η + 1
, r1 = η − 1

η + 1
, t2 = 2η

η + 1
, r2 = 1− η

η + 1
. (2.100)

In conclusion, the results of this section show that reflections at the input and output
facets of an amplifying medium can be easily taken into account, if necessary,
through the concept of effective refractive index.
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3

Interaction of light with generic active media

The study of optical effects in active media is rich with unexpected consequences.
For instance, one may imagine that absorption and amplification in a dielectric
medium will exhibit some sort of symmetry because both are related to the same
imaginary part of the dielectric constant, except for a sign change. It turns out that
such a symmetry does not exist [1]. This issue has also been investigated in detail
for random or disordered gain media, with varying viewpoints [2]. Traditionally,
much of the research on amplifying media has considered the interaction of light
within the entire volume of such a medium. Recent interest in metamaterials and
other esoteric structures in which plasmons are used to manipulate optical signals
has brought attention to the role of surface waves in active dielectrics [3, 4].

From a fundamental perspective, the main difference between active and passive
media is that spontaneous emission cannot be avoided in gain media. As a result, a
rigorous analysis of gain media demands a quantum-mechanical treatment. Spon-
taneous emission in a gain medium depends not only on the material properties of
that medium but also on the optical modes supported by the structure containing
that material [5]. By a clever design of this structure (e.g., photonic crystals or
microdisk resonators with a metallic cladding), it is possible to control the local
density of optical modes and the spontaneous emission process itself. In Chapter 4,
we discuss how to model a gain medium under such conditions by deploying optical
Bloch equations. In this chapter, our focus is on generic properties of a dielectric
active medium exhibiting gain, and we disregard the actual mechanism responsi-
ble for the gain. We assume that the dielectric gain medium is nonmagnetic and
replace the permeability µ in Maxwell’s equations with its vacuum value µ0. In this
situation, we can account for the gain by using a complex dielectric permittivity,
ε(ω) = εr(ω)+jεi(ω), with a negative imaginary part (εi < 0) in some frequency
range. Even though this approach is simplistic, it has been successfully used for
describing the operation of lasers and amplifiers [6, 7]. Section 3.1 considers the
reflection of light from a gain medium under conditions of total internal reflection.
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Section 3.2 focuses on the properties of surface-plasmon polaritons. The remaining
sections show that the gain in a dielectric medium can be used to modify the group
velocity and other properties of such waves.

3.1 Reflection of light from a gain medium

Before studying light propagation through a gain medium, it is interesting and
instructive to consider the behavior at the interface when light is launched into
a gain medium from a passive medium. In the case of an interface between two
passive media, we can account for the reflection and transmission of light through
the interface using the Fresnel equations discussed in Section 2.3.3. This approach
can be easily extended to the case where the gain medium has a higher refractive
index than the passive medium. It is easy to show from the Fresnel equations that
the reflection coefficient has a magnitude less than unity in this situation. In this
section, we first discuss the phenomenon of total internal reflection at an interface
between two passive media and then study what happens when one of the media
exhibits gain.

3.1.1 Total internal reflection and the Goos–Hänchen effect

Figure 3.1 shows a light beam incident on an interface from the side of a medium
with higher refractive index. If the incident medium has refractive index of ni , and
the beam gets refracted into a medium with refractive index nr , then Snell’s law,
ni sin θi = nr sin θr , provides a way to calculate the refraction angle θr from the
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totally reflected wave
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Figure 3.1 Illustration of total internal reflection at an interface.
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Figure 3.2 Schematic illustration of the Goos–Hänchen shift occurring at an
interface during total internal reflection.

incident angle θi . Because of the condition ni > nr , θr is larger than θi . Therefore,
as the incident angle θi is increased, a situation is reached in which θr = 90◦, i.e., the
refracted ray becomes parallel to the interface. The incident angle corresponding to
this condition is called the critical angle and can be obtained from the well-known
expression

θc = sin−1
(

nr

ni

)
. (3.1)

If the incident angle exceed this critical angle, the incident light is totally reflected,
obeying normal specular reflection laws (the incident and reflected angles are equal).
Such a reflection from an interface is known as total internal reflection.

One peculiarity of total internal reflection is that, in the case of a linearly polarized
input, the reflected light undergoes a lateral shift from the position predicted by
geometrical optics, as shown in Figure 3.2. This phenomenon is known as the Goos–
Hänchen effect. The lateral shift happens in the incident plane, and the magnitude
of this shift is comparable to the wavelength of light for incident angles slightly
greater than the critical angle. The analogous effect for circularly or elliptically
polarized light is known as the Imbert–Fedorov effect. If the geometrical-optics
description is replaced with wave optics appropriate for a beam of light, in addition
to the lateral shift the reflected beam also experiences a focal shift, an angular shift,
and a change in its beam waist [8, 9].

3.1.2 Total internal reflection from an active cladding

The ability to amplify light in a passive medium while undergoing total internal
reflection at the interface of an active material was first noted by Koester in a
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Figure 3.3 Schematic illustration of total internal reflection at an interface when
light enters from a lossless passive medium into an active cladding material.

1966 experiment [10]. In this experiment, an index-guided mode of a dielectric
waveguide, surrounded with an active cladding, experienced amplification along
the waveguide length. Recent classical and quantum studies [11,12,13] have shown
conclusively that light in a completely passive medium can be amplified using
evanescent-gain techniques based on total internal reflection.

To get a quantitative understanding of this process, we consider total internal
reflection with the geometry shown in Figure 3.3. The interface coinciding with the
plane x = 0 separates a passive lossless medium with real permittivity εP > 0,
on its left, from an active gain medium, on its right, whose complex permittivity
has the form εA = εAr + jεAi . Both media are assumed to be nonmagnetic with
a magnetic permeability equal to the free-space value µ0. To enable total internal
reflection, the refractive index of the active medium has to be lower than that of
the passive medium, leading to the condition εP > εAr > 0. The critical angle in
this case is found from Eq. (3.1) to be

θc = sin−1
(
+
√

εAr

εP

)
, (3.2)

where we have taken the positive value of the square root because of the condition
εP > εAr > 0.

For a general incident angle θi , the propagation vector of the incident field in the
passive medium can be written as

kP i =
√

εP

ε0
k0 cos(θi)x +

√
εP

ε0
k0 sin(θi)y, (3.3)
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where k0 = ω/c for an optical field with carrier frequency ω. The corresponding
reflected wave has a propagation vector kPr whose x component is reversed and
has a negative sign, i.e.,

kPr = −
√

εP

ε0
k0 cos(θi)x +

√
εP

ε0
k0 sin(θi)y. (3.4)

Owing to the continuity of the tangential component of the electric field, the y

components of all propagation constants coincide (this amounts to obeying Snell’s
law at the interface). Therefore, the propagation vector in the active medium can
be written as

kA = kAxx +
√

εP

ε0
k0 sin(θi)y, (3.5)

where the complex quantity kAx needs to be determined using the known medium
and incident-wave properties. If this medium is passive and the incident angle is
less than the critical angle, this quantity can be written as

kAx =
√

εAr

ε0
k0

√
1− εAr

εP
sin2(θi), εAi = 0, 0 < θi < θc. (3.6)

In the case of an active medium, the dispersion relation for the active medium
allows us to find kAx . Suppose σA is the conductivity of the active medium. It is
related to the imaginary part of the dielectric constant through the relation σA =
ωεAi . Using the following relation obtained from Maxwell’s equations,

∇ × ∇ ×E = −∇2E = −∂∇ × B

∂t
= − ∂

∂t

(
µ0σAE + µ0εAr

∂E

∂t

)
, (3.7)

and noting that E = EA exp[jkA · (xx + yy)− jωt], we obtain the relation

k2
Ax +

εP

ε0
k2

0 sin2(θi) = µ0ω(εArω + jσA). (3.8)

Using k0 = ω
√

µ0ε0 and σA = ωεAi , this equation can be solved to obtain

kAx = k0

√
εA − εP sin2(θi)

ε0
. (3.9)

It is useful to introduce a polar form for the complex argument of the square root
in the preceding equation [13]:

εA − εP sin2(θi)

ε0
≡ ξ = |ξ | exp(jθξ ), −π

2
≤ θξ <

3π

2
. (3.10)
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It is clear from this definition that we have introduced a branch cut along the
imaginary axis of the complex ξ plane. Thex component of the propagation constant
in the active medium can now be written as

kAx = k0
√|ξ | exp

(
j
θξ

2

)
. (3.11)

It follows from the definition of θc that when the incident angle θi exceeds this
value, the real part of ξ becomes negative, and thus θ should be in the range
π/2 < θξ < 3π/2. However, if propagation needs to happen towards the interface
and the signal has to grow because of gain, the permissible range of this angle is
π < θξ < 3π/2.

Using our treatment of Fresnel reflection coefficients in Section 2.3, we obtain
the following expressions for the reflection coefficients 'TE and 'TM for the TE
and TM polarizations, respectively:

'TE =
√

εP cos(θi)−
√

εA − εP sin2(θi)√
εP cos(θi)+

√
εA − εP sin2(θi)

, (3.12a)

'TM =
√

εA cos(θi)−
√

εA − εP sin2(θi)√
εA cos(θi)+

√
εA − εP sin2(θi)

. (3.12b)

Using the definition in Eq. (3.10), we can write these reflectivity coefficients in a
more compact form as

'TE =
√

εP /ε0 cos(θi)− ξ√
εP /ε0 cos(θi)+ ξ

, (3.13a)

'TM =
√

εA/ε0 cos(θi)− ξ√
εA/ε0 cos(θi)+ ξ

. (3.13b)

There is no need to investigate these two quantities separately because it is
possible to establish the following unique relation between them by eliminating the
variable ξ :

'TM =
(

'TE − cos(2θi)

1− 'TE cos(2θi)

)
'TE. (3.14)

We thus focus our attention on 'TE. Because we are mainly interested in the TE-
mode reflectivity, we calculate |'TE|2 by multiplying Eq. (3.14) by its complex
conjugate. The result is given by

|'TE|2 = [
√

εP /ε0 cos(θi)− |ξ | cos(θξ )]2 + |ξ |2 sin2(θξ )

[√εP /ε0 cos(θi)+ |ξ | cos(θξ )]2 + |ξ |2 sin2(θξ )
. (3.15)

This quantity exceeds 1 for θξ in the range π < θξ < 3π/2. We saw previously that
this range corresponds to the case in which an evanescent wave propagates in the
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active medium towards the interface, and the TE mode propagating in the passive
medium grows because of the gain experienced during total internal reflection. From
the relation (3.14), the TM mode will also be amplified through this mechanism.

3.2 Surface-plasmon polaritons

Surface-plasmon polaritons (SPPs) represent TM-polarized waves that are localized
at the interface between two materials whose refractive indices (related to the real
part of the permittivity) have opposite signs. They can also be viewed as optical
waves trapped close to the interface because of interactions between photons and
electrons [14]. The ability of an electromagnetic field to propagate as a surface wave
on an interface was first studied by Ritchie [15].At optical frequencies, a commonly
used configuration employs a metal–dielectric interface, as shown schematically
in Figure 3.4. At the oscillation frequency of the SPP, the metal has a negative real
permittivity and the dielectric has a positive real permittivity [16].

3.2.1 SPP dispersion relation and other properties

The dispersion relation for SPPs at a metal–dielectric interface was first derived
by Teng and Stern [17]. Figure 3.5 shows a typical dispersion relation for SPPs
at such an interface. Clearly, at a given frequency ω, SPPs have a longer wave
vector than that of an electromagnetic wave propagating in vacuum (i.e., the SPP
dispersion curve lies beyond the light line ω = ck). As a result, the momentum of
an SPP exceeds that of a photon in vacuum at the same frequency ω [14]. However,
the coupling of light to SPPs requires matching of the momentum at the coupling
point. This is achieved in practice by making light travel through a transparent

+++ +++

dielectric

metal

surface-plasmon polariton

Figure 3.4 Illustration of surface-plasmon polaritons propagating along a metal–
dielectric interface as a surface wave.
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Figure 3.5 Dispersion curve of surface-plasmon polaritons at a metal–dielectric
interface. Two straight lines show the dispersion curves of light in vacuum and in
a substrate of refractive index n > 1.

medium with high refractive index and varying the incident angle until momentum
or phase matching is achieved in the SPP propagation direction (see Figure 3.5).
Because such phase matching requires a propagation vector whose magnitude is
larger than that obtained in vacuum, evanescent fields are generally required in
practice. Further details can be found in Refs. [16] and [18].

The word “plasmon” in SPP emphasizes the underlying physical process. Nega-
tive permittivity in metals results from oscillations in the density of electrons within
it. To a very good approximation, electrons in a conductor can be viewed as a free
ideal gas with properties resembling that of a plasma (consisting of plasmons in a
quantum treatment). The word “polariton” in SPPs represents the phonon oscilla-
tions associated with surface modes in polar dielectrics. SPPs represent a hybrid
wave associated with the interaction between these two distinctive processes [14].
Within the framework of Maxwell’s equations, once the material properties of the
dielectric and the metal are specified, SPPs refer to a solution that decays expo-
nentially in both directions from the interface. Figure 3.6 shows this behavior
schematically.

Recent advances in metamaterials and artificial materials have widened the
frequency range over which an SPP can be sustained [19, 20]. For example, in
the microwave region, metals are not very effective for initiating SPPs because
their response becomes dominated by their high conductivity. However, properly
designed metamaterials with a negative refractive index can be interfaced with con-
ventional dielectrics to form composite structures in which SPPs can be sustained
on the interface at microwave and terahertz frequencies.

3.2.2 Propagation loss and its control

Even though it is relatively easy to find dielectrics that exhibit very low losses in the
frequency range of SPPs, it is not possible to avoid a significant energy loss resulting
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Figure 3.6 Exponential decay of an SPP surface wave strength in both directions
from the metal–dielectric interface.

from the positive imaginary part of the permittivity of metals. The overall effect
is a rather lossy propagation of SPPs on a metal–dielectric interface. Often, the
effective propagation length of SPPs is limited to distances ∼ 10λ when radiation
of wavelength λ is used to excite such a surface wave [14]. This lossy nature of
SPPs is the main obstacle to their use in channeling light using sub-wavelength size
structures, because it effectively limits the maximum size of plasmonic devices that
can be made. In addition, if SPPs propagate through sharp bends, there is a chance
of losing additional energy to radiation losses [21].

Two fundamentally different strategies have been proposed to reduce the prop-
agation losses of SPPs [22, 23]. One scheme utilizes gain in the dielectric region
to compensate for the losses occurring within the metal [22]. The other scheme is
known by the term spaser, an acronym similar to laser and standing for surface
plasmon amplification by stimulated emission of radiation. The spaser is indeed the
nano-plasmonic counterpart of a conventional laser, but it amplifies plasmon reso-
nances rather than photons, and employs a plasmonic resonator (i.e., nanoparticles)
instead of a mirror-based cavity [24]. A spaser receives energy from a conven-
tional gain medium, pumped externally, using a mechanism similar to Forster’s
dipole–dipole energy transfer [25], transferring excitation energy nonradiatively to
the resonant nanosystem.

Figure 3.7 shows one possible design of a spaser based on a metal–dielectric
nanoshell [24]. More specifically, a silver nanoshell is surrounded by active quan-
tum dots that are pumped to provide gain. When a quantum dot is not in the
immediate vicinity of the nanoshell, it relaxes to a lower energy state by emitting
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Figure 3.7 Illustration of the spaser scheme in which gain in quantum dots sur-
rounding a metal–dielectric nanoshell compensates for propagation losses within
the metal.
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Figure 3.8 Configuration used for analyzing SPPs confined to a metal–dielectric
interface.

photons. However, when there is tighter coupling between the nanoshell and the
quantum dots, the relaxation process does not lead to emission of new photons
but transfers energy to the resonant surface plasmons of the nanoshell. Moreover,
surface plasmons on the nanoshell can stimulate further such transitions, leading
to stimulated emission of identical surface plasmons [24].

3.2.3 Gain-assisted propagation of SPPs

The basic idea of using an active dielectric medium to compensate for losses in the
metallic region of SPPs on an interface [22] has been developed further in recent
years [3,26]. We follow the analysis of Ref. [3] to gain a fundamental understanding
of the analytical reasoning behind the physical process.

Figure 3.8 shows the geometry used. We assume that an SPP surface wave is
propagating along the positive x direction on the metal–dielectric boundary, which
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lies in the x–y plane, and that the electromagnetic fields associated with this surface
wave decays in the positive (dielectric) and negative (metal) z directions. The
permittivities of the dielectric and metal media are assumed to be constant within
each medium at a given frequency, but we allow for the possibility that they may vary
with frequency. The dielectric has a complex permittivity, εD = εDr + jεDi with
εDr > 0. When the dielectric is pumped externally to provide gain, the permittivity
also satisfies εDi < 0. The excitation of an SPP wave at the metal–dielectric
interface requires that the real parts of the permittivities of these two media have
opposite signs. Therefore, the metal permittivity, εM = εMr + jεMi , must satisfy
εMr < 0. Also, the lossy nature of the metal implies that εMi > 0.

Owing to our assumption of homogeneity in the y direction, the global1 electric
and magnetic fields, EG and HG, can be written in the following general form [16]:

EG(x, y, z) = E(z) exp[j (kxx − ωt)], (3.16a)

HG(x, y, z) = H (z) exp[j (kxx − ωt)], (3.16b)

where kx is the magnitude of the wave vector of the SPP wave pointing in the x

direction and ω is its frequency. Substitution of these fields in the Maxwell equation

∇ ×EG = −µ0
∂HG

∂t
gives us the relations

∂Ey

∂z
= −jωµ0Hx, (3.17a)

∂Ex

∂z
= jωµ0Hy + jkxEz, (3.17b)

jkxEy = jωµ0Hz. (3.17c)

Since the permittivity is discontinuous across the metal–dielectric interface, we
introduce a single permittivity function ε(z) of the form

ε(z) =
{
εD if z > 0,
εM if z < 0.

(3.18)

Using the Maxwell equation for the magnetic field, ∇ ×HG = −ε
∂EG

∂t
+ J , we

then obtain

∂Hy

∂z
= jωε(z)Ex, (3.19a)

∂Hx

∂z
= −jωε(z)Ey + jkxHz, (3.19b)

jkxHy = −jωε(z)Ez, (3.19c)

1 We use the qualifier “global” to designate the whole system in Figure 3.8.
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where we have assumed J = 0 because there are no currents present in the system
under study.

Two self-consistent solutions exist for the preceding six field equations (corre-
sponding to the TE and TM modes) when the metal in Figure 3.8 is replaced with
a dielectric. However, it is known that there is no nonzero TE solution in the case
of a metal, and SPP waves are necessarily in the form of TM modes [16]. For a TM
solution, only the field components Ex , Ez, and Hy are nonzero, and we need to
solve the following set of three equations:

∂Ex

∂z
= jωµ0Hy + jkxEz, (3.20a)

Ex = −j
1

ωε

∂Hy

∂z
, (3.20b)

Ez = − kx

ωε
Hy. (3.20c)

Substitution of Eqs. (3.20b) and (3.20c) into Eq. (3.20a) gives the wave equation
for Hy ,

∂2Hy

∂z2
+ (εµ0ω

2 − k2
x)Hy = 0. (3.21)

Because we are interested in finding a solution confined to the interface and
because the two sides of the interface require distinct z components of the prop-
agation vector, it is useful to assign different labels to the electric and magnetic
field components in each medium. We use the subscripts D and M to indicate the
dielectric and metal regions, respectively, and write the TM-mode solution in the
form

ED(x, z, t) = (ExDx + EzDz) exp[j (kxx + kzDz− ωt)], (3.22a)

EM(x, z, t) = (ExMx + EzMz) exp[j (kxx + kzMz− ωt)]), (3.22b)

HD(x, z, t) = HyDy exp[j (kxx + kzDz− ωt)], (3.22c)

HM(x, z, t) = HyMy exp[j (kxx + kzMz− ωt)]. (3.22d)

The continuity of the tangential magnetic field Hy at the interface requires

HyD = HyM, (3.23)

and the continuity of the tangential electric field Ex gives us the relation

kzD

εD
= kzM

εM
, (3.24)
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where we have used Eq. (3.20b). Since Hy satisfies the wave equation (3.21) in
both media, we also obtain the relations

k2
x + k2

zD = εDµ0ω
2, (3.25a)

k2
x + k2

zM = εMµ0ω
2. (3.25b)

The preceding three equations can be used to find the three unknowns, kx , kzD ,
and kzM . First, we solve for the squares of these variables because it avoids any
ambiguity in choosing the appropriate branch cut in the complex plane. The result
is given by

k2
x = µ0ω

2 (εDr + jεDi)(εMr + jεMi)

(εDr + εMr)+ j (εDi + εMi)
, (3.26a)

k2
zD = µ0ω

2 (εDr + jεDi)
2

(εDr + εMr)+ j (εDi + εMi)
, (3.26b)

k2
zM = µ0ω

2 (εMr + jεMi)
2

(εDr + εMr)+ j (εDi + εMi)
, (3.26c)

where we have made the substitutions εD = εDr + jεDi and εM = εMr + jεMi .
For a general complex number a+ jb with b �= 0, the square root

√
a + jb can

be written as√
a + jb = 1√

2

√
a +

√
a2 + b2 + j

sgn(b)√
2

√
−a +

√
a2 + b2. (3.27)

This equation shows clearly that the imaginary part of the square root of a com-
plex number has a branch cut along the negative real axis. To have bound SPP
modes on the interface, both Im(kzD) and Im(kzM) must be positive to ensure
exponentially decaying fields in the z direction. From Eq. (3.27), this amounts to
requiring sgn(b) > 0. Applying this criterion to kzD and kzM gives the following
two conditions:

(ε2
Di − ε2

Dr)(εDi + εMi)+ (εDr + εMr)εDrεDi > 0, (3.28a)

(ε2
Mi − ε2

Mr)(εDi + εMi)+ (εDr + εMr)εMrεMi > 0. (3.28b)

Similarly, we can find the threshold gain at which lossless propagation of the SPP
mode happens by setting Im(kx) = 0. The result is given by

(εDiεMi − εDrεMr)(εDi + εMi)+ (εDiεMr + εDrεMi)(εDr + εMr) = 0. (3.29)

3.3 Gain-assisted management of group velocity

As discussed in Section 2.6, three different velocities are associated with an elec-
tromagnetic field, namely the phase velocity, the group velocity, and the energy
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n(v)

v

anomalous
dispersion

normal
dispersion

Figure 3.9 Frequency dependence of the refractive index. The normal- and
anomalous-dispersion regions of an optical medium are related to the change in
slope of this curve.

velocity. In this section we look at ways of controlling the group velocity of an
optical pulse by clever use of gain at particular frequencies to create anomalous-
dispersion regions. Before going into detail, it is instructive to consider how the
anomalous nature of dispersion characteristics in a medium can drastically alter the
group velocity of light in that medium.

3.3.1 Dispersion and group velocity

Figure 3.9 shows an example of the frequency dependence of the refractive index
(dispersion) in a particular medium. Normal dispersion occurs when the refractive
index n(ω) increases with increasing ω, i.e., when dn/dω > 0. Anomalous disper-
sion refers to the opposite situation, in which the refractive index decreases when
the frequency increase locally, i.e., when dn/dω < 0. The group index ng(ω) of a
medium, introduced earlier in Section 2.6, can be obtained from k(ω) = n(ω)ω/c

in the form

ng(ω) = n(ω)+ ω
d

dω
n(ω). (3.30)

As a result, the group index exceeds n(ω) in the normal-dispersion region of a
medium, but it becomes smaller than n(ω) in the anomalous-dispersion region.
The group velocity is related to the group index by the relation vg(ω) = c/ng(ω)

given earlier in Section 2.6.
The frequency dependence of the group velocity becomes important for short

optical pulses with a large bandwidth. If the group velocity of a medium remains
nearly constant over the entire bandwidth of the pulse, the pulse retains its shape
when propagating through such a medium [27]. However, if that is not the case,
the pulse may broaden or shorten in duration within the medium, depending on
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whether it is chirped or unchirped and on whether the medium exhibits normal or
anomalous dispersion [28].

If the material is anomalously dispersive within the frequency range of the pulse
bandwidth, the term ω(dn/dω) can be negative and large, a situation that makes the
group index in Eq. (3.30) also large and negative. Also, there may be frequencies
where the group index in Eq. (3.30) is positive but close to zero. The former case
leads to negative velocities and the latter case leads to group velocities greater
than the speed of light in vacuum. Negative group velocities seem to contradict
the causality constraints, whereas group velocities larger than the vacuum speed of
light seem to contradict the foundations of the special theory of relativity. Therefore
a closer look at these phenomena is essential for a proper understanding of the
underlying concepts.

3.3.2 Gain-assisted superluminal propagation of light

Consider the propagation of light over a distance L in a medium having a group
velocity vg . The transit time of light is given by T = L/vg = Lng/c. If the medium
is free space, the transit time is given by L/c. Therefore the delay seen by the light
while propagating through this medium, compared with the same distance in free
space, is given by �T = (ng − 1)L/c. Interestingly, if ng < 1, the delay becomes
negative, and the pulse seems to travel faster than the speed of light in vacuum [27].
This is referred to as the superluminal propagation of light, and this phenomenon
has attracted wide attention because of its controversial nature. By now, it is well
understood that such a behavior does not represent a noncausal effect and occurs
as a natural consequence of the wave nature of light [29].

When the optical frequency of the incident light is far from an atomic resonance
of a passive medium, the medium exhibits weak absorption and appears nearly
transparent. Such a medium also exhibits normal dispersion (dn/dω > 0), and it
is hard to observe superluminal effects [30]. Specifically, if a medium is absorptive
(i.e. Im[χ(ω)] ≥ 0), the use of the Kramers–Kronig relations shows that [30]

ng(ω) > max

{
n(ω),

1

n(ω)

}
, if Im[χ(ω)] ≥ 0. (3.31)

Because transparent dielectrics have a refractive index n(ω) > 1 at frequencies
below the bandgap of the material, it follows that ng(ω) will also exceed 1 [29].
Similarly, a metal becomes transparent at frequencies above its plasma frequency.
The refractive index of such a metal satisfies the condition n(ω) < 1 but the group
index ng exceeds 1 again [29]. Therefore, both the dielectric and the metallic media
exhibit a group velocity smaller than the vacuum speed of light because their group
index satisfies ng(ω) > 1.
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Figure 3.10 Gain and refractive index of the medium described in the text. (After
Ref. [29]; © APS 2001)

In active media exhibiting optical gain, Im[χ(ω)] < 0, and the relation (3.31)
does not hold. Interestingly, close to the gain peak, the medium can even become
anomalously dispersive and may support superluminal propagation of light [29, 31].
Consider an active medium with two closely spaced gain peaks as shown in
Figure 3.10. The susceptibility of such a medium has the form

χ(ω) = M

(ω − ω0 −�ω)+ j'
+ M

(ω − ω0 +�ω)+ j'
, (3.32)

where M depends on the pumping level of the medium and 2�ω represents
the spacing between the two gain peaks. Numerical values of these parameters
corresponding to a real gain medium can be found in Ref. [29].

The refractive index of any medium is related to its susceptibility by

n(ω) = Re[√1+ χ(ω)]. (3.33)

Using this expression, the group index is found to be

ng(ω) = 1

n(ω)

(
1+ 2M�ω

D2(ω)
[ω(ω − ω0 + j)+D2(ω)]

)
, (3.34)

where D(ω) = [(ω−ω0 +�ω)+ j'][(ω−ω0 −�ω)+ j']. Figure 3.11 shows
the delay or advance in the arrival time of a pulse as its carrier frequency is tuned
across the two gain peaks for the specific set of parameters given in Ref. [29]. The
negative values in the region between the two gain peaks indicate that the pulse
arrives earlier because of an increase in its group velocity.
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Figure 3.11 Pulse delay/advance as a function of the carrier frequency of the light
pulse. (After Ref. [29]; © APS 2001)

3.4 Gain-assisted dispersion control

Even though active materials are primarily used to compensate for propagation
losses or to boost the signal strength before detection, they can also be used for
manipulating dispersion in nanowaveguides [32]. If an active medium is used
for this purpose, the group velocity in a nanowaveguide can be controlled dras-
tically by varying the distributed gain along the propagation path, because both
the material properties and the waveguide geometry play important roles in setting
the group velocity (as compared with larger replicas of such waveguides such as
optical fibers). What is even more striking is that dispersive properties can be con-
trolled using gain alone, even in nanowaveguides made of materials that are weakly
dispersive (i.e., materials for which ∂ε/∂ω ≈ 0).

3.4.1 Group velocity of a multilayer cylindrical nanowaveguide

Consider the multilayer cylindrical nanowaveguide shown in Figure 3.12, made
with N layers of different refractive indices. For simplicity, we assume that the
waveguide is homogeneous along the the propagation direction z with a propagation
constant kz in this direction. Application of Maxwell’s equations to this composite
structure results in a dispersion relation for the nanowaveguide that predicts how kz

varies with ω [32]. This dispersion relation is found by solving Maxwell’s equations
in each layer and relating field components at layer interfaces using the appropriate
boundary conditions [33]. Since the contribution of each layer to the dispersion
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Figure 3.12 Schematic geometry of a multi-layered nanowaveguide.

relation D is governed by a structural parameter κs (s = 1 to N ), we can write this
relation in the symbolic form

D(kz, ω, κ1, κ2, . . . , κN) = 0. (3.35)

In this equation the contribution of each layer appears through a single parameter
κs . Such a one-to-one mapping may not hold if the waveguide is not cylindrically
symmetric or is made of materials that are anisotropic [32].

In addition to this global relationship, each layer has its own dispersion relation
Ds , when considered in isolation, giving us N individual dispersion relations of the
form

Ds(kz, ω, κs) = 0, s = 1, 2, . . . , N. (3.36)

The solution of these N + 1 transcendental equations provides sufficient informa-
tion to completely characterize any electromagnetic wave propagating through the
structure depicted in Figure 3.12. In particular, the phase and group velocities can
be obtained from the relations

vp = ω

kz
, vg = ∂ω

∂kz
. (3.37)

To derive an expression for the group velocity while maintaining the constraints
imposed on ω and kz by the dispersion relations, we calculate the total derivatives
of Eqs. (3.35) and (3.36) with respect to kz and obtain



3.4 Gain-assisted dispersion control 81

dD

dkz
= ∂D

∂kz
+ ∂D

∂ω
vg +

N∑
s=1

∂D

∂κs

∂κs

∂kz
= 0 (3.38a)

dDs

dkz
= ∂Ds

∂kz
+ ∂Ds

∂ω
vg + ∂Ds

∂κs

∂κs

∂kz
= 0. (3.38b)

To find vg , we first solve Eq. (3.38b) for ∂κs/∂kz and obtain

∂κs

∂kz
= −

(
∂Ds

∂κs

)−1
∂Ds

∂kz
−

(
∂Ds

∂κs

)−1
∂Ds

∂ω
vg. (3.39)

Substitution of this result into Eq. (3.38a) then provides us with the following
expression for the group velocity:

vg = −
∑N

s=1
∂D
∂κs

(
∂Ds

∂κs

)−1
∂Ds

∂kz
− ∂D

∂kz∑N
s=1

∂D
∂κs

(
∂Ds

∂κs

)−1
∂Ds

∂ω
− ∂D

∂ω

. (3.40)

It is clear from this expression that the group velocity can be controlled pretty much
independently of the phase velocity by controlling the composite and individual
dispersion relationships. This amounts to controlling the geometry and material
properties of the indicated nanowaveguide, giving a design flexibility unheard of
for conventional waveguides.

3.4.2 Silver nanorod immersed in an active medium

To illustrate how optical gain be used to control the group velocity, we analyze the
nanowaveguide structure shown in Figure 3.13, where a silver nanorod is immersed

silver nanorod

active dielectric medium (Rh6G)

z

x

y

Figure 3.13 Silver nanorod in an active dielectric medium.
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in an active dielectric medium (Rh6G dye). We assume that the silver’s permittivity
is adequately described by the Drude model:

ε1(ω) = ε
Ag∞ ε0 −

ω2
pε0

ω(ω + jγp)
. (3.41)

Typically, εAg∞ = 5, ωp = 13.88× 1015 s−1, and γp = 3.3× 1013 s−1 [32, 34].
The active medium surrounding the silver nanorod is assumed to be a 1% solution

of rhodamine 6G in methanol (Rh6G). The following permittivity model can be
used for this solution in the range of optical frequencies [32, 35]:

ε2(ω) = εRh6G∞ ε0 − G1ε0

ω2 − ω2
1 + jγ1ω

− G2ε0

ω2 − ω2
2 + jγ2ω

. (3.42)

Typical parameter values are εRh6G∞ = 1.81, γ1 = 1.2×1014 s−1, ω1 = 3.85×1015

s−1, γ2 = 6 × 1013 s−1, and ω2 = 3.52 × 1015 s−1. The gain of the dye solution
can be adjusted by fixing G1 and varying G2, which amounts to increasing the
excited-state population of Rh6G with an external optical pumping scheme. In the
following analysis, we fix G1 = 0.001 but vary G2 such that the excited-state
population relative to the ground state remains below 50% [32]. Because the Rh6G
medium is not inverted under these conditions, the imaginary part of ε2(ω) remains
positive, making the medium effectively lossy. However, this loss is much less than
that of the unpumped medium.

Unlike waveguides with dimensions larger than the wavelength of light, a
nanowaveguide cannot support propagation of light as a bound optical mode
because all bound modes are typically below the standard cut-off limit. Indeed,
one can show by using the field-continuity requirements at the metal–dielectric
interface that only SPP modes are supported. For a TM-polarized SPP mode prop-
agating along the+z direction, Hz = 0. Since all nonzero field components can be
calculated in terms of Ez, we only need to find this field component.

Within the silver nanorod, the Ez component satisfies Maxwell’s wave equation,
which takes the following form when written in the frequency domain using
cylindrical coordinates (r, φ, z):

∂2Ez

∂r2
+ 1

r

∂Ez

∂r
+ 1

r2

∂2Ez

∂φ2
+ ∂2Ez

∂z2
+ ε1(ω)

ω2

c2
Ez = 0. (3.43)

The same equation can be used in the active medium surrounding the nanorod,
after replacing ε1 with ε2. Using the method of separation of variables, the general
solution of the preceding equations takes the form

Ez(r, φ, z) = F(r)eimφ exp(jkzz− jωt), (3.44)
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where the radial function F(r) satisfies

d2F

dr2
+ 1

r

dF

dr
−

(
κ2
s +

m2

r2

)
F = 0, (3.45)

with

κ2
s = k2

z − εs
ω2

c2
, s = 1, 2. (3.46)

The radial equation has two independent solutions of the form Im(r) and Km(r),
where Im and Km are the modified Bessel functions of the first and second kinds,
respectively. Therefore, the most general solution should be a linear combination
of Im and Km. The choice m = 0 leads to the cylindrically symmetric solution that
is of primary interest here. In this case, the radial part is given by

F(ρ) =
{

AI0(κ1r)+ A′K0(κ1r), r ≤ R,

BI0(κ2r)+ B ′K0(κ2r), r > R.
(3.47)

If we use the boundary conditions that the field must be finite at r = 0 and should
vanish at r = ∞ (the radiation condition), we find that we must set A′ = 0 and
B = 0 in Eq. (3.47). This can be understood by noting that, when ζ → 0, the
functions I0 and K0 behave approximately as [36]

I0(ζ ) ∼ 1+ 1

4
ζ 2, K0(ζ ) ∼ − ln

(
ζ

2

)
+ γ, (3.48)

where γ is Euler’s constant. Similarly, when ζ → ∞, I0 and K0 behave
approximately as [36]

I0(ζ ) ∼ exp(ζ )√
2πζ

, K0(ζ ) ∼
√

π

2ζ
exp(−ζ ). (3.49)

Since K0 blows up at the origin and I0 blows up at∞, they cannot be part of field
solutions and the corresponding terms should be removed from Eq. (3.47).

The requirement that the Ez component be continuous everywhere gives us the
following expression for the Ez component of the SPP mode supported by the
nanorod (for m = 0):

Ez(r, z, t) =
{
Ez0[I0(κ1r)/I0(κ1R)] exp(jkzz− jωt), r ≤ R,

Ez0[K0(κ2r)/K0(κ2R)] exp(jkzz− jωt), r > R.
(3.50)
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The continuity of the φ component of the magnetic field provides us with the
dispersion relation for the waveguide. To calculate it, we note that

Hφ,s = j
εs

µ0κ2
s c

∂Ez

∂r
, s = 1, 2. (3.51)

To calculate Hϕ,s , we need to know the derivatives of I0 and K0. These can be
obtained from the well-known relations [37]

dI0(ζ )

dζ
= I1(ζ ),

dK0(ζ )

dζ
= −K1(ζ ), (3.52)

where I1 and K1 are the modified Bessel functions of order 1. Matching Hϕ,s at
the interface (r = R), we obtain the following dispersion relation for the silver
nanorod:

D ≡ ε1

κ1
I1(κ1R)+ ε2

κ2
K1(κ2R) = 0. (3.53)

The individual dispersion relations can be obtained from Eq. (3.47) and are given by

D1 = ε1(ω)
ω2

c2
− k2

z + κ2
1 = 0, (3.54a)

D2 = ε2(ω)
ω2

c2
− k2

z + κ2
2 = 0. (3.54b)

We can now obtain the group velocity in terms of the derivatives indicated in
Eq. (3.40). The result is given by

vg =
kz

(
1
κ1

∂D
∂κ1
+ 1

κ2

∂D
∂κ2

)
ω

c2

2∑
s=1

1
κs

∂D
∂κs

(
εs + ω

2
dεs
dω

)
− ∂D

∂ω

. (3.55)

In the absence of material dispersion, the derivatives of D , D1, and D2 with respect
to ω vanish and Eq. (3.55) leads to the simple relation [32]

vgvp = constant. (3.56)

In the presence of material dispersion, the derivative ∂D/∂ω in Eq. (3.55) can be
controlled by adjusting the gain in the Rh6G medium. As an example, Figure 3.14
shows how the phase and group velocities vary with the gain (left column) over a
wavelength range extending from 480 to 560 nm for a 35-nm-radius nanorod. Their
dependence on the nanorod radius is shown in the right column at a wavelength of
534 nm. One can see that both superluminal and subluminal speeds can be achieved
for a silver nanorod under varying gain conditions.
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Figure 3.14 Group and phase velocities of the TM SPP mode supported by a
metal nanorod in Rh6G methanol solution as a function of gain, wavelength, and
the radius of the nanorod. The radial dependence is given at λ = 534 nm, and
the the wavelength dependence is given for R = 35 nm. (After Ref. [32]; © APS
2006)
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4

Optical Bloch equations

The analysis in Chapter 3 used a phenomenological form of the permittivity to
describe active materials. A proper understanding of optical amplification requires
a quantum-mechanical approach for describing the interaction of light with atoms
of an active medium [1]. However, even a relatively simple atom such as hydrogen
or helium allows so many energy transitions that its full description is intractable
even with modern computing machinery [2, 3]. The only solution is to look for
idealized models that contain the most essential features of a realistic system. The
semiclassical two-level-atom model has proven to be quite successful in this respect
[4]. Even though a real atom has infinitely many energy levels, two energy levels
whose energy difference nearly matches the photon energy suffice to understand the
interaction dynamics when the atom interacts with nearly monochromatic radiation.
Moreover, if the optical field contains a sufficiently large number of photons (>100),
it can be treated classically using a set of optical Bloch equations. In this chapter,
we learn the underlying physical concepts behind the optical Bloch equations. We
apply these equations in subsequent chapters to actual optical amplifiers and show
that they can be solved analytically under certain conditions to provide a realistic
description of optical amplifiers.

It is essential to have a thorough understanding of the concept of a quan-
tum state [5]. To effectively use the modern machinery of quantum mechanics,
physical states need to be represented as vectors in so-called Hilbert space [6].
However, a vector in Hilbert space can be represented in different basis states
that amount to having different coordinate systems for standard vectors (such as
velocity and momentum). To emphasize the independence of a vector from its
representation in a chosen basis, Dirac introduced the bra–ket notation in quan-
tum mechanics [7, 8]. This notation is not only a nice analytical tool but also
has the power to aid the thought process [9]. For this reason, we provide in
Section 4.1 an overview of the bra–ket notation. However, we should empha-
size that our presentation ignores subtle differences between concepts such as a
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Hilbert space and a rigged Hilbert space (see Ref. [8]). We introduce the con-
cept of a density operator in Section 4.2 and use it in Section 4.3 to derive the
optical Bloch equations. The rotating-wave approximation is also discussed in
Section 4.3. We introduce in Section 4.4 the damping terms in the optical Bloch
equations that are essential for describing active media. Section 4.5 provides the
full set of Maxwell–Bloch equations, and their numerical integration is discussed in
Section 4.6.

4.1 The bra and ket vectors

A complete set of ket vectors constitutes a linear vector space V. The description
of such a vector space involves the following properties [5]:

• If we denote different ket vectors as |vk〉 , (k = 1, 2, . . .), they obey the following
properties:
Associativity property: |v1〉 + (|v2〉 + |v3〉) = ( |v1〉 + |v2〉 )+ |v3〉.
Commutativity property: |v1〉 + |v2〉 = |v2〉 + |v1〉.
Zero element: There exists a zero vector such that |v〉 + |0〉 = |v〉.
Inverse element: for each vector |v〉 ∈ V, there exists an inverse element− |v〉

such that |v〉 + (− |v〉) = |0〉.
• Addition and multiplication operations with respect to a scalar field consisting of

complex numbers (c → C) satisfy the following relations:
Distributivity property for vector addition: c(|v1〉 + |v2〉) = c |v1〉 + c |v2〉.
Distributivity property for the scalar field: (c1 + c2) |v〉 = c1 |v〉 + c2 |v〉.
Associative property for the scalar field: c1(c2 |v〉) = (c1c2) |v〉.
Scalar unit element: the unit element 1 ∈ C obeys 1 |v〉 = |v〉.

In quantum mechanics, ket vectors |v〉 and c |v〉, where c is an arbitrary complex
number, represent the same physical state. A normalization condition is used in
practice to provide a unique representation of any physical state.

It is possible to define a mapping between two arbitrary elements in the ket-vector
space V and the complex-number space C. This mapping, called the scalar product
and denoted by 〈·, ·〉, obeys the following relations [5]:

Vector addition in the first ket: 〈|v1〉 + |v2〉 , |v3〉〉 = 〈|v1〉 , |v3〉〉 + 〈|v2〉 , |v3〉〉.
Vector addition in the second ket: 〈|v1〉 , |v2〉 + |v3〉〉 = 〈|v1〉 , |v2〉〉+〈|v1〉 , |v3〉〉.
Scalar multiplication of the first ket: 〈c |v1〉 , |v2〉〉 = c∗ 〈|v1〉 , |v2〉〉.
Scalar multiplication of the second ket: 〈|v1〉 , c |v2〉〉 = c 〈|v1〉 , |v2〉〉.
Conjugate symmetry: 〈|v1〉 , |v2〉〉 = 〈|v2〉 , |v1〉〉∗.
Positive definiteness: 〈|v〉 , |v〉〉 > 0, if |v〉 �= |0〉.
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Owing to the last property, one could naturally introduce another measure called
the “norm" of the ket-space and defined as

‖ |v〉 ‖ ≡ √〈|v〉 , |v〉〉, (4.1)

where the positive sign of the square root is always chosen. Because of this defi-
nition, the norm of a ket vector is never negative and provides a way to quantify
the magnitude of that ket. In the case of a three-dimensional vector in Euclid-
ian space, its norm is equal to the length of that vector. Thus, the norm carries
many of the familiar properties of lengths in Euclidian space to the abstract linear
spaces found in quantum mechanics [5]. Two examples are provided by the triangle
inequality, ‖ |v1〉+|v2〉 ‖ ≤ ‖ |v1〉 ‖+‖ |v2〉 ‖, and the Cauchy–Schwarz inequality,
| 〈|v1〉 , |v2〉〉 | ≤ ‖ |v1〉 ‖ · ‖ |v2〉 ‖.

We are now in a position to introduce bra vectors in the associated dual space
of a linear vector space using the concept of dual correspondence [5, 10]. Dual
correspondence refers to a mapping (i.e., an operator, which we denote by †) that
takes a ket |v〉 to its corresponding bra 〈v|. The vector space in which bra 〈v|
vectors live is called the dual space and is denoted as V

† to emphasize the one-
to-one relationship it has with the ket-space V. Mathematically, this mapping is
denoted as

† : V → V
†. (4.2)

The action of bra, 〈v| ∈ V
†, on a ket, |u〉 ∈ V, is defined as

〈v| |u〉 ≡ 〈v| (|u〉) ≡ 〈v u〉 = 〈|v〉 , |u〉〉 . (4.3)

The operation † which maps a vector space to its dual space is known as Hermitian
conjugation [5]. It can be used to compactly write the following equality between
a bra and its corresponding ket:

〈v| = (|v〉)† . (4.4)

For all practical purposes, this is a unique relationship between a vector space and
its dual space.1 Because of this unique relationship, the inverse mapping from the
dual space should carry the bra to its original ket:

|v〉 = (〈v|)† = (|v〉)†† . (4.5)

Combining these properties with the conjugate-symmetry property of the scalar
product gives us

(c |v〉)† = c∗ 〈v| (4.6)

1 It is one-to-one and onto for all finite-dimensional and infinite-dimensional Hilbert spaces.
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for an arbitrary complex number c.
We now consider representation of the bra and ket vectors in a fixed basis.

Suppose the vector space V has an orthonormal basis given by { |ei〉 }, where the
index i may be finite, countably infinite, or a continuous set. It could even be a
combination of discrete and continuous elements. Being an orthonormal basis, its
elements satisfy

‖ |ei〉 ‖ =
√〈ei ei〉 = 1, (4.7a)〈|ei〉 , ∣∣ej 〉〉 = 〈
ei ej

〉 = 0, if i �= j. (4.7b)

Using this basis, any ket vector |ψ〉 can be written as

|ψ〉 =
∑
i

〈|ei〉 , |ψ〉〉 |ei〉 =
∑
i

〈ei ψ〉 |ei〉. (4.8)

It is convenient and instructive to introduce the unit operator as

I =
∑
i

|ei〉 〈ei |. (4.9)

This operator sends any ket to itself in the vector space in which { |ei〉 } forms an
orthonormal basis. Therefore, |ψ〉 can be written as

|ψ〉 = I |ψ〉 =
(∑

i

|ei〉 〈ei |
)
|ψ〉 =

∑
i

〈ei ψ〉 |ei〉. (4.10)

It is clear from the definition of the unit operator in Eq. (4.9) that the term |ei〉 〈ei |
is responsible for projecting ψ along the base ket |ei〉. This idea can be generalized
by introducing a projection operator P along the direction of |e〉 (assuming that |e〉
is a normalized ket, i.e., ‖ |e〉 ‖ = 1):

P = |e〉 〈e| . (4.11)

If this operator is applied to an arbitrary ket |ψ〉, we get

P |ψ〉 = |e〉 〈e| |ψ〉 = 〈e ψ〉 |e〉 , (4.12)

which is clearly the projection of |ψ〉 along the direction |e〉.

4.2 Density operator

In classical mechanics the state of a particle at any time is completely described
by its position and momentum at that time [11], and Newton’s equations of motion
specify how this state evolves with time. In quantum mechanics, a ket vector |ψ〉 in
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the relevant Hilbert space specifies the particle state completely, and the temporal
evolution of this state is governed by the Schrödinger equation [5],

j�
∂ |ψ〉
∂t

= H |ψ〉 , (4.13)

where H is the Hamiltonian operator and � = h/(2π) is related to the Planck
constant h.

How is the solution of Eq. (4.13) related to measurements of a particle’s position
or momentum? In quantum mechanics any measurable quantity is represented by a
Hermitian operator [6]. This is a fundamental difference from classical mechanics.
As an example, the momentum in quantum mechanics is represented by the operator
�

j
∂
∂x

, where x is the position coordinate. In any measurement of the operator O,
the only values that can be observed are the eigenvalues oλ obtained by solving the
eigenvalue equation

O |ψλ〉 = oλ |ψλ〉 , (4.14)

where |ψλ〉 is called an eigenstate of the operator O. Owing to the Hermitian nature
of this operator, all of its eigenvalues are real. This ensures that measurements
on a quantum system always yield real results, in agreement with our everyday
experience. Of course, measurements on identical systems in the same quantum
state |ψ〉 may yield different results for a given operator. The mean value of the
operator O is then given by the expectation value 〈ψ O ψ〉.

We assume that all eigenstates of the operator O are normalized such that
‖ |ψλ〉 ‖ = 1. Suppose we do not have definitive information about any of the
observable states but are aware that there is a probability Pλ of finding the quantum
system in the state |ψλ〉. Since the system must be in one of these states at any given
instant, the relation

∑
λ Pλ = 1 must hold. We note that the index λ may take finite,

countably infinite, or a continuous range of values without affecting the following
discussion.

Similarly to the statistical description of a classical system, adopted when one
does not know the initial state of the system with certainty, it is common to adopt
the concept of the density operator ρ for a quantum system using the definition

ρ =
∑
λ

Pλ |ψλ〉 〈ψλ| . (4.15)

This operator can be used to calculate the expectation value of the operator O using
the relation 〈O〉 = Tr(ρO), where Tr represents the trace operation that corresponds
the sum of the eigenvalues of the operator in the parenthesis.
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To prove the preceding relation, we first note that 〈O〉 = ∑
λ∈T Pλoλ. Next,

noting that oλ = 〈ψλ O ψλ〉, we obtain

〈O〉 =
∑
λ∈T

Pλoλ =
∑
λ

Pλ 〈ψλ O ψλ〉

=
∑
λ

Pλ 〈ψλ|
(∑

µ

∣∣ψµ

〉 〈
ψµ

∣∣)O |ψλ〉 ,
(4.16)

where the bracketed term is an identity operator (see Eq. (4.9)). Using the
orthonormal property of the eigenvectors, we obtain

〈O〉 =
∑
µ

〈
ψµ

∣∣ (∑
λ

Pλ |ψλ〉 〈ψλ|.
)

O
∣∣ψµ

〉
. (4.17)

Using the definition of the density operator in Eq. (4.15), we finally obtain

〈O〉 =
∑
µ

〈
ψµ

∣∣ ρO
∣∣ψµ

〉 ≡ Tr(ρO). (4.18)

The time evolution of the density operator is governed by the Schrödinger
equation (4.13). Taking the partial derivative of ρ with respect to time, we obtain

∂ρ

∂t
=

∑
λ

Pλ

(
∂ |ψλ〉

∂t
〈ψλ| + |ψλ〉 ∂ 〈ψλ|

∂t

)

= 1

j�

∑
λ

Pλ (H |ψλ〉 〈ψλ| − |ψλ〉 〈ψλ|H) .

(4.19)

Defining the commutator of two operators A and B as

[A,B] ≡ AB− BA, (4.20)

we finally obtain the evolution equation for the density operator in the form

∂ρ

∂t
= 1

j�
[H, ρ]. (4.21)

4.3 Density-matrix equations for two-level atoms

As mentioned earlier, even though an atom may have many energy levels, as shown
schematically in Figure 4.1, if the optical frequency of incident light is close to an
atomic resonance, one can approximate the atom with an effective two-level system.
This is possible because interaction between atoms and electromagnetic radiation
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incident radiation at
angular frequency v 

�v

atom with multiple energy levels

1

2

Figure 4.1 Schematic of the interaction of a multilevel atom with radiation whose
photon energy �ω nearly matches the energy difference between two specific
atomic levels.

Level 1

Level 2
E2

E1

v0=(E2-E1)/�

incident radiation at
angular frequency v 

Figure 4.2 Schematic of an effective two-level system when ω ≈ ω0.

occurs through dipole moments. If the energy �ω of the incoming radiation closely
matches the energy difference E2 − E1 between two specific levels, the strength
of the corresponding dipole moment dominates over all other dipoles involving
nonresonant energy levels of the same atom.

4.3.1 Atomic states with even or odd parity

Figure 4.2 shows a two-level atom interacting with an optical field E whose fre-
quency ω is close to the atomic transition frequency ω0 = (E2−E1)/�. We assume
that the two eigenstates of the atom, |1〉 and |2〉, possess opposite parity. To under-
stand the exact meaning of this statement, we need to consider the parity operator
U. Consider a wave function, ψ(x) ≡ 〈x ψ〉, associated with the ket vector |ψ〉.
Applying the parity operator to this wave function, we get

Uψ(x) = 〈x U ψ〉 = 〈−x ψ〉 = ψ(−x). (4.22)
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It is evident that two consecutive parity operations on a wave function produce
no change at all, i.e., U2ψ(x) = ψ(x). Therefore, the eigenvalues of the parity
operator are ±1. Even parity corresponds to a +1 eigenvalue (U |ψ〉 = |ψ〉) and
odd parity corresponds to a −1 eigenvalue (U |ψ〉 = − |ψ〉). The opposite parity
of states |1〉 and |2〉 implies that if level 1 has even parity, level 2 then has odd
parity (or vice versa).

One consequence of the opposing parities is that diagonal elements of the position
operator X are identically zero if the Hamiltonian is invariant under space inversion
(i.e., UHU† = H). To show this, consider the state |1〉 satisfying the relation
H |1〉 = E1 |1〉. It follows that

UH |1〉 = E1U |1〉 . (4.23)

Noting that UU† = I, we obtain

UHI |1〉 = UHU†U |1〉 = H (U |1〉) = E1 (U |1〉) , (4.24)

i.e., U |1〉 is another eigenstate of this two-level atom with the same energy. How-
ever, since our atom has only two distinct energy levels, the state U |1〉must differ
from |1〉 by a constant that we denote by ς . Multiplying by the parity operator
twice, it is easy to show that |ς2| = 1. Armed with this knowledge, we calculate
the diagonal matrix element of X in the basis state |1〉:

〈1 X 1〉 =
〈
1 U†UXU†U 1

〉
= −

〈
1 U†

XU 1
〉
= −|ς2| 〈1 X 1〉 , (4.25)

where we have used the definition of the parity operator, UX = −XU, together
with UU† = 1. Since |ς2| = 1, this relation implies that 〈1 X 1〉 must be zero.
Similarly, we can show that 〈2 X 2〉 = 0.

4.3.2 Interaction of a two-level atom with an electromagnetic field

We now focus on the interaction of a two-level atom with an electromagnetic field
taking place through the dipole moment of the atom [4]. This notion of dipole
moment comes from a classical analysis according to which an electric dipole
with dipole moment d acquires an interaction energy −d · E in the presence of
an electric field E, where the minus sign has its origin in the negative charge of
electrons. In quantum mechanics, d is replaced with the corresponding operator d
and this interaction energy is added to the atomic Hamiltonian, H, resulting in the
total Hamiltonian

HT = H−d ·E, (4.26)

where H is the Hamiltonian associated with the isolated two-level atom. Because
the dipole operator d has the same parity as the position operator X, its diagonal
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matrix elements vanish. As a result, the dipole operator can be expanded in the
two-level basis as

d =
2∑

m=1

2∑
n=1

dmn |m〉 〈n| = d (|1〉 〈2| + |2〉 〈1|) , (4.27)

where dmn = 〈m d n〉. We have also used d21 = d12 ≡ d , assuming d21 is a
vector with real components.

Since the incident optical field E = E0 cos(ωt) is oscillating at an angular
frequency ω with amplitude E0, we can write the total Hamiltonian (4.26) in the
form

HT = H+ �1 cos(ωt) (|1〉 〈2| + |2〉 〈1|) ≡ H+HI , (4.28)

where we have introduced the Rabi frequency 1 using its standard definition,

1 = −d ·E0

�
. (4.29)

As will be seen later, the Rabi frequency characterizes the strength of the coupling
between a two-level atom and the incident electromagnetic field.

We are now ready to apply the density-matrix formalism to a medium in the form
of an ensemble of such atoms. Using Eqs. (4.21) and (4.28), the density operator
for this ensemble of two-level atoms evolves as [4]:

∂ρ

∂t
= 1

j�
[H+HI , ρ]. (4.30)

Evolution of the density-matrix elements ρmn ≡ 〈m ρ n〉 is obtained using Eq.
(4.26) and leads to the following four equations (with m, n = 1 and 2):

∂ρ11

∂t
= 1

j�
〈1 [H+HI , ρ] 1〉 = j1 cos(ωt) (ρ12 − ρ21) , (4.31a)

∂ρ12

∂t
= 1

j�
〈1 [H+HI , ρ] 2〉 = jω0ρ12 + j1 cos(ωt) (ρ11 − ρ22) , (4.31b)

∂ρ21

∂t
= 1

j�
〈2 [H+HI , ρ] 1〉 = −jω0ρ21 + j1 cos(ωt) (ρ22 − ρ11) , (4.31c)

∂ρ22

∂t
= 1

j�
〈2 [H+HI , ρ] 2〉 = j1 cos(ωt) (ρ21 − ρ12) . (4.31d)

These equations are not independent because the elements of the density matrix
satisfy the following two relations:

ρ11 + ρ22 = 1, ρ12 = ρ∗21. (4.32)
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Indeed, one can easily verify that

∂ρ11

∂t
+ ∂ρ22

∂t
= 0, (4.33a)

∂ρ12

∂t
− ∂ρ∗21

∂t
= 0. (4.33b)

The first relation is a consequence of the normalization condition Trρ = 1. The
second relation follows from the Hermitian property of the density operator.

4.3.3 Feynman–Bloch vector

Since some of the density-matrix equations are redundant, it is common to recast
them using a quantity called the Feynman–Bloch vector, whose three components
are defined as

Dipole moment: β1 = ρ12 + ρ21, (4.34a)

Dipole current: β2 = j (ρ21 − ρ12), (4.34b)

Population inversion: β3 = ρ22 − ρ11. (4.34c)

Owing to the Hermitian nature of the density operator, all three elements are real.As
mentioned before, the off-diagonal elements of the dipole moment are responsible
for the atomic transitions. For this reason, the off-diagonal density-matrix compo-
nents give rise to a dipole moment β1 and a dipole current β2. The difference in the
diagonal components, β3, indicates the relative probability that the atom is in the
excited state and is thus a measure of population inversion. Substituting Eq. (4.31)
into Eq. (4.34), we get

∂β1

∂t
= −ω0β2, (4.35a)

∂β2

∂t
= ω0β1 − 21 cos(ωt)β3, (4.35b)

∂β3

∂t
= 21 cos(ωt)β2. (4.35c)

These equations clearly show the underlying physics of the two-level system
when interpreted using the Feynman–Bloch vector defined in Eq. (4.34). The other
main advantage of introducing the Feynman–Boch vector is that we can write the
preceding Eqs. (4.35) (and associated four density-matrix equations in Eq. (4.31))
in the very compact vector form

dβ

dt
= �(t)× β, (4.36)
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Figure 4.3 Precession of vector β around a fixed vector �(t) = �c.

where the vector �(t) is defined as

�(t) = [21 cos(ωt), 0, ω0]. (4.37)

When �(t) is a constant, time-independent vector, denoted by �c, it is well-known
from classical mechanics that Eq. (4.36) describes the precession of the vector β

around the fixed vector �c, as shown in Figure 4.3. The precession trajectory in
this case is a circle because the vector β is normalized to unity at all times.

We can show the fixed unit length of the Feynman–Boch vector β using the
following simple argument. At any time, the state |ψ〉 of a two-level atom can be
written as

|ψ〉 = c1(t) |1〉 + c2(t) |2〉 , (4.38)

where normalization of |ψ〉 demands |c1(t)|2 + |c2(t)|2 = 1. The density operator
of this atom can then be written as

ρ ≡ |ψ〉 〈ψ | = |c1(t)|2 |1〉 〈1| + |c2(t)|2 |2〉 〈2|
+ c1(t)c

∗
2(t) |1〉 〈2| + c2(t)c

∗
1(t) |2〉 〈1| .

(4.39)

This relation immediately provides the following expressions for the elements of
the density matrix:

ρ11 = |c1(t)|2,
ρ22 = |c2(t)|2,

ρ12 = c1(t)c
∗
2(t),

ρ21 = c2(t)c
∗
1(t).

(4.40)
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Using these relations with Eq. (4.34), we can calculate the magnitude of the
Feynman–Boch vector β as

|β|2 = β2
1 + β2

2 + β2
3

= ρ2
12 + 2ρ12ρ21 + ρ2

21 − ρ2
12 + 2ρ12ρ21 − ρ2

21 + ρ2
22 + ρ2

11 − 2ρ22ρ11

= (ρ11 + ρ22)
2 = 1, (4.41)

where we used the condition ρ11 + ρ22 = 1 and the relation ρ12ρ21 = ρ22ρ11,
which follows directly from Eq. (4.40).

4.3.4 Rotating-wave approximation

The motion of the Feynman–Bloch vector β is governed by the Rabi vector �(t)

through the relation (4.36). Owing to the presence of the rapidly time-varying term
21 cos(ωt), where ω ≈ ω0 because of the assumed resonance situation, the Rabi
vector oscillates at a high frequency. However, the amplitude of such oscillations
is relatively small in most experimental situations, where the Rabi frequency 1 is
a small fraction of ω0 (typically <0.1%). This enables us to decompose the vector
� in the form

�(t) = �0 +�+(t)+�−(t), (4.42)

where the three vectors are introduced as

�0 = [0, 0, ω0], (4.43a)

�+(t) = [1 cos(ωt),1 sin(ωt), 0], (4.43b)

�−(t) = [1 cos(ωt),−1 sin(ωt), 0]. (4.43c)

The constant vector 10 points along the z axis of a Cartesian coordinate system
and constitutes the dominant component. The other two much smaller vectors lie
in the plane perpendicular to it. In particular, �+(t) provides counterclockwise
rotation for increasing t around the vector �0, while the vector �−(t) rotates in the
opposite direction, as illustrated in Figure 4.4. Now, if we choose a reference frame
co-rotating at a frequency ω with the vector �+(t), then �+(t) becomes a constant
and �−(t) counter-rotates with a frequency 2ω. Owing to its high oscillation rate,
the influence of �−(t) on the vector �(t) is not significant in the rotating frame
and can be safely neglected. This approximation is known as the rotating-wave
approximation and has proven to be very useful in understanding the interaction of
light with atomic media.
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Ω–(t)

Figure 4.4 Schematic decomposition of the Bloch vector into three vectors.
Vectors �+ and �− lie in the x–y plane while �0 points along the z axis.

The evolution of the Feynman–Bloch vector in Eq. (4.36) with �(t) ≈ �0 +
�+(t) takes the form

dβ

dt
= �0 × β +�+(t)× β. (4.44)

To map this equation to a frame rotating with frequency ω, we introduce the three
unit vectors in this rotating frame as

eu = [cos(ωt), sin(ωt), 0], (4.45a)

ev = [− sin(ωt), cos(ωt), 0], (4.45b)

ew = [0, 0, 1], (4.45c)

and express the Feynman–Bloch vector in the new coordinate system:

β = ueu + vev + wew. (4.46)

If the unitary rotation operator responsible for this rotation is given by Rω, then
we can write the transformation in the form βω = Rωβ, where βω is the Feynman–
Bloch vector in the rotated frame and the matrix representation of Rω is given by

Rω =
 cos(ωt) sin(ωt) 0
− sin(ωt) cos(ωt) 0

0 0 1

 . (4.47)
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Being a unitary matrix, its inverse can be written as

R
−1
ω = R

†
ω =

cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1

 . (4.48)

The equation of motion for the rotated vector βω is obtained by applying the
preceding transformation to Eq. (4.44). After considerable algebra, the result is
given by

dβω

dt
= d

dt
(Rωβ) = �ω × βω, (4.49)

where �ω = [1, 0, ω0 − ω] is a constant Rabi vector in the rotating frame and
points along the z axis.As this vector is time-independent, we can use the precession
picture shown in Figure 4.3 and apply the familiar interpretation from classical
mechanics [4].

4.4 Optical Bloch equations

The treatment of a two-level system in the preceding section includes only transi-
tions induced by the incoming radiation and ignores any other mechanism that can
make an atom change its state. In practice, an atom can change its state through sev-
eral mechanisms, such as spontaneous emission and collisions with the container
walls or with other atoms. Moreover, collisions not only change atomic popula-
tions in the two levels of interest but can also affect the off-diagonal elements
of the density matrix (decay of coherence). Their impact is included in practice
through phenomenological damping terms [4].

To gain some insight into the way damping terms contribute to the density-matrix
equations, consider the general state of a two-level atom given in Eq. (4.38) and
assume that the coefficients c1 and c2 decay with time exponentially as

c1(t) = c10 exp(−γ1t), (4.50a)

c2(t) = c20 exp(−γ2t), (4.50b)

where c10 and c20 are proportionality constants and γ1 and γ2 are the effective decay
rates for the two atomic states. The state |ψ〉 in Eq. (4.38) can be written as

|ψ〉 = c10 exp(−γ1t) |1〉 + c20 exp(−γ2t) |2〉 . (4.51)
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The density operator of this state |ψ〉 has the following form:

ρ ≡ |ψ〉 〈ψ |
= |c10(t)|2 exp(−2γ1t) |1〉 〈1| + c10(t)c

∗
20(t) exp(−γ1t − γ2t) |1〉 〈2|

+ c20(t)c
∗
10(t) exp(−γ1t − γ2t) |2〉 〈1| + |c20(t)|2 exp(−2γ2t) |2〉 〈2| .

(4.52)

Noting that the elements of the density-matrix operator are defined as ρmn ≡
〈m ρ n〉, the following expressions can be written from Eq. (4.52):

ρ11 = |c10(t)|2 exp(−2γ1t), (4.53a)

ρ12 = c10(t)c
∗
20(t) exp(−γ1t − γ2t), (4.53b)

ρ21 = c20(t)c
∗
10(t) exp(−γ1t − γ2t), (4.53c)

ρ22 = |c20(t)|2 exp(−2γ2t). (4.53d)

These expressions show that the off-diagonal terms of the density operator (ρ12 and
ρ21) decay at a rate (γ1+ γ2), while the two diagonal terms decay with rates of 2γ1

and 2γ2. The important point to note is that ρ12 and ρ21 have the same decay rate.
This conclusion can also be reached by recalling that ρ is an Hermitian operator, so
that ρ12 = ρ∗21 must hold. These observations guide us to formulating/introducing
phenomenological decay rates in Eq. (4.36).

Figure 4.5 shows schematically how phenomenological decay rates '1 and '2

can be introduced into the optical Bloch equations in Eq. (4.36). For simplicity
(and based on our simple analysis of exponential decay rates in Eq. (4.53)), it is
common to assume that the diagonal elements (ρ11 and ρ22) have the same decay
rate '1, different from the decay rate '2 of the off-diagonal elements. Using these
rates, the density-matrix equations, Eq. (4.31a) through Eq. (4.31d), are modified

Level 1

Level 2
E2 r22

r21

r11

r12

Γ1

Γ1

Γ2

Γ2
E1

incident radiation at 
angular frequency v 

v0=(E2–E1)/" 

Figure 4.5 Schematic illustration of relaxation rates '1 and '2 associated with a
two-level system.
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to become

∂ρ11

∂t
= j1 cos(ωt) (ρ12 − ρ21)− '1ρ11, (4.54a)

∂ρ12

∂t
= jω0ρ12 + j1 cos(ωt) (ρ11 − ρ22)− '2ρ12, (4.54b)

∂ρ21

∂t
= −jω0ρ21 + j1 cos(ωt) (ρ22 − ρ11)− '2ρ21, (4.54c)

∂ρ22

∂t
= j1 cos(ωt) (ρ21 − ρ12)− '1ρ22. (4.54d)

When these equations are used for the Feynman–Bloch vector components defined
in Eq. (4.34), we obtain the final optical Bloch equations in the form

dβ1

dt
= −'2β1 + ω0β2, (4.55a)

dβ2

dt
= ω0β1 − '2β2 − 21 cos(ωt)β3, (4.55b)

dβ3

dt
= 21 cos(ωt)β2 − '1

(
β3 − weq

)
, (4.55c)

where weq denotes the equilibrium value of β3 in the absence of the incident optical
field: its value is−1 if all atoms are in the lower energy state but can be between−1
and 1 if some atoms are in the excited state initially. Further details can be found
in Refs. [12, 13].

It is important to stress that this phenomenological model is inadequate for
describing certain solids and liquids undergoing relaxation under external elec-
tromagnetic stimulae [14, 15]. Even though such a failure can be attributed to
many different scenarios, physical considerations alone lead to two general lim-
its [16]. Inherent in the optical Bloch equations is the Markovian approximation.
If this approximation is not valid, the associated differential equations cannot
describe the atomic dynamics properly. One such scenario is attributed to the fail-
ure of the impact approximation in Ref. [16]. The reason for failure is related
to changes in the transition frequency ω0 attributed to relaxation processes. Such
changes can take place in vapors because of Doppler shifts and in liquids because
of fluctuations in local magnetic fields. Optical Bloch equations can fail even in
the absence of an external field if relaxation processes include velocity-changing
collisions [17].
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4.5 Maxwell–Bloch equations

As seen in Chapters 1 to 3, light propagation in active or passive media is governed
by Maxwell’s equations. Therefore, if we are to analyze a medium made up of two-
level atoms, such as a doped-fiber amplifier [18,19], we need to couple Maxwell’s
equations with the optical Bloch equations. This is done using the Maxwell–Bloch
formalism.

Although it is possible to provide a vectorial formulation of the Maxwell–Bloch
equations, we resort to a scalar description of the optical field in this section to
present underlying concepts as simply as possible. This is not a severe limitation
in practice because the polarization effects are relatively weak and only provide
a second-order correction to the results of this section. We also ignore the spatial
transverse effects and start with the one-dimensional, scalar wave equation

∂2E(z, t)

∂z2
− 1

c2

∂2E(z, t)

∂t2
= 1

ε0c2

∂2P(z, t)

∂t2
, (4.56)

where P(z, t) is the material polarization induced by the electric field E(z, t) in
the atomic medium and is responsible for its dielectric susceptibility.

Similarly to the rotating-wave approximation used for reducing the Bloch
equations to a slowly varying form, we now introduce the slowly-varying-envelope
approximation (SVEA) for both the electric and the material polarization fields:

E(z, t) = Re[E (z, t) exp(jkz− jωit)], (4.57a)

P(z, t) = Re[P(z, t) exp(jkz− jωit)], (4.57b)

where the slowly varying variables, E (z, t) and P(z, t), vary at a rate much slower
than the carrier frequency ωi , and k = cωi is the propagation constant at this fre-
quency. These quantities vary slowly in both time and space such that the following
relations are satisfied:

k2|E (z, t)| � k

∣∣∣∣∂E (z, t)

∂z

∣∣∣∣� ∣∣∣∣∂2E (z, t)

∂z2

∣∣∣∣ , (4.58a)

k2|P(z, t)| � k

∣∣∣∣∂P(z, t)

∂z

∣∣∣∣� ∣∣∣∣∂2P(z, t)

∂z2

∣∣∣∣ , (4.58b)

ω2
i |E (z, t)| � ωi

∣∣∣∣∂E (z, t)

∂t

∣∣∣∣� ∣∣∣∣∂2E (z, t)

∂t2

∣∣∣∣ , (4.58c)

ω2
i |P(z, t)| � ωi

∣∣∣∣∂P(z, t)

∂t

∣∣∣∣� ∣∣∣∣∂2P(z, t)

∂t2

∣∣∣∣ . (4.58d)

Using the preceding relations, one can reduce Eq. (4.56) from a second-order to
a first-order differential equation. More specifically, the second derivatives of the
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electric field can be approximated as

∂2E(z, t)

∂z2
= 1

2

(
∂2E (z, t)

∂z2
− k2E (z, t)+ 2jk

∂E (z, t)

∂z

)
exp(jkz− jωit)+ c.c.

≈ 1

2

(
−k2E (z, t)+ 2jk

∂E (z, t)

∂z

)
exp(jkz− jωit)+ c.c. (4.59)

∂2E(z, t)

∂t2
= 1

2

(
∂2E (z, t)

∂t2
− ω2

i E (z, t)− 2jωi

∂E (z, t)

∂t

)
exp(jkz− jωit)+ c.c.

≈
(
−ω2

i E (z, t)− 2jωi

∂E (z, t)

∂t

)
exp(jkz− jωit)+ c.c. (4.60)

Here, we have kept the first-order derivatives because the zeroth-order terms get
cancelled owing to the dispersion relation ω2

i = k2c2. Because such a cancelation
does not happen in the case of the polarization field, we can safely discard both the
first- and the second-order time derivatives and keep only the zeroth-order term:

∂2P(z, t)

∂t2
= 1

2

(
∂2P(z, t)

∂t2
− ω2

i P(z, t)+ 2jk
∂P(z, t)

∂t

)
exp(jkz− jωit)+ c.c.

≈ −1

2
ω2

i P(z, t) exp(jkz− jωit)+ c.c. (4.61)

Substituting Eqs. (4.59), (4.60), and (4.61) into the wave equation (4.56), we obtain
the first-order partial differential equation valid in the SVEA,

∂E (z, t)

∂z
+ 1

vg

∂E (z, t)

∂t
= jk

2ε0
P(z, t), (4.62)

where we have replaced c with vg in the time-derivative term to account for the
group velocity associated with the host medium in which the two-level atoms are
embedded. This is the case for fiber amplifiers in which silica glass acts as a host
medium.

The optical Bloch equations obtained in the preceding section used a real-valued
field E0 appearing in the Rabi frequency 1. We can extend them to include phase
variations by adding the phaseϕ(z, t) = arg[E (z, t)] to the exponential term associ-
ated with the electric field E(z, t). The instantaneous frequency ω(t) of the incident
field is then given by [20]

ω(t) = ωi − ∂ϕ(z, t)

∂t
. (4.63)
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When we use this frequency as the frequency of the rotating frame, the optical
Bloch equations take the form

∂u(z, t)

∂t
= −'2u(z, t)+

(
ωi − ω0 − ∂ϕ(z, t)

∂t

)
v(z, t), (4.64a)

∂v(z, t)

∂t
= −'2v(z, t)−

(
ωi − ω0 − ∂ϕ(z, t)

∂t

)
u(z, t)+ κE (z, t)w(z, t),

(4.64b)

∂w(z, t)

∂t
= −'1[w(z, t)− weq] + κE (z, t)v(z, t), (4.64c)

where κ = −(d ·ep)/� is related to the dipole moment and the polarization direction
ep of the incident optical field.

The only remaining step now is to relate the Bloch vector components u and v

to the induced polarization P(z, t) appearing in the wave equation (4.62). To do
this, recall first that P(r, t) appearing in Maxwell’s equations represents the dipole
moment per unit volume and can be written in the form P = −ηd 〈ψ |d |ψ〉, where
ηd is the density of atoms. Using |ψ〉 from Eq. (4.38) and recalling that the diagonal
matrix elements of d vanish, we obtain

P(z, t) = ηd�κ[ρ21(z, t)+ ρ12(z, t)], (4.65)

where we have used Eq. (4.40) for the off-diagonal density-matrix elements. By
using Eqs. (4.34) and (4.46), we obtain[

β1

β2

]
≡

[
ρ21(z, t)+ ρ12(z, t)

jρ21(z, t)− jρ12(z, t)

]
=

[
cos(ωt) − sin(ωt)

sin(ωt) cos(ωt)

] [
u(z, t)

v(z, t)

]
. (4.66)

It follows from this equation that

ρ21(z, t) = 1

2
[u(z, t)− jv(z, t)] exp(−jωt), (4.67a)

ρ12(z, t) = 1

2
[u(z, t)+ jv(z, t)] exp(+jωt). (4.67b)

Using the preceding relations in Eq. (4.65), the slowly varying part of the induced
polarization is given by

P(z, t) = 1

2
ηd�κ[u(z, t)− jv(z, t)]. (4.68)

If inhomogeneous broadening is present in the medium, the atomic transition
frequency ω0 becomes slightly different for different atoms, and the preceding
expression needs to be modified [4,21]. If we assume that this frequency shifts by
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�, with the distribution function g(�), the contribution of (u− jv) is modulated
by this function, resulting in the expression

P(z, t) = 1

2
ηd�κ

∫ +∞

−∞
g(�)[u(z, t)− jv(z, t)]d�. (4.69)

Since the important atomic quantity of interest is u− jv, and not the individual
variables u and v, it is useful to introduce a new variable, s = u− jv. Using u and
v from (4.64a) and (4.64b), we obtain the Maxwell–Bloch equations in their final
form:

∂s(z, t)

∂t
= −

(
ωi − ω0 − ∂ϕ(z, t)

∂t

)
s(z, t)− '2s(z, t)− jκE (z, t)w(z, t),

(4.70a)

∂w(z, t)

∂t
= j [κE (z, t)s∗(z, t)− κ∗E ∗(z, t)s(z, t)] − '1[w(z, t)− weq],

(4.70b)

∂E (z, t)

∂z
+ 1

vg

∂E (z, t)

∂t
= jk

4ε0
η�κE (z, t)s(z, t). (4.70c)

These equations can be used to describe the operation of fiber amplifiers [22, 19],
quantum-dot amplifiers [23], and semiconductor lasers [24]. We use them in later
chapters for different types of amplifiers.

4.6 Numerical integration of Maxwell–Bloch equations

The preceding section has dealt with the formulation of the Maxwell–Bloch
equations under the slowly-varying-envelope [25] and rotating-wave approxima-
tions [4]. These equations are adequate for describing a variety of linear and
nonlinear optical phenomena, including self-induced transparency, pulse com-
pression, and soliton-like propagation in atomic systems [4, 26]. However, there
are situations in which the approximate form of the Maxwell–Bloch formulation
fails. For example, if we consider the propagation of ultrashort few-cycle optical
pulses through a two-level medium [27], it becomes necessary to solve Maxwell’s
equations numerically by the finite-difference time-domain (FDTD) method [28].
We refer the reader to Section 2.5 and describe in this section how the FDTD
approach can be adopted for two-level systems.

As before, we consider a one-dimensional model of wave propagation that
ignores the transverse variations of the optical fields. Three different sets of
equations are needed for such an analysis.
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• Optical Bloch equations with relaxation terms: We consider a plane electro-
magnetic wave propagating through an ensemble of two-level atoms. We map the
density-matrix description of the medium to its equivalent Feynman–Bloch vector
form given in Section 4.3.3. The resulting optical Bloch equations, supplemented
with the appropriate relaxation terms, take the form

dβ1

dt
= −'2β1 + ω0β2, (4.71a)

dβ2

dt
= ω0β1 − '2β2 − 21 cos(ωt)β3, (4.71b)

dβ3

dt
= 21 cos(ωt)β2 − '1

(
β3 − weq

)
, (4.71c)

where we have employed the notation used in Sections 4.3.3 and 4.4. This set of
equations is preferred for implementing the FDTD algorithm because all variables
and parameters are real-valued.

• One-dimensional Maxwell’s equations: Assuming that the plane electromag-
netic wave propagates through the nonmagnetic medium along the +z direction
and its electric field is polarized along the x axis, Maxwell’s equations take the
form

∂Ex

∂z
= −µ0

∂Hy

∂t
, (4.72a)

∂Hy

∂z
= −ε0

∂Ex

∂t
− ∂Px

∂t
, (4.72b)

where Px is the x component of the material polarization induced by the
electromagnetic field.

• Induced material polarization: As discussed in Section 4.5, when an electric
field interacts with the two-level atoms, the motion of electrons creates dipoles.
If dx is the x component of the dipole moment, the material polarization is simply
given by

Px = ηd�κβ1, (4.73)

where κ = (dx/�)Ex and ηd is the density of two-level atoms within the medium.

If we substitute Eq. (4.73) into Eq. (4.72b) and use expression (4.71a), we obtain

∂Hy

∂z
= −ε0

∂Ex

∂t
− ηd�κ (−'2β1 + ω0β2) . (4.74)

This equation, together with Eqs. (4.71), and (4.72a), provides a self-consistent set
of five equations that needs to be solved using the FDTD method.
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Following the discussion in Section 2.5, we use Yee’s staggered grid and adopt
the following notation for the discrete sampled values in space and time:

ϒ(z, t) = ϒ(k�z, n�t) = ϒ |nk, where ϒ = Ex,Hy, β1, β2, β3. (4.75)

However, we treat the magnetic field variable Hx separately from the remaining
four variables (Ex, β1, β2, and β3) and assume that it is spatially separated by �z/2
and temporarily separated by �t/2 [28]. More specifically, the electric field and the
Bloch vector components are located at the center of a Yee cell, while the magnetic
field lies at the edges of a Yee cell. With this scheme, we obtain the following
discrete form of the Maxwell–Bloch equations:

dβ1

dt

∣∣∣∣n�t

(k+1/2)�z

=
[
− '2β1 + ω0β2

]∣∣∣n�t

(k+1/2)�z
, (4.76a)

dβ2

dt

∣∣∣∣n�t

(k+1/2)�z

=
[
ω0β1 − '2β2 − 21 cos(ωt)β3

]∣∣∣n�t

(k+1/2)�z
, (4.76b)

dβ3

dt

∣∣∣∣n�t

(k+1/2)�z

=
[
21 cos(ωt)β2 − '1

(
β3 − weq

) ]∣∣∣n�t

(k+1/2)�z
, (4.76c)

∂Ex

∂z

∣∣∣∣n�t

(k+1/2)�z

= −µ0
∂Hy

∂t

∣∣∣∣n�t

(k+1/2)�z

, (4.76d)

∂Hy

∂z

∣∣∣∣(n+1/2)�t

k�z

= −ε0
∂Ex

∂t

∣∣∣∣(n+1/2)�t

k�z

+ ηd�κ
[
'2β1 − ω0β2

]∣∣∣(n+1/2)�t

k�z
.

(4.76e)

Employing central differences to approximate partial derivatives on both sides of
these equations, we can easily derive the discrete versions of the equations suitable
for numerical integration.

As a specific example, we consider at the propagation of a single-cycle light
pulse through a two-level inverted medium [29]. It has been shown by McCall and
Hahn [26] that the pulse area θ(z, t), defined as

θ(z, t) =
∫ t

−∞

(
2dx

�

)
Ex(z, τ ) dτ, (4.77)

decays according to the simple equation

dθ

dz
= −α

2
sin(θ), (4.78)

where α is the absorption coefficient of the medium.
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Figure 4.6 The evolution of single-cycle pulse waveform through a two-level
amplifying medium with (a) uniform distribution of dipoles and (b) nonuniform
distribution of dipoles (see Eq. (4.79)). The snapshots of the three different wave-
forms were taken at distances z = 0, z = 3ξ−1, and z = 6ξ−1 along the amplifying
medium. (After Ref. [29]; © Elsevier 2001)

The most important consequence of the pulse-area theorem is that pulses with
an initial area that is a multiple of π maintain the same area during propagation
through the two-level medium, in spite of losses. Moreover, if a pulse does not have
such a special value initially, it propagates through the medium obeying Eq. (4.78)
until such a special value is reached. Figure 4.6 shows the propagation of a single-
cycle pulse with an initial area of π through a two-level medium [29]. The dipole
moment of the medium is uniformly distributed in the case of Figure 4.6(a) but
varies in the case of Figure 4.6(b) as

dx(z) = d0√
1+ ξz

, (4.79)

where ξ = 4πωηd/(ncE0) and E0 is the energy of the input pulse before
entering the medium. The initial electric field of the pulse is Ex(0, 0) =
0.159(�ω/2d0) and the initial inversion level of the medium is given by β3(z, 0) =
0.12Ex(0, 0)/(4πd0ηd). AYee grid with 200 cells per wavelength was required for
sufficiently accurate results. The time was measured from the moment when the
center of the pulse passed through the input facet of the medium.

Figure 4.6(a) shows that a medium with uniform dipole distribution cannot effi-
ciently amplify a single-cycle π pulse. In contrast to this, as shown in Figure 4.6(b),
a nonuniform dipole distribution enables efficient amplification. Such a conclusion
could not have been reached for a pulse of this short duration using the Maxwell–
Bloch equations alone. Generally speaking, the FDTD technique is required for
ultrashort pulses whose envelope contains only a few optical cycles.
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5

Fiber amplifiers

Modern optical fibers exhibit very low losses (≈ 0.2 dB/km) in the 1.55 µm wave-
length region that is of interest for telecommunications applications. Even though
light at wavelengths in this region can be transmitted over more than 100 km before
its power degrades considerably, an optical amplifier is eventually needed for any
telecommunications system to restore the signal power to its original level. Since a
fiber-based amplifier is preferred for practical reasons, such amplifiers were devel-
oped during the 1980s by doping standard optical fibers with rare-earth elements
(known as lanthanides), a group of 14 elements with atomic numbers in the range
from 58 to 71. The term rare appears to be a historical misnomer because rare-earth
elements are relatively abundant in nature. When these elements are doped into sil-
ica or other glass fibers, they become triply ionized. Many different rare-earth
elements, such as erbium, holmium, neodymium, samarium, thulium, and ytter-
bium, can be used to make fiber amplifiers that operate at wavelengths covering a
wide range from visible to infrared. Amplifier characteristics, such as the operating
wavelength and the gain bandwidth, are determined by the dopants rather than by
the fiber, which plays the role of a host medium. However, because of the tight
confinement of light provided by guided modes, fiber amplifiers can provide high
optical gains at moderate pump power levels over relatively large spectral band-
widths, making them suitable for many telecommunications and signal-processing
applications [1–3].

After reviewing the generic properties of erbium-doped fiber amplifiers (EDFAs)
in Section 5.1, we review in Section 5.2 the main features governing the perfor-
mance of such amplifiers by considering the amplifier gain and its effective spectral
bandwidth. We describe the rate equation model of EDFAs in Section 5.3, and use
this model in Section 5.4 to analyze their continuous-wave (CW) performance.
The propagation equation required for describing the amplification of picosecond
pulses in EDFAs is discussed in Section 5.5 together with its numerical solution.
The split-step Fourier method presented there can be applied to both the nonlinear
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Schrödinger equation and the Ginzburg–Landau equation. We focus in Section 5.6
on special analytical solutions in the form of autosolitons and similaritons that pre-
serve pulse shape during propagation through fiber amplifiers. Finally, we consider
in Section 5.7 how this formalism needs to be modified when femtosecond pulses
are passed through fiber amplifiers.

5.1 Erbium-doped fiber amplifiers

EDFAs have attracted the most attention for telecommunications applications
because they operate in the spectral region near 1.55 µm [1–3]. To understand
their properties, it is vital to understand details of erbium–glass spectroscopy. Rel-
evant energy levels and the associated transitions are shown in Figure 5.1 for erbium
ions doped into silica glass. Details about the spectroscopic notation used in this
figure can be found in Ref. [4]. In general, electronic energy levels are denoted by
the symbol 2S+1LJ , where S is the total spin of all electrons, L is the total orbital
angular momentum, and J is the sum of two momenta resulting from spin–orbit
coupling. The quantity 2S+1 denotes the multiplicity and provides the degeneracy
that exists for a particular energy state. In the case of erbium ions with L = 6 and
S = 3/2, the four lowest states correspond to J values ranging from L+S to L−S.
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Figure 5.1 Energy-level diagram of erbium ions in a glass host and the associated
optical transitions. (After Ref. [3]; © CRC Press 2001)
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Note that the amorphous nature of glass broadens each energy level into an energy
band.

It is evident from Figure 5.1 that pump light at several wavelengths can be used
to achieve optical gain through stimulated emission between the two lowest energy
levels, 4I13/2 and 4I15/2. The most common pump wavelength for EDFAs is 980 nm
because semiconductor lasers operating at this wavelength are available commer-
cially. The performance of any amplifier also depends on the rates of radiative
and nonradiative decay caused by several mechanisms related to lattice vibrations,
ion–ion interactions, and cooperative upconversion to higher levels [3]. Figure 5.1
shows the range of such decay rates (in units of s−1) corresponding to various
glasses, including silicate, fluorophosphate [5], and fluorozirconate glasses [6].
The important point to note is that the decay from 4I13/2 and 4I15/2 is completely
radiative with a relatively long fluorescence lifetime of around 10 ms [3]. In view of
this, when an EDFA is pumped at 980 nm, one can replace the actual energy-level
diagram in Figure 4.1 with a three-level system, shown schematically in Figure 5.2,
where we now depict each level as an energy band [7]. Moreover, if the EDFA is
pumped at 1480 nm, the amplifier can be described using a two-level model [8,9].

Efficient pumping is possible at both 980 and 1480 nm using semiconductor
lasers [10–13]. Amplification factors in the range of 30 to 35 dB can be obtained
with pump powers of∼10 mW when 980-nm pumping is employed. The transition
4I15/2 →4 I9/2 allows the use of GaAs pump lasers operating near 800 nm, but
the pumping efficiency is relatively poor [14]. It can be improved by co-doping the
fiber with aluminum and phosphorus [15]. In all cases, a two-level model is a good
approximation if the pump power is less than 1 W since the number of atoms in the
pump level reamins relatively small owing to its short lifetime [16, 8]. In practice,
total pump power is kept below 1 W and a two-level model is adequate to explain
most of the observed phenomena in EDFAs.

980 nm 1480 nm

τ0 ≈ 10 ms

τ32 ∼ 1 µs

Er3+

1520 -
1570 nm

4I11/2

4I13/2

4I15/2

Figure 5.2 Simplified energy-level diagram of erbium ions for an EDFA pumped
near 980 nm. (After Ref. [16]; © IEEE 1997)
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5.2 Amplifier gain and its bandwidth

All doped-fiber amplifiers amplify incident light through stimulated emission.
Energy for amplifying the incident beam comes from the pump light, whose absorp-
tion raises rare-earth ions to an excited state, thereby storing the energy that is
eventually transferred to the signal beam being amplified. The emission and absorp-
tion between the two energy levels are characterized by the emission and absorption
cross-sections, σ21(ω) and σ12(ω), which satisfy the relation [17, 18]

σ21(ω) = σ12(ω) exp

(
ε(T )− �ω

kBT

)
, (5.1)

where kB is the Boltzmann constant, T is the absolute temperature in Kelvin,
and ε(T ) is the excitation energy required to excite one ion to its excited state at
temperature T . As an example, Figure 5.3 shows the spectra of σ21(ω) and σ12(ω)

at T = 295 K (typical room temperature) for an EDFA whose fiber core is also
doped with aluminium [19].

The emission and absorption cross-sections can be used to introduce an important
amplifier parameter, called the gain coefficient and defined as

g(ω) = σ21(ω)N2 − σ12(ω)N1, (5.2)

where N1 and N2 denote the atomic densities of the lower and upper states, respec-
tively. This expression can be simplified by making some simple assumptions, often
satisfied in practice. For example, if we assume that the emission and absorption
cross-sections have similar shapes governed by σ(ω) but different peak values,
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Figure 5.3 Absorption and emission-cross section spectra of an erbium-doped
aluminosilcate fiber at T = 295 K. (After Ref. [19]; © OSA 1990)
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then it is possible to write the gain coefficient as [3]

g(ω) = σ(ω)

(
N2 − g2

g1
N1

)
, (5.3)

where g1 and g2 are the degeneracies of the lower and upper atomic states, respec-
tively. For erbium ions, it is known that g2/g1 = 7/8 [20, 18]. Therefore, it is
possible to approximate the gain coefficient by

g(ω) = σ(ω)(N2 −N1), (5.4)

where σ(ω) is referred to as the transition cross-section. This formula holds regard-
less of whether the gain medium medium is modeled as a two- or three-level
system.

The gain coefficient g(ω) in a fiber amplifier also depends on the distance z

from its input end, and on the elapsed time time t if optical pulses are amplified.
To calculate it, one needs to solve a coupled set of rate equations for the atomic
densities; its final expression depends on the energy-level model employed. In the
approximation of a two-level atomic model, the dynamic response of EDFAs is
governed by the Maxwell–Bloch equations of Section 4.5.

Although a numerical solution of the Maxwell–Bloch equations becomes
essential when ultrashort optical pulses are amplified in EDFAs, considerable sim-
plification occurs in the CW or quasi-CW regime. In this case, the steady-state
solution of optical Bloch equations can be obtained readily to find s(z) and w(z) by
neglecting time derivatives. Noting that the inversion density N2−N1 is related to
−w, we can obtain an approximate analytic expression for g(ω) in the CW regime
(no time dependence). This expression provides a very good approximation for
many practical applications and has the form

g(z, ω) = g0(z)

1+ (ω − ωa)2T 2
2 + P(z)/Ps

, (5.5)

where g0(z) is the maximum value of the gain at a distance z, ωa is the atomic
transition frequency, andP(z) is the optical power of the CW signal being amplified.
The saturation intensity Is = (�/µ)2'1'2 depends on several dopant parameters,
such as the dipole moment d and the two relaxation rates, '1 and '2, and can be
used to obtain the saturation power Ps . It is common to introduce the population
relaxation time (also called the fluorescence time) as T1 = 1/'1 and the dipole
relaxation time as T2 = 1/'2. The population relaxation time T1 varies in the
range from 0.1 µs to 10 ms, depending on the dopant, and is about 10 ms in the
case of EDFAs. The dipole relaxation time T2 is quite small (∼ 0.1 ps) for all fiber
amplifiers.
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The role of the term P/Ps in Eq. (5.5) is to reduce the gain as signal power
increases in the fiber. This phenomenon is common to all amplifiers and is referred to
as gain saturation. If the amplifier operates at power levels such that P(z)/Ps � 1
for all z, the amplifier is said to operate in the unsaturated regime. The unsatu-
rated gain coefficient has a Lorentzian shape that is characteristic of homogenously
broadened systems [21, 22]:

g(z, ω) = g0(z)

1+ (ω − ωa)2T 2
2

. (5.6)

Clearly, g(z, ω) is at a maximum when the signal frequency ω coincides with
the atomic transition frequency ωa . The gain gets smaller as the signal frequency
moves away from ωa . The effective 3 dB bandwidth of the gain is identified using
the frequency range over which gain exceeds g0/2. This gain bandwidth, �ωg , can
be used to find the full width at half maximum (FWHM) of the gain spectrum, and
is given by

�νg = �ωg

2π
= 1

πT2
. (5.7)

As an example, �νg ≈ 3 THz when T2 = 0.1 ps.As we saw in Figure 5.3, the actual
gain spectrum of fiber amplifiers can deviate considerably from a Lorentzian profile.
However, the insight and flexibility provided by this model justify its adoption in
practice.

It is very important that we make a clear distinction between the bandwidth of
the gain spectrum (see Eq. (5.7)) and that of the amplifier itself. The difference
becomes clear when one considers the overall gain of the amplifier, defined as

G = Pout/Pin, (5.8)

where Pin is the input power fed into the amplifier and Pout is the signal power out
of the amplifier. Noting that the gain coefficients represent the local gain seen by
the signal, signal-power evolution along the amplifier in the CW case is governed
by the simple differential equation

dP

dz
= g(z, ω)P (z), (5.9)

where P(z) is the optical power of a signal with mean frequency ω at a distance z

from the input end of the amplifier.Astraightforward integration with the conditions
P(0) = Pin and P(L) = Pout shows that the CW gain of the amplifier is given by

G(ω) = exp

(∫ L

0
g(z, ω) dz

)
, (5.10)
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where L is the length of the amplifier. If we ignore the z dependence of the gain
coefficient, we obtain the simple relation G(ω) = exp[g(ω)L].

Both G(ω) and g(ω) are maximum at ω = ωa and decrease when ω �= ωa .
However, G(ω) decreases much faster than g(ω) because of its exponential depen-
dence on the latter, and the bandwidths of G(ω) and g(ω) differ from each other.
The amplifier bandwidth �νA is defined as the FWHM of G(ω) and is related to
the gain bandwidth �νg by

�νA = �νg

(
ln 2

g(ωa)L− ln 2

)1/2

. (5.11)

We briefly discuss the issue of gain saturation. The origin of gain saturation lies
in the power dependence of the gain coefficient in Eq. (5.5). Since g is reduced
when P becomes comparable to Ps , the amplification factor G is also expected to
decrease. To simplify the discussion, let us consider the case in which the signal
frequency is exactly tuned to the atomic transition frequency (ω = ωa). Using
Eqs. (5.9) and (5.5) we obtain

dP

dz
= g0(z)P

1+ P/Ps

. (5.12)

This equation can be easily integrated over the amplifier length. By using the initial
condition P(0) = Pin, the amplifier gain is given by the implicit relation

G = exp

[∫ L

0
g0(z) dz− (G− 1)Pin/Ps

]
. (5.13)

This transcendental equation does not have an analytical solution and must be
solved numerically to calculate the saturated gain of the amplifier.

5.3 Rate equations for EDFAs

As mentioned earlier and as shown in Figure 5.2, EDFAs can be pumped at a wave-
length of 980 or 1480 nm. Since excited-state absorption does not occur for these
two pumping bands [8], we can restrict ourselves to the three energy bands shown
in Figure 5.2. The sublevels within each energy band result from the Stark effect,
and their occupancy in thermal equilibrium is given by the Boltzmann distribu-
tion. In the following simplified analysis, we focus on the case of 980 nm pumping
and ignore the sublevels by considering the total atomic densities, N1, N2, and N3,
associated with each energy band. When an EDFAis pumped by injecting light from
one end, a continuous loss in the pump power because of fiber losses and absorption
by dopants makes the atomic densities nonuniform along the EDFA length. It is
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important to include such axial variations of the pump power and atomic densities.
We thus allow N1, N2, and N3 to vary with both z and t .

In the three-level rate-equation model, we can write the atomic rate equations
by considering all processes through which erbium ions appear or disappear in a
given energy state [23, 1]:

∂N1

∂t
= −R13N1 −W12N1 +W21N2 + N2

T1
+ R31N3 + N3

T ′1
, (5.14a)

∂N2

∂t
= W12N1 −W21N2 + R32N3 − N2

T1
, (5.14b)

∂N3

∂t
= R13N1 − R32N3 − R31N3 − N3

T ′1
, (5.14c)

where T1 and T ′1 are the population relaxation times of levels 2 and 3, respectively,
Wab is the transition rate associated with the transition from state a to state b for
the signal, and Rab denotes this same rate for the pump.

In the case of erbium ions, R32 � R31 because transitions from level 3 to level
2 are much more likely than transitions from level 3 to level 1 [1]. Moreover, the
rate of spontaneous emission from state 3 to state 1 is also much weaker than R32

(i.e., R32 � 1/T ′1). With these simplifications, Eq. (5.14c) is reduced to

∂N3

∂t
≈ R13N1 − R32N3. (5.15)

This equation shows that under the steady-state condition in which the time
derivative vanishes, the population density of level 3 is given by

R32N3 ≈ (R13/R32)N1 ≈ 0, (5.16)

where we have used the condition R32 � R13.
If we use this result in Eqs. (5.14a), we obtain

∂N1

∂t
= −R13N1 −W12N1 +W21N2 + N2

T1
. (5.17)

Under the same conditions, Eqs. (5.14b) becomes

∂N2

∂t
= R13N1 +W12N1 −W21N2 − N2

T1
= −∂N1

∂t
. (5.18)

It follows that N1 and N2 change in such a way that N1 + N2 = ρ0, where ρ0 is
the total dopant density. Physically, this relation shows the conservation of overall
atomic populations during the pumping and stimulated-emission processes.
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The parameters appearing in Eqs. (5.17) and (5.18) depend on the absorption
and emission cross-sections as well as on the signal and pump powers, Ps and Pp,
respectively. Their explicit expressions are [23, 1]

W12 = 'sσ12Ps

Achνs

, (5.19a)

W21 = 'sσ21Ps

Achν−s
, (5.19b)

R13 = 'pσ13Pp

Achνp

, (5.19c)

where Ac is the cross-sectional area of the fiber core, 's and 'p are the mode
confinement factors, and νs and νp are the frequencies of the signal and pump
waves, respectively.

To proceed further, we need to consider the evolution of pump and signal powers
along the fiber. The corresponding equations can be written by considering all
processes through which pump and signal fields lose or gain photons, resulting in
[24, 25]

∂Pp

∂z
= −'pσ13N1Pp − αpPp, (5.20a)

∂Ps

∂z
= −'sσ12N1Ps + 'sσ21N2Ps − αsPs, (5.20b)

where αp and αs represent fiber losses at the pump and signal wavelengths, respec-
tively. If we ignore these losses, an assumption justified in practice for typical
amplifier lengths (<0.1 km), it is possible to solve this coupled set of equations
analytically [24, 25]. We first rewrite them, using definitions given in Eqs. (5.19a)
through (5.20), in the form

∂Pp

∂z
= −R13AchνpN1, (5.21a)

∂Ps

∂z
= (W21N2 −W12N1)Achνs. (5.21b)

Noting that N1 = ρ0−N2, these equations can be easily integrated over the entire
amplifier length L. The result is given by [25]

Pp = P in
p exp

(
Bp

∫ L

0
N2Acdz− Cp

)
, (5.22a)

Ps = P in
s exp

(
Bs

∫ L

0
N2Acdz− Cs

)
, (5.22b)
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where P in
p and P in

s are pump and signal powers at the input end of the EDFA,
respectively. The other coefficients are defined as

Bp = 'pσ13/(Achνp), (5.23a)

Bs = 's(σ12 + σ12)/(Achνs), (5.23b)

Cp = 'pσ13ρL, (5.23c)

Cs = 'sσ12ρL. (5.23d)

Substituting Eq. (5.21) into Eq. (5.18) and integrating along the fiber length, we
obtain

∂

∂t

∫ L

0
N2Acdz = −

∫ L

0

∂Ps

∂z
dz−

∫ L

0

∂Pp

∂z
dz− 1

T1

∫ L

0
N2Acdz

= P in
s (t)

[
1− exp

(
Bs

∫ L

0
N2Acdz− Cs

)]
+ P in

p (t)

[
1− exp

(
Bp

∫ L

0
N2Acdz− Cp

)]
− 1

T1

∫ L

0
N2Acdz.

(5.24)

This equation can be written in compact form by introducing the variable ρ,
representing the total excited erbium population at some time t and defined as
ρ = ∫ L

0 N2Ac dz. The resulting equation is

∂ρ

∂t
= P in

s (t) [1− exp (Bsρ − Cs)]+P in
p (t)

[
1− exp

(
Bpρ − Cp

)]− ρ

T1
. (5.25)

Being an ordinary differential equation for a single variable ρ, this equation can
be easily solved numerically to characterize the time evolution of the EDFA gain
[25, 24].

5.4 Amplification under CW conditions

It is instructive to consider the operation of an EDFA under steady-state conditions.
In this case, we can set the time derivative to zero in Eq. (5.18). UsingN1 = ρ0−N2,
the excited-state population is given by

N2 =
(

R13 +W12

R13 +W12 +W21 + 1
T1

)
ρ0. (5.26)
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Using the definitions in Eq. (5.19a), this equation can be written in the form

N2 =
(

Pp/P
sat
p + Ps/P

sat
s

1+ Ps/P sat
s + Ps/P̄ sat

s + Pp/P sat
p

)
ρ0, (5.27)

where we have defined the three saturation powers as

P sat
p = Ahc

'pσ13λpT1
, (5.28a)

P sat
s = Ahc

'sσ12λsT1
, (5.28b)

P̄ sat
s = Ahc

'sσ21λsT1
. (5.28c)

The ground-state population is obtained from the relation N1 = ρ0 −N2.
The pump and signal powers vary along the amplifier length because of absorp-

tion, stimulated emission, and spontaneous emission. Their variations also depend
on whether the signal and pump fields propagate in the same or opposite directions.
If the contribution of spontaneous emission is neglected and forward pumping is
assumed, Pp and Ps satisfy Eqs. (5.20). Substitution of N1 and N2 then leads to
a set of coupled equations which can be readily solved numerically. Their predic-
tions are in good agreement with experiment as long as the amplified spontaneous
emission (ASE) remains negligible [26].

More insight can be gained by making further simplifications to this model. First,
we neglect the difference between the emission and absorption cross-sections and
set σ12(ω) = σ21(ω). Since P̄ sat

s = P sat
s in this case, N1 and N2 can be written in

the form

N1 =
(

1+ Ps/P
sat
s

1+ 2Ps/P sat
s + Pp/P sat

p

)
ρ0, (5.29a)

N2 =
(

Pp/P
sat
p + Ps/P

sat
s

1+ 2Ps/P sat
s + Pp/P sat

p

)
ρ0. (5.29b)

Second, for lumped amplifiers with fiber lengths under 1 km, lossesαp andαs can be
set to zero. The results shown in Figure 5.4 are obtained with these simplifications
using parameter values from Ref. [8]. This figure shows the amplification factor
of an EDFA at 1.55 µm, under small-signal conditions, as a function of (a) pump
power and (b) amplifier length.

It is evident from Figure 5.4 that, for a given amplifier length L, the amplification
factor increases exponentially with pump power initially, but grows at a much
reduced rate when pump power exceeds a certain value (corresponding to the “knee"



124 Fiber amplifiers

40

30

20

10

G
A

IN
 (

dB
)

G
A

IN
 (

dB
)

0

–10

40

30

20

10

0

–10
0 2 4 6

L = 5m

10

15

20

PUMP POWER (mW) AMPLIFIER LENGTH (m)

(b)(a)

8 10 0 10 20

1 mW=

2

3
4

5
67

8
9

10

Pp

30 40 50

Figure 5.4 Small-signal gain at 1.55 µm as a function of (a) pump power and (b)
amplifier length for an EDFA pumped at 1.48 µm. (After Ref. [8]; © IEEE 1991)

in Figure 5.4(a)). For a given pump power, amplifier gain becomes maximum at an
optimum value of L and drops sharply when L exceeds this optimum value. The
reason for this behavior is that the end portion of the amplifier remains unpumped
and absorbs the amplified signal. Since the optimum value of L depends on the
pump power Pp, it is necessary to choose both L and Pp appropriately. Figure
5.4(b) shows that, for 1.48 µm pumping, a 35 dB gain can be achieved at a pump
power of 5 mW for L = 30 m. It is possible to design high-gain EDFAs using fiber
lengths as short as a few meters when pumping is done near 980 nm.

The preceding analysis is based on the CW operation of an EDFA, and cau-
tion needs to be exercised when extending it to the amplification of pulse trains.
In telecommunications networks, EDFAs amplify pulses corresponding to binary
modulation. In this case, it is required that all pulses experience the same gain. For-
tunately, this occurs naturally in EDFAs for pulses shorter than a few microseconds.
The reason is related to the relatively large value of the fluorescence time associated
with erbium ions (T1 ≈ 10 ms). When the time scale of signal-power variations is
much shorter than T1, erbium ions are unable to follow such fast variations. Since
single-pulse energies are typically much below the saturation energy (∼10 µJ),
EDFAs respond to the average power. As a result, gain saturation is governed by
the average signal power, and amplifier gain does not vary from pulse to pulse.

5.5 Amplification of picosecond pulses

Propagation of optical pulses in undoped (i.e., standard) optical fibers has been stud-
ied extensively using an envelope equation [27]. Here, we generalize that equation
so that it can be applied for EDFAs. In this approach, one derives an equation called
the nonlinear Schrödinger (NLS) equation using the slowly-varying-envelope and
rotating-wave approximations. If the slowly varying amplitude A of the optical
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pulse is normalized in such a way that |A|2 represents optical power, the NLS
equation for a standard optical fiber has the form [27]

∂A

∂z
+ β1

∂A

∂t
+ j

β2

2

∂2A

∂t2
+ α

2
A = jγ |A|2A, (5.30)

where α accounts for fiber losses. The nonlinear coefficient γ is given by

γ = n2ω0

cAeff
, (5.31)

where ω0 is the reference frequency relative to which the slowly varying envelop
approximation was made [27], n2 is the nonlinear index coefficient, and Aeff the
effective mode area.

5.5.1 Inclusion of dopant’s susceptibility

The dispersive effects taking place in the fiber are included in Eq. (5.30) by the
parameter β2 governing group-velocity dispersion (GVD). Since the exact func-
tional form of the propagation constant β(ω) is rarely known, one employs its
Taylor series expansion around the carrier frequency ω0 in the form

β(ω) = β0 + β1(ω − ω0)+ 1

2
β2(ω − ω0)

2 + · · · . (5.32)

The NLS equation (5.30) is obtained when this expansion is truncated after the
quadratic term. This equation is responsible for a variety of nonlinear effects that
often limit the transmission capacity of optical fibers. Nonlinear effects detrimen-
tal to transmission include self-phase modulation (SPM), cross-phase modulation,
four-wave mixing (FWM), and stimulated Raman scattering (SRS). The last two
nonlinear effects (FWM and SRS) can also be used to make the parametric and
Raman fiber amplifiers discussed in later chapters. When dopants such as erbium
are introduced into a fiber, all these effects of the host medium are inherited by the
doped fibers and can affect the performance of EDFAs. In addition, modifications
must be introduced to the standard NLS equation to account for the presence of
dopants.

We saw in Section 5.2 that an erbium-doped fiber can be modeled using a two-
level system. This permits us to employ the optical Bloch equations of Section 4.4 by
modeling the erbium ions as an ensemble of two-level atoms. Such a model requires
two relaxation times introduced earlier in Section 5.2: the population relaxation
time T1 and the dipole relaxation time T2. The two-level system can be assumed to
respond instantaneously if T2 is much shorter than the width of the optical pulse
being amplified; this holds true for pulses with widths in the picosecond range
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because T2 is <100 fs whereas T1 is close to 10 ms for EDFAs [28]. For pulses
having widths in the picosecond range, the susceptibility of the dopants can be
written as [21]

χa(ω) = 'sσ21(N2 −N1)

j + (ω − ωa)T2

c

ω
n(ω), (5.33)

where n(ω) is the refractive index of the fiber core in the absence of doping. A
major assumption made in obtaining Eq. (5.33) is that the gain medium is homoge-
neously broadened. Because of the amorphous nature of silica glass, inhomogenous
broadening cannot be totally avoided. However, the inhomogenous contribution is
relatively small for aluminosilicate glasses, andT2 can be related to the homogenous
linewidth of the atomic transition as �ωa = 1/T2. The inhomogenous component
appears to be larger for germanosilicate glasses. In this chapter we assume that
T2 is a fitting parameter determined by taking the gain characteristics of different
dopants into account.

The relative permittivity or dielectric constant of a doped fiber is obtained by
adding the contribution of the dopants to that of the undoped fiber, and is given by

ε(ω) = n2(ω)+ 2jn(ω)cα/ω + χa(ω). (5.34)

The absorptive and dispersive properties of the doped fiber result from the frequency
dependence of ε(ω). The propagation constant of the signal within the doped-fiber
medium can be written as β(ω) = √ε(ω)ω/c. Assuming that the imaginary part is
much smaller than the real part, we obtain

β(ω) = [n(ω)+ n2|A|2]ω/c + jα + χa(ω)ω/c, (5.35)

where we have added the nonlinear contribution through the n2 term.
This expression can be further simplified by expanding around the reference

frequency ω0 used for introducing the slowly varying envelope of the optical pulse.
However, care must be exercised because both n2 and α also vary with frequency.
In practice, their variation with frequency is slow enough that they can be treated as
constants over the entire bandwidth of picosecond pulses (< 1 THz). However, it
is not possible to treat χa(ω) as constant within the bandwidth of the pulse. Noting
that α, n2|A|2, and |χa(ω)| are much smaller than n(ω), and using Eq. (5.32), we
can approximate Eq. (5.35) as [28]

β(ω) = β0+β1(ω−ω0)+ 1

2
β2(ω−ω0)

2+ ω0

c
n2|A|2+ j

α

2
+ ωχa(ω)

2cn(ω)
. (5.36)

5.5.2 Derivation of the Ginzburg–Landau equation

Owing to the finite gain bandwidth associated with χa(ω), all spectral components
of the pulse do not experience the same gain, a phenomenon referred to as gain
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dispersion. Moreover, owing to the Kramers–Kronig relations, any gain is accom-
panied by a corresponding index change, which provides an additional contribution
to the dispersion of the medium. Expanding χa(ω) in a Taylor series around ω0 and
keeping only terms up to second order, we then obtain

ωχa(ω)

cn(ω)
= g0

(
δ − j

1+ δ2

)
+ g0

(
1− δ2 + 2jδ

1+ 2δ2 + δ4

)
T2(ω − ω0)

+ g0

(
j − 3δ − 3jδ2 + δ3

1+ 3δ + 3δ2 + δ3

)
T 2

2 (ω − ω0)
2,

(5.37)

where g0 = 'sσ(N2 −N1) is the gain coefficient and δ = (ω0 −ωa)T2 represents
a detuning of the carrier frequency ω0 of the pulse from the atomic transition
frequency ωa . Substituting Eq. (5.37) into Eq. (5.32), we finally obtain

β(ω) = β0 + βeff
1 (ω − ω0)+ 1

2
βeff

2 (ω − ω0)
2 + ω0

c
n2|A|2 + j

αeff

2
, (5.38)

where

βeff
1 = β1 + g0T2

2

(
1− δ2 + 2jδ

1+ 2δ2 + δ4

)
, (5.39a)

βeff
2 = β2 + g0T

2
2

(
j − 3δ − 3jδ2 + δ3

1+ 3δ + 3δ2 + δ3

)
, (5.39b)

αeff = α − jg0

(
δ − j

1+ δ2

)
. (5.39c)

With the introduction of the preceding effective parameters, we can write the
propagation equation for an EDFA by replacing the corresponding parameters in
the standard NLS equation (5.30) with the effective ones. The resulting equation is
given by

∂A

∂z
+ βeff

1
∂A

∂t
+ j

βeff
2

2

∂2A

∂t2
+ α

2
A = jγ |A|2A+ g0

2

(
1+ jδ

1+ δ2

)
A. (5.40)

This equation does not include the simultaneous absorption of two photons. For sil-
ica fibers, two-photon absorption (TPA) is indeed negligible. However, it becomes
important for fibers made using chalcogenide materials [29]. We can include the
effects of two-photon absorption in such fibers by replacing α with α + α2|A|2,
where α2 is a material parameter responsible for two-photon absorption.

It is clear from Eq. (5.40) that the group velocity of the pulse, vg = 1/βeff
1 , is

affected by the dopants. However, the dopant-induced change in the group velocity
is negligible in practice because the difference (βeff

1 /β1)− 1 is close to 10−4 under
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typical operating conditions. In contrast, changes in β2 are not negligible, especially
near the zero-dispersion wavelength of the amplifier. It is instructive to look at the
behavior of βeff

2 when the the carrier frequency ω0 of the pulse coincides with the
atomic transition frequency ω0; this amounts to operating at the gain peak with
δ = 0. Even at this point, βeff

2 does not coincide with β2 because of the finite gain
bandwidth of the amplifier and the related gain-dispersion effects.

Much can be learned from Eq. (5.40) by looking at its behavior at the gain peak
of the amplifier, so that δ = 0. Replacing βeff

1 with β1 and introducing a reduced
time in a frame moving with the pulse as T = t − β1z, we obtain

∂A

∂z
+ j

1

2
(β2 + jg0T

2
2 )

∂2A

∂T 2
= jγ |A|2A+ g0

2
A− 1

2
(α + α2|A|2)A, (5.41)

where we have added the two-photon contribution to keep the following analysis
general. As expected, if the gain and two-photon absorption are taken out, this
equation reduces to the usual NLS equation.

In cases in which the mathematical structure of the preceding equation is
paramount, it is better to recast it in normalized units. Suppose P0 is the peak power
and T0 is the width of the input pulse. Adopting the notation used for solitons in
undoped fibers, we introduce soliton units as

ξ = z/LD, τ = T/T0, u = √
γLDA, (5.42)

where LD = T 2
0 /|β2| is the dispersion length. Equation (5.41) then takes the

following normalized form:

j
∂u

∂ξ
− 1

2
(s + jd)

∂2u

∂τ 2
+ (1+ jµ2)|u|2u = j

2
µu, (5.43)

where s = sgn(β2) = ±1 and the other parameters are defined as

d = g0LD(T2/T0)
2, (5.44a)

µ = (g0 − α)LD, (5.44b)

µ2 = α2/2γ. (5.44c)

The impact of doping in this equation is represented by the two parameters d and
µ. Physically, d is related to the amplifier bandwidth (through the parameter T2), µ
is related to the amplifier gain, and µ2 governs the effect of two-photon absorption.
Numerical values of these parameters for most EDFAs are µ ∼ 1, d ∼ 10−3, and
µ2 ∼ 10−4 when T0 ∼ 1 ps. Equation (5.43) is known as the Ginzburg–Landau
equation and has its origins in superconductivity theory. In nonlinear optics, the
Ginzburg–Landau equation is used for analyzing pulse evolution in amplifying
nonlinear media in the form of bright and dark solitons.
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5.5.3 Numerical solution of Ginzburg–Landau equation

It is possible to solve Eq. (5.43) using the well-known split-step Fourier method
(SSFM) used for solving the NLS equation in nonlinear fiber optics [27]. Here, we
show how to adapt this method to the more general equation (5.43) with complex
coefficients. It is easy to see that this equation reduces to the NLS equation when
d = 0 and µ2 = 0.

The underlying philosophy of the SSFM is to split the nonlinear differential
equation into two parts where one part is linear and the other part is nonlinear. Let
L be the linear part and N {u} the nonlinear part. Then Eq. (5.43) can be written
as

∂u

∂ξ
= [L +N {u}] u, (5.45)

where

L u = µ

2
u− j

2
(s + jd)

∂2u

∂τ 2
, (5.46a)

N {u}u = j (1+ jµ2)|u|2u. (5.46b)

The functionals L and N {u} are known as the linear and nonlinear operators of the
corresponding differential equation. It is important to realize that any differential
equation that can be split this way can be solved using the SSFM method discussed
here.

To solve Eq. (5.45) numerically, we create a uniform grid with spatial steps of
�ξ and time steps of �τ . Within this grid, integration of Eq. (5.45) admits the
following space-marching solution [27]:

u(ξ +�ξ, τ) ≈ exp

(
L �ξ +N

{
u
(
ξ + �ξ

2
, τ

)}
�ξ

)
u(ξ, τ ). (5.47)

Owing to the fact that L and N {u} are noncommuting operators, we cannot expand
the exponential in the preceding equation in the conventional form. Instead, we must
use the Zassenhaus product formula [30] for the noncommuting operators L and
N . When the commutator is a c number, the result is given by

exp (L �ξ +N �ξ) = exp (L �ξ) exp (N �ξ) exp

(
�ξ2

2
[L ,N ]

)
. (5.48)

To order O(�ξ2), Eq. (5.47) can be approximated as

u(ξ +�ξ, τ) ≈ exp (L �ξ) exp

(
N

{
u
(
ξ + �ξ

2
, τ

)}
�ξ

)
u(ξ, τ ). (5.49)
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Further improvement in the accuracy of the numerical procedure can be made
by symmetrizing this splitting as [31]

u(ξ +�ξ, τ) ≈

exp

(
L

�ξ

2

)
exp

(
N

{
u
(
ξ + �ξ

2
, τ

)}
�ξ

)
exp

(
L

�ξ

2

)
u(ξ, τ ),

(5.50)

which is accurate to order O(�ξ3). If we apply the operator exp
(
L �ξ

2

)
to both

sides of the expression, we obtain

exp

(
L

�ξ

2

)
u(ξ +�ξ, τ) ≈

exp (L �ξ) exp

(
N

{
u
(
ξ + �ξ

2
, τ

)}
�ξ

)
exp

(
L

�ξ

2

)
u(ξ, τ ).

(5.51)

Use of this equation reduces computational time.
We can reduce the computational burden further by noting that the following

relations hold approximately:

u(ξ + 3�ξ/2, τ ) ≈ exp (L �ξ/2) u(ξ +�ξ, τ),

u(ξ +�ξ/2, τ ) ≈ exp (L �/2) u(ξ, τ ).
(5.52)

Using these relations, we obtain

u
(
ξ + 3�ξ

2
, τ

)
≈ exp (L �ξ) exp

(
N

{
u
(
ξ + �ξ

2
, τ

)}
�ξ

)
u
(
ξ + �ξ

2
, τ

)
,

(5.53)
which is also accurate to order O(�ξ3).

The linear part of Eq. (5.53) can be numerically evaluated in a straightforward
way by using the standard Fast Fourier Transform (FFT) and its inverse (IFFT)
as [27]

u
(
ξ+3�ξ

2
, τ

)
= IFFT

{
Fτ−

{
exp (L �ξ)

}
(ω)FFT {uNL(ξ,�ξ, τ )}

}
, (5.54)

where we have used the Fourier-transform operator, Fτ− {. . .} (ω) (see Section
1.1.2), to include linear effects, with ω acting as the frequency variable. We have
also introduced a new variable, uNL(ξ + �ξ

2 , τ ), as

uNL

(
ξ,�ξ, τ

)
= exp

(
N

{
u(ξ + �ξ

2
, τ )

}
�ξ

)
u
(
ξ + �ξ

2
, τ

)
. (5.55)

To evaluate uNL, we write it as a partial differential equation,

∂uNL

∂ξ
= j (1+ jµ2)|uNL|2uNL, (5.56)
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and integrate this equation from ξ to ξ + �ξ . The integration can be carried out
easily if we write this equation in terms of two real variables using the polar form

uNL ≡ ANL exp(jφNL). (5.57)

Substituting Eq. (5.57) into Eq. (5.56) and collecting the real and imaginary parts,
we obtain

∂ANL

∂ξ
= −µ2A

3
NL, (5.58a)

∂φNL

∂ξ
= A2

NL. (5.58b)

Since Eq. (5.58a) does not depend on the variable φNL, it can be solved using stan-
dard analytical methods. The resulting solution is then substituted into Eq. (5.58b)
to finally construct the complex envelope uNL using Eq. (5.57).

5.6 Autosolitons and similaritons

Solitons are wave packets that can propagate in a nonlinear dispersive medium
without changing their shape or size. Owing to this property, they appear to have
particle-like properties. Like elementary particles, solitons not only survive colli-
sions but undergo elastic collisions. All solitons associated with the NLS equation
share this property. However, it is important to note that the Ginzburg–Landau
equation is not integrable by the inverse scattering method, and therefore does not
support solitons in a strict mathematical sense. Nevertheless, its solitary-wave solu-
tions represent optical pulses whose shape does not change on propagation [32].
Such solitary-wave solutions of the Ginzburg–Landau equation, often called dis-
sipative solitons, have been studied extensively in recent years [33, 34]. In the
context of optical amplifiers, they are also called autosolitons because all input
pulses evolve toward a specific pulse whose width and other properties are set by
the amplifying medium [35].

The existence of solitons in a fiber amplifier is somewhat surprising because
energy is constantly fed to a propagating pulse during its amplification. Clearly, for
a pulse to maintain its width and shape, this energy has to be dissipated through
some mechanism. Two-photon absorption provides such a mechanism. However, it
is not sufficient to create a perfect energy balance along an amplifier. A second loss
mechanism originates from the finite bandwidth of the gain spectrum. If the spectral
width of a pulse becomes larger than the gain bandwidth, its spectral components
that lie outside the gain bandwidth may experience a net loss. Even if the spectrum
of the input pulse is narrower than the gain bandwidth, SPM-induced spectral
broadening of the pulse during its amplification in an amplifier may broaden it
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enough for the pulse to experience no net gain in the presence of linear and two-
photon absorption. Therefore, a fiber amplifier could support autosolitons even in
the normal-dispersion region, a phenomenon not possible in a standard undoped
fiber.

5.6.1 Autosolitons

Since there is no systematic way to construct soliton solutions for the Ginzburg–
Landau equation, we need to use a technique in which a solution with several
parameters is first postulated and these parameters are then chosen to ensure that
the Ginzburg–Landau equation is indeed satisfied. Based on the known soliton
solutions of the NLS equation in a standard undoped fiber, the postulated pulse-like
solution (corresponding to a bright soliton, which behaves similarly to a standard
soliton but has a characteristic localized intensity peak above a CW background)
of the Ginzburg–Landau equation (5.43) has the following form [36]:

u(ξ, τ ) = Ns[sech(pτ)]1+jq exp(jKsξ)

≡ Nssech(pτ) exp[jKsξ − jq ln(cosh pτ)]. (5.59)

The parameters Ns, p, q, and Ks are found by substituting this solution back into
Eq. (5.43) and are given by [27]

N2
s = 1

2p
2[s(q2 − 2)+ 3qd], (5.60a)

p2 = µ[d(q2 − 1)− 2sq]−1, (5.60b)

Ks = 1
2p

2[s(q2 − 1)+ 2qd], (5.60c)

where q is a solution of the following quadratic equation:

(d − µ2s)q
2 − 3(s + µ2d)q − 2(d − µ2s) = 0. (5.61)

It is clear from Eq. (5.61) that q �= 0 only when either d or µ2 is nonzero. For silica
fiber amplifiers, µ2 is small enough that it can be set to zero. The parameter q is
then given by

q = [3s ± (9+ 8d2)1/2]/2d, (5.62)

where the sign is chosen so that both p and Ns are real.
The general solution (5.59) of the Ginzburg–Landau equation (5.43) exists for

both positive and negative values of β2. It is easy to verify that, when s = −1
(anomalous GVD) and d, µ, and µ2 are set to zero, this solution reduces to the
standard soliton of the NLS equation [27].The parameterp remains undetermined in
that limit because the NLS equation supports a whole family of fundamental solitons
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such that Ns = p. By contrast, both p and Ns are fixed for the Ginzburg–Landau
equation by the amplifier parameters µ and d. This is a fundamental difference
introduced by the dopants: fiber amplifiers select a single soliton from the entire
family of solitons supported by the undoped fiber. The width and the peak power of
this soliton are uniquely determined by the amplifier parameters (such as its gain
and bandwidth), justifying the name autosoliton given to such pulses [35].

The new feature of the autosolitons forming in fiber amplifiers is that their phase
φ(τ) is not constant but varies with time along the pulse. The parameter q may
be called a chirp parameter because the phase varies only with time when q �= 0.
Having a quantitative understanding of this phase variation gives us a better under-
standing of soliton-like pulses forming within a fiber amplifier. From Eq. (5.59),
we find the following expression for the autosoliton phase:

φ(τ) = Ksξ − q ln(cosh pτ). (5.63)

The associated chirp δω(τ), or the frequency variation experienced by this pulse
around its central reference frequency, is found using δω = −∂φ/∂τ . This
frequency chirp is given by

δω(τ) = qp tanh(pτ). (5.64)

Figure 5.5 compares the intensity and chirp profiles of an autosoliton in the
cases of normal (dashed curve) and anomalous (solid curve) GVD, using d = 0.5,
µ = 0.5, and µ2 = 0. In both cases, the chirp is nearly linear over most of the
intensity profile, but the soliton is considerably broader in the case of normal GVD.
The dependence of soliton parameters on the gain-dispersion parameter d is shown
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Figure 5.5 (a) Intensity and (b) chirp profiles of an autosoliton when d = 0.5.
Solid and dashed curves correspond to the cases of normal and anomalous GVD,
respectively.
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Figure 5.6 (a) Soliton width p−1 and (b) chirp parameter q plotted as functions
of d. Solid and dashed curves correspond to the cases of normal and anomalous
GVD, respectively.

in Figure 5.6, where the width parameter p−1 and the chirp parameter q are plotted
as functions of d using µ = d and µ2 = 0. Solid and dashed curves correspond to
the cases of normal (s = 1) and anomalous (s = −1) GVD, respectively. For large
values of d , the difference between normal and anomalous GVD disappears since
the soliton behavior is determined by gain dispersion (rather than the frequency
dependence of the refractive index of the silica host). In contrast, both the width
and the chirp parameters are much larger in the case of normal GVD when d < 1.
Indeed, both of these parameters tend to infinity as d → 0 since undoped fibers
do not support bright solitons in the case of normal GVD. In the presence of two-
photon absorption, the soliton amplitude decreases and its width increases. For
most fiber amplifiers µ2 is so small that its effects can be ignored.

Since gain dispersion and two-photon absorption permit the existence of bright
solitons in the normal-GVD region, one may ask whether the Ginzburg–Landau
equation has solutions in the form of dark solitary waves that exist in both the
normal- and anomalous-GVD regions. This turns out to be the case. Recalling that
sech(τ ) is replaced by tanh(τ ) for dark solitons in undoped fibers [27], we can
postulate the following solution for the Ginzburg–Landau equation:

u(ξ, τ ) = Ns[tanh(pτ)]1+jq exp(jKsξ)

≡ Ns tanh(pτ) exp[jKsξ − jq ln(cosh pτ)]. (5.65)

As before, the parameters Ns, p, q, and Ks are determined by substituting this
solution back into the Ginzburg–Landau equation and are given by a set of equations
similar to Eqs. (5.60a) through (5.61). The qualitative behavior of dark autosolitons
is also similar to that of bright autosolitons. In particular, gain dispersion determines
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the frequency chirp imposed on the dark soliton, and the values of p and Ns are
fixed by µ and d .

An important issue related to stability needs to be stressed in the case of autosoli-
tons. Because µ > 0 for an amplifier, the background of an autosoliton is not
always stable because any small fluctuation in the wings of the pulse (or dip in the
case of dark autosolitons) can be amplified by the fiber gain [37]. This instability,
arising from the amplification of background noise, has important implications for
fiber amplifiers and lasers.

5.6.2 Similaritons

As mentioned earlier, solitons have much resemblance to elementary particles,
as they preserve their shape and size during propagation in a dispersive nonlin-
ear medium. However, if we relax the size part and insist only that the shape be
maintained during propagation, we land on a more general class of waves known
as self-similar pulses, whose amplitude and width vary continuously during their
propagation [38]. It was discovered during the 1990s that parabolic pulses could
behave as self-similar pulses in EDFAs operating in the normal dispersion regime
[39–41]. Interestingly, self-similar pulses tend to behave like an attracting manifold
because input pulses with differing shapes tend to become nearly parabolic asymp-
totically as they are amplified, while maintaining a linear frequency chirp across
them. Pulses that evolve in a self-similar fashion are often called similaritons.

It is easy to find similariton solutions for the Ginzburg–Landau equation when
two-photon absorption and dipole relaxation times are ignored, by setting T2 = 0
and α2 = 0. Equation (5.41) then takes the form

∂A

∂z
+ jβ2

2

∂2A

∂T 2
= jγ |A|2A+ g

2
A, (5.66)

where net gain g is defined as g = g0 − α. We now use the following ansatz to
seek an asymptotic solution in the limit z→∞ [40]:

A(z, T ) = ap(z)F (τ) exp[jcp(z)T 2 + φp(z)], (5.67)

where the three pulse parameters, ap(z), cp(z), and φp(z), are allowed to evolve
with z. The function F(τ), with τ = T (a2

pe
−gz) acting as the self-similarity vari-

able, governs the pulse shape. The phase term quadratic in T ensures that the chirp
remains linear even though the chirp parameter cp itself changes with z.
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When the preceding form of the solution is substituted back into Eq. (5.66), it
leads to the following equation:(

dcp

dz
− 2β2c

2
p

)
τ 2

a6
p

e2gz + 1

a2
p

dφp

dz
= γF 2(τ )− β2

2

a2
p

F

d2F

dτ 2
e−2gz, (5.68)

together with an ordinary differential equation for ap(z),

dap

dz
= β2cpap + g

2
ap. (5.69)

In the asymptotic limit z→∞, the last term in Eq. (5.68) tends to zero and thus
can be safely discarded. The resulting equation is(

dcp

dz
− 2β2c

2
p

)
τ 2

a6
p

e2gz + 1

a2
p

dφp

dz
= γF 2(τ ). (5.70)

The right side of this equation is only a function of τ , whereas the left side depends
on both z and τ . The only way to ensure that this equality is satisfied for all τ

values is to assume that F 2(τ ) = (1 − τ 2/τ 2
0 ), where τ0 is an arbitrary constant,

and equate the two terms on both sides. The resulting two equations are [42]

dcp

dz
= 2β2c

2
p −

γ

τ 2
0

a6
pe
−2gz, (5.71a)

dφp

dz
= γ a2

p. (5.71b)

The asymptotic solution exists only for a specific pulse shape, F(τ) =
(1 − τ 2/τ 2

0 )1/2 for |τ | ≤ τ0; outside of this range, F(τ) must vanish for physical
reasons.

We have thus found a pulse whose intensity profile F 2(τ ) becomes a perfect
parabola for large z and whose parameters evolve with z in a self-similar fashion
(i.e., a similariton). When dispersion is normal (β2 > 0), it is possible to integrate
Eqs. (5.69) and (5.71) and obtain [40]

ap(z) = 1
2(gE0)

1/3(γβ2/2)−1/6 exp(gz/3), (5.72a)

Tp(z) = 6g−1(γβ2/2)1/2ap(z), (5.72b)

cp(z) = g/(6β2), (5.72c)

φp(z) = φ0 + (3γ /2g)a2
p(z), (5.72d)

where φ0 is an arbitrary constant phase and we have used the fact that γ > 0 for
doped fiber amplifiers. The parameter τ = T/Tp(z) appearing in the pulse shape
F(τ) changes with z, and Tp(z) can be interpreted as a pulse width that scales
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Figure 5.7 (a) Evolution of a 200-fs Gaussian input pulse over a 6-m-long Yb-
doped fiber amplifier providing a 50-dB gain. Intensity profiles of the amplified
pulse are plotted on (b) logarithmic and (c) linear scales. (After Ref. [42]; © OSA
2002)

linearly with the amplitude ap(z). The preceding expressions show that both the
width and the amplitude of the parabolic pulse increase exponentially with z in the
asymptotic regime. Neither the initial pulse shape nor its width has any effect on
the final parabolic pulse. Only the energy E0 of input pulse appears in the final
pulse parameters.

The evolution toward a parabolic shape can be verified numerically by solving
Eq. (5.66) using the split-step Fourier method [42]. Figure 5.7 shows the simu-
lated evolution of a 200-fs Gaussian input pulse with 12 pJ of energy, launched
in a 6-m-long fiber amplifier doped with ytterbium and pumped to provide a net
amplification of 50 dB at its output (g = 1.92 m−1). Realistic values of β2 =
25 ps2 km−1 and γ = 5.8 W−1 km−1 were used in numerical simulations. It is
clear from Figure 5.7 that the pulse shape indeed becomes parabolic near the out-
put end of the amplifier. Also, the pulse width increases with amplification, as
predicted theoretically. Indeed, the shape, the chirp profile, and the spectrum of the
output pulse agree well with the predictions of the analytic self-similar solution.
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Parabolic pulses have been observed in several experiments in which picosecond
or femtosecond pulses were amplified in the normal-dispersion regime of a fiber
amplifier. In a 2000 experiment, a 200-fs pulse with 12 pJ of energy was launched
into a 3.6-m-longYb-doped fiber amplifier pumped to provide a 30 dB gain [40].The
intensity and phase profiles of the amplified output pulses were deduced using the
technique of frequency-resolved optical gating (FROG). The experimental results
agreed well with both the numerical results obtained by solving the NLS equation
and the asymptotic parabolic-pulse solution.

5.7 Amplification of femtosecond pulses

We saw in Section 5.5 that one has to consider the nonlinear interaction of dopants
with the optical field to accurately characterize the pulse propagation through fiber
amplifiers. In the case of picosecond pulses, we could simplify the problem because
pulse width is much larger than atomic dipole dephasing time T2. In the parabolic
gain approximation in which the gain spectrum is approximated by a parabola,
propagation of picosecond pulses is governed by the Ginzburg–Landau equation.
However, if input pulses are much shorter than 1 ps, it may become necessary
to include the higher-order nonlinear and dispersive effects, or solve Maxwell’s
equations and optical Bloch equations simultaneously using a numerical approach
(see Section 4.6 for details).

The spectral bandwidth of femtosecond pulses may exceed the gain bandwidth
if pulses are shorter than the time scale T2 associated with the dopants. Moreover,
spectral bandwidth is likely to increase in the amplifier because of SPM and other
nonlinear effects [43]. Because spectral tails of a pulse are then amplified much
less than its central part, femtosecond pulses will inevitably experience temporal
and spectral distortion. It has been found numerically that the Ginzburg–Landau
equation introduces a systematic error in the energy extracted by the pulse from
the gain medium [44] because it approximates the actual spectrum by a parabola.
One may ask how the autosoliton associated with the Ginzburg–Landau equation,
obtained in the parabolic-gain approximation, changes when the Lorentzian shape
of the gain spectrum is taken into account.

An approximate approach for dealing with femtoseond pulses relaxes the
parabolic-gain approximation made in deriving the Ginzburg–Landau equation.
The resulting generalized Ginzburg–Landau equation can be written, in terms of
soliton units, as [27, 44]

j
∂u

∂ξ
± 1

2

∂2u

∂τ 2
+ |u|2u− jδ3

∂3u

∂τ 3
+ js0

∂|u|2u
∂τ

− τRu
∂|u|2
∂τ

= j

2
g0Ld

∫ ∞

−∞
ũ(ξ, f ) exp(−jf τ)df

1− j (f − ω0T0)(T2/T0)
− j

2
αLDu,

(5.73)
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where ũ(ξ, f ) is the Fourier transform of u(ξ, τ ). The simple Ginzburg–Landau
equation of Section 5.5 can be recovered from this equation by expanding the
integrand around ω0T0 up to second order in f . The parameters δ3, s0, and
τR , responsible for third-order dispersion, self-steepening, and intrapulse Raman
scattering, respectively, are defined as [27]

δ3 = β3

6|β2|T0
, s0 = 1

ω0T0
, τR = TR

T0
, (5.74a)

where T0 is the pulse width and TR is the Raman parameter (about 3 fs for a silica
fiber). The self-steepening parameter s0 is negligible except for extremely short
pulses (<10 fs wide). Third-order dispersive effects are also negligible unless a
fiber amplifier operates very close to the zero-dispersion wavelength of the fiber.
In contrast, the parameter τR governs the frequency shift induced by intrapulse
Raman scattering, and its effects should be included for pulse widths below 5 ps.

As an example, Figure 5.8 shows the pulse evolution over 2.5 dispersion lengths
when a 50-fs-wide fundamental soliton is amplified by an EDFA providing a 10 dB
gain over each dispersion length (g0LD = 2.3). The parameter values used for this
figure were τR = 0.1, δ3 = 0.01, s0 = 0, and T2/T0 = 0.2. The pulse becomes
narrower as it is amplified and is compressed by a factor of about 5 after one
dispersion length (ξ = 1). It splits into two subpulses soon after ξ = 1 and evolves
toward four pulses at a distance of ξ = 2.5. Each pulse shifts toward the right
side as it slows down because of Raman-induced spectral shift. The widths and
amplitudes of these subpulses are still governed approximately by the autosoliton
solution given earlier. The formation of subpulses can be understood by noting that
each autosoliton has a fixed energy because its width is set by the time scale T2.
If the amplifier provides so much gain that the pulse energy begins to exceed this
value, the pulse splits into multiple subpulses, each of which evolves toward an
autosoliton.
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Figure 5.8 Evolution of a 50-fs-wide fundamental soliton over 2.5 dispersion
lengths, showing pulse splitting and the Raman-induced temporal delay of
subpulses.
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For optical pulses much shorter than T2, in principle one should use the complete
set of Maxwell–Bloch equations given in Section 4.7. If the induced polarization
of the dopants is given by Pd , then optical Bloch equations can be written in the
form

∂Pd

∂t
= −Pd

T2
− i(ωa − ω0)Pd − id2

�
AW, (5.75a)

∂W

∂t
= W0 −W

T1
+ 1

�
Im(A∗Pd), (5.75b)

where d is the dipole moment, ωa is the atomic transition frequency, W = N2−N1

is the density of population inversion with its initial value W0, T1 and T2 are the
population and dipole-relaxation times, and A(z, t) is the slowly varying amplitude
associated with the optical field. In terms of induced polarization, Eq. (5.73) takes
the form

j
∂u

∂ξ
± 1

2

∂2u

∂τ 2
+ |u|2u− jδ3

∂3u

∂τ 3
+ js0

∂|u|2u
∂τ

− τRu
∂|u|2
∂τ

= jω0Ld

ε0c
〈Pd exp(−iβ0z)〉,

(5.76)

where angle brackets denote spatial averaging over the mode profile of the optical
fiber. An average over the atomic transition frequencies should also be performed if
one wants to include the effects of inhomogeneous broadening. The complete set of
Maxwell–Bloch equations can be solved using the split-step Fourier method [27].
The predictions of such a model agree well with experiments dealing with the
amplification of femtosecond pulses in fiber amplifiers [45, 46].
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6

Semiconductor optical amplifiers

Semiconductor optical amplifiers (SOAs) are increasingly used for optical signal
processing applications in all-optical integrated circuitry [1,2]. Research on SOAs
started just after the invention of semiconductor lasers in 1962 [3]. However, it
was only after the 1980s that SOAs found widespread applications [4, 5]. The
effectiveness of SOAs in photonic integrated circuits results from their high gain
coefficient and a relatively low saturation power [6,7]. In addition, SOAs are often
used for constructing functional devices such as nonlinear optical loop mirrors
[8, 9], clock-recovery circuits [10, 11], pulse-delay discriminators [12–14], and
logic elements [15, 16].

A semiconductor, as its name implies, has a conductivity in between that of a
conductor and an insulator. Some examples of elemental semiconductors include
silicon, germanium, selenium, and tellurium. Such group-IV semiconductors have
a crystal structure similar to that of diamond (a unit cell with tetrahedral geom-
etry) and the same average number of valence electrons per atom as the atoms
in diamond. Compound semiconductors can be made by combining elements from
groups III and V or groups II and VI in the periodic table. Two group III–V semicon-
ductors commonly used for making SOAs are gallium arsenide (GaAs) and indium
phosphide (InP). These semiconductors enable one to manipulate properties such
as conductivity by doping them with impurities, and allow the formation of the p–n
junctions required for the electrical pumping of SOAs.

After discussing in Section 6.1 the material and design aspects of SOAs, we
provide a rate-equation description in Section 6.2 that governs how the density of
injected electrons and holes changes with time in the presence of light. We solve
the rate equations approximately in Section 6.3 for the amplification of picosecond
pulses in SOAs, using an analytical approach. We use a versatile technique based
on multiple scales to construct the analytical solution. The method used here can be
easily generalized to other types of amplifiers discussed in this book. We adopt in
Section 6.4 the Maxwell–Bloch formulation of Section 4.5 to study amplification
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of femtosecond pulses in SOAs and provide an intuitive derivation of the density-
matrix formulation.

6.1 Material aspects of SOAs

The most important property of a semiconductor from the standpoint of optics
applications is the bandgap of the semiconductor. Figure 6.1 shows the two types
of energy-band diagrams for naturally occurring semiconductors, plotting the elec-
tron’s energy as a function of its momentum p (or wave vector, since p = �k).
All semiconductors exhibit a bandgap that separates their valence band from the
conduction band. In the indirect-bandgap semiconductor shown in Figure 6.1(a),
the minimum energy point of the conduction band is not aligned with the maxi-
mum energy point of the valence band. Physically, this means that an electron in
the conduction band cannot drop down to the valence band while emitting some if
its energy in the form of a photon, because total momentum cannot be conserved
during this process. For this reason, light emission in indirect-bandgap materials
(such as silicon) is an inefficient process because it requires the participation of
lattice vibrations (or phonons) to conserve momentum.

In contrast, in a direct-bandgap semiconductor, with an energy-band diagram like
that shown in Figure 6.1(b), the conduction-band minimum is perfectly aligned with
the valence-band maximum. As a result, radiative transitions can take place without
the assistance of phonons. Clearly, semiconductors with a direct bandgap are pre-
ferred for all applications that require optical amplification, and are used routinely
for making semiconductor lasers and amplifiers. An exception occurs in the case
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Figure 6.1 Schematic illustration of (a) indirect and (b) direct bandgap semicon-
ductors. The direct transition is preferred because it does not need the assistance
of phonons.
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of silicon optical amplifiers, but they make use of Raman gain and require optical
pumping. SOAs provide optical gain through electrical pumping with relatively
low currents and must make use of direct-bandgap materials. Electrical pumping
injects electrons into the conduction band and creates a population inversion when
the density of electron–hole pairs exceeds a certain value. The maximum gain under
normal conditions occurs close to the bandgap Eg , and the SOAprovides amplifica-
tion at wavelengths near λ = hc/Eg . Clearly, the semiconductor material must be
chosen to match the operating wavelength of the application. Compound semicon-
ductors used to make SOAs are ternary (containing three elements) or quaternary
(containing four elements) crystalline alloys grown on lattice-matched binary sub-
strates (such as GaAs or InP). By varying the composition of elements making
up the ternary or quaternary compound, it is possible to vary the bandgap of the
material and the wavelength at which most amplification occurs.

Once the operating wavelength is determined, the other most important crite-
rion in selecting semiconductor materials and their composition is related to lattice
matching. SOAs make use of a planar waveguide to confine light during its ampli-
fication and thus consist of multiple semiconductor layers with different bandgaps
and refractive indices. However, the various semiconducting materials making up
an SOA device must have lattice constants that match to better than 0.1%. If such
matching is not achieved, the quality of the semiconductor heterostructure making
up the device tends to deteriorate because it develops lattice defects at interfaces,
which serve as nonradiative recombination centers.

Figure 6.2 shows the relationship between the bandgap and the lattice constant
for several ternary and quaternary compounds [17]. Solid dots represent binary
semiconductors, and the lines connecting them correspond to ternary compounds.
The dashed portion of each line indicates that the relevant ternary compound has
an indirect bandgap. The area of a closed polygon corresponds to quaternary com-
pound. The bandgap is not necessarily direct for such semiconductors. The shaded
area in Figure 6.2 represents the ternary and quaternary compounds with a direct
bandgap formed from the elements indium (In), gallium (Ga), arsenic (As), and
phosphorus (P).

SOAs operating near 800 nm make use of ternary compoundsAlxGa1−xAs, made
by replacing a fraction x of the Ga atoms byAl atoms. The resulting semiconductors
have nearly the same lattice constant as GaAs but greater bandgaps. The horizontal
line in Figure 6.2 connecting GaAs and AlAs corresponds to such ternary com-
pounds, whose bandgaps are direct for values of x up to about 0.45. The bandgap
depends on the fraction x and can be approximated by a simple linear relation

Eg(x) = 1.424+ 1.247x, 0 < x < 0.45, (6.1)
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Figure 6.2 Lattice constants and bandgap energies for ternary and quaternary
compounds formed from nine group III–V semiconductors. The shaded area cor-
responds to possible In GaAsP andAlGaAs structures. The horizontal lines passing
through InP and GaAs show lattice-matched designs.

where Eg is expressed in units of electron-volts (eV). The core and cladding layers
of the SOA waveguide are formed so that x is larger for the cladding layers than for
the core layer. Using Eg ≈ hν = hc/λ, one finds that λ ≈ 0.87 µm for a core layer
made of GaAs (Eg = 1.424 eV). The wavelength can be reduced to near 0.8 µm
by using an active layer with x = 0.1.

The wavelength range of 1.3–1.6 µm is important for telecommunications appli-
cations because both dispersion and losses in silica fibers are considerably reduced
compared with the values in the 0.85 µm region. The InP semiconductor is the
base material for SOAs operating in this wavelength region. As seen in Figure 6.2
from the horizontal line passing through InP, the bandgap of InP can be reduced
considerably using a quaternary compound In1−xGaxAsyP1−y whose lattice con-
stant remains matched to InP. The fractions x and y cannot be chosen arbitrarily
but are related by x/y = 0.45 to ensure matching of the lattice constant. The
bandgap of the quaternary compound can be expressed in terms of y only and is
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well approximated by

Eg(y) = 1.35− 0.72y + 0.12y2, (6.2)

where 0 ≤ y ≤ 1. By a suitable choice of the mixing fractions x and y,
In1−xGaxAsyP1−y SOAs can be designed to work in a wide wavelength range
that includes the 1.3–1.6 µm region that is important for telecommunications
applications.

The fabrication of SOAs requires epitaxial growth of multiple layers on a base
substrate (GaAs or InP). The thickness and composition of each layer need to
be controlled precisely. Several epitaxial growth techniques can be used for this
purpose. The three primary techniques are known as liquid-phase epitaxy (LPE),
vapor-phase epitaxy (VPE), and molecular-beam epitaxy (MBE), depending on
whether the constituents of various layers are in liquid form, vapor form, or in
the form of a molecular beam. The VPE technique is also called chemical vapor
deposition. A variant of this technique is metal-organic chemical vapor deposition
(MOCVD), in which metal alkalis are used as the mixing compounds. An SOA is
made by sandwiching a direct bandgap material between two cladding layers with
slightly higher bandgaps. The cladding layers are doped to form a p–i–n junction
(i stands for intrinsic). The central layer is where amplification occurs, through
stimulated emission when current is injected into such a device [5].

6.2 Carrier density and optical gain

When current is injected into an SOA, charge carriers (electrons and holes) enter
the active region (the middle i-layer of the p–i–n junction), increasing in density N

as the applied current increases. These electron–hole pairs can recombine through
several different radiative and nonradiative processes and, in the absence of an opti-
cal signal, they typically last for a duration called the carrier lifetime, denoted by τe.
Without an optical signal that needs to be amplified, the only radiative recombina-
tion process that can create photons is spontaneous emission. The incoherent nature
of this process creates noise that is amplified by the SOA and results in a relatively
weak broadband output called amplified spontaneous emission (ASE). However,
when a coherent optical signal is injected at one end of the SOA, it is amplified
exponentially in the SOA by stimulated emission, resulting in an amplified output
beam corrupted somewhat by the ASE.

Since the rate of stimulated emission depends on the number of signal pho-
tons present, it can be made fast enough that most electron–hole pairs recombine
though this coherent process. However, it is clear that the distribution of carrier den-
sity N(r, t) in the active region will then depend on the intensity of light, which
increases with z because of signal amplification. Thus, one must solve a coupled set
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of equations along the SOA length, similar to the Maxwell–Bloch equations needed
for fiber amplifiers. In practice, a rate equation for the carrier density replaces the
optical Bloch equations associated with the two-level atoms. In this section we
provide details of this rate equation.

6.2.1 Rate equation for carrier density

Similarly to the case of fiber amplifiers, the transverse distribution of light does not
change in an SOA because light is transported in the form of a waveguide mode.
This feature reduces the problem to one spatial dimension, and we only need to
consider how N changes with distance z and time t . The rate equation is written
by considering all mechanisms by which carriers are generated locally at z and all
processes by which carriers can recombine and thus disappear. This approach leads
to the following carrier-density rate equation [18]:

∂

∂t
N(z, t) = ℘(z)− [AN(z, t)+ BN2(z, t)+ CN3(z, t)] − g(z, t)

hν
|F(z, t)|2,

(6.3)
where F(z, t) is the optical field, ℘(z) is the carrier-injection rate, and hν is the
photon energy. The parameters A, B, and C account for the rates of three recom-
bination processes that produce a finite carrier lifetime in the absence of an optical
signal. More specifically, A is the nonradiative recombination coefficient, B is the
spontaneous recombination coefficient, and C is the Auger recombination coeffi-
cient. The rate of stimulated emission is governed by the gain coefficient, defined
as g(z, t) = 'a[N(z, t) − N0], where ' is the mode confinement factor, a is the
differential gain coefficient, and N0 is the carrier density required to achieve trans-
parency. The optical field is normalized such that a pulse launched with energy Ep

at the input of the SOA satisfies the relation

Ep = Am

∫ +∞

−∞
|F(0, t |2 dt, (6.4)

where Am is the effective mode area of the SOA active region.
A major assumption behind Eq. (6.3) is that the electron and hole densities are

equal to one another (i.e., charge neutrality is maintained) and given by N(z, t).
Another assumption is that diffusion of minority carriers can be neglected. More-
over, we have neglected the frequency dependence of the optical gain over the pulse
bandwidth and approximated the gain dependency on minority carrier density using
a simple linear expression. In practice, Eq. (6.3) is rewritten as [18]

∂

∂t
N(z, t) = ℘(z)− N(z, t)

τe
− 'a

hν
[N(z, t)−N0]|F(z, t)|2, (6.5)
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where the carrier lifetime τe is defined as 1/τe = A+ BN + CN2.

6.2.2 Gain characteristics of SOAs

We saw earlier in this section that optical gain is approximately a linear function
of the carrier density. However, optical amplifier gain is also dependent on the
frequency. This functional dependence on frequency is usually referred to as the
gain spectrum. The gain spectrum of an SOA is nonzero only for a limited range
of frequencies, and is commonly characterized using a finite bandwidth value.
Interestingly, the bandwidth of an SOAs gain spectrum is not constant for a given
material composition of the active medium, but changes with the amount of current
injected into it. Under normal operating conditions this bandwidth is greater than
4 THz, making it a relatively broadband amplifier. The shape and width of the gain
spectrum depends also on the material composition of the SOA and thus can be
manipulated by varying the fractions of constituting elements. However, the optical
gain must be calculated numerically as a function of frequency, injection signal, and
signal power because it also depends on details of the band structure. At moderate
power levels, the optical gain of a semiconductor can be approximated in the same
form as that of a homogeneously broadened two-level system [19, 20]:

g(ω) = g0

1+ (ω − ω0)
2 T 2

2 + P/Ps

, (6.6)

where g0 is the peak value of the gain determined by the pumping level of the
amplifier, ω is the frequency of the amplified signal, ω0 is the frequency at which
gain peaks, and P is the optical power of the signal being amplified. The saturation
power Ps of the gain medium depends on the material parameters and is typically
below 10 mW for SOAs. The parameter T2, known as the dipole relaxation time
in the atomic case, now depends on the intraband scattering time of the carriers.
Typical values are below 100 fs for most semiconductors.

At low signal powers satisfying the condition P/Ps � 1, the gain coefficient in
Eq. (6.6) can be approximated as

g(ω) = g0

1+ (ω − ω0)
2 T 2

2

. (6.7)

This equation shows that the gain spectrum of SOAs can be approximated with a
Lorentzian profile. The gain bandwidth, defined as the full width at half-maximum
(FWHM) of the gain spectrum, is given by �vg = 1/πT2, resulting in a value of
about 5 THz if we use T2 = 60 fs. This large bandwidth of SOAs suggests that
they are capable of amplifying ultrashort optical pulses (as short as 1 ps) without
significant pulse distortion. However, when the pulse width τp becomes shorter
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than the carrier lifetime τe, gain dynamics play an important role, since both the
carrier density and the associated gain become time-dependent. This can lead to
considerable spectral broadening, a phenomenon discussed in the next section.

It is useful to write an explicit rate equation governing the gain dynamics in
SOAs. For this purpose we use Eq. (6.5) together with the definition g(z, t) =
'a[N(z, t)− N0]. Replacing N by N0 + g(z, t)/('a) in Eq. (6.5), we obtain the
following rate equation for the gain coefficient:

∂g

∂t
= g0 − g

τe
− gP

τePs

, (6.8)

where we have defined the two parameters appearing in the preceding equation as

g0 = 'a(℘τe −N0), Ps = hνAm/(aτe). (6.9)

As a simple application of the gain equation (6.8), we consider the amplification
of a CW signal in an SOA of length L. Similarly to the case of fiber amplifiers in
Chapter 5, the amplification process is described by the simple equation

dP

dz
= g(z)P (z), (6.10)

where g(z) is obtained from Eq. (6.8) after setting the time derivative to zero:

g(z) = g0

1+ P(z)/Ps

. (6.11)

The integration of Eq. (6.10) over the amplifier length is straightforward,
and the amplification factor, defined as G = P(L)/P (0), is obtained from the
transcendental equation

ln G = g0L− (G− 1)P (0)/Ps. (6.12)

Notice that the last term in this equation results from gain saturation. If gain sat-
uration is negligible, we recover the unsaturated amplifier gain G0 = exp(g0L).
Replacing G by G0 in the saturation term, an approximate solution is given by

ln G ≈ ln G0 − (G0 − 1)P (0)/Ps. (6.13)

However, this solution should be used with care because it is valid only if the
input power satisfies the condition P(0)/Ps � ln G0/(G0− 1). We solve the gain
equation (6.8) under quite general conditions in the next section, where we discuss
the amplification of picosecond pulses in an SOA.
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6.3 Picosecond pulse amplification

Propagation of picosecond pulses in SOAs has been studied extensively for appli-
cations in optical signal processing and optical communications areas. The problem
is similar to that studied in Section 5.5 in the context of EDFAs except that the gain
dynamics of SOAS are governed by Eq. (6.8), and we must solve this together with
Maxwell’s equations. Even though it is possible to solve these equations numeri-
cally, such an approach does not provide enough physical insight. In this section
we present an analytic approach developed in 1989 by Agrawal and Olsson [6] and
extended further in more recent work [18].

Pulse amplification in two-level atomic media was studied as early as 1963 [21],
and this approach has attracted considerable attention since then [19, 22, 23]. In
this technique, the optical Bloch equations, in order are reduced to a set of rate
equations, in order to calculate the amplifier gain for a given input pulse energy
without taking into account details of the pulse shape. It relies on the assumption
that the stimulated-emission-induced gain depletion by a short pulse is so fast that
spontaneous emission can be ignored. Siegman [22] showed how these results can
be recast in terms of output pulse energies, and derived a transcendental equation
relating the input and output pulse energies.

6.3.1 General theory of pulse amplification

In the context of SOAs, a similar approach can be applied to pulses whose full width
at half maximum (FWHM) is smaller than the carrier lifetime (τe ∼ 1 ns). More
specifically, the following analysis applies to picosecond pulses, but not to fem-
tosecond pulses for which intraband relaxation processes such as electron–electron
scattering and electron–phonon scattering may not be fast enough to thermalize
the distribution of electrons within the conduction band. It was found in a 1989
study that amplification of picosecond pulses leads to both temporal distortion and
spectral broadening [6]. Premaratne et al. [13,18] have recently extended this tech-
nique to describe amplification of counterpropagating pulse trains in SOAs. Their
results show that the spatial distribution of the carrier density can also be described
accurately for the duration of pulse amplification and beyond.

Figure 6.3 shows a schematic of the amplification process considered in this
section. Picosecond pulses are launched at z = 0 and amplify as they propa-
gate within an SOA of length L. To simplify the following analysis, we do not
consider any backward propagating waves, resulting from either amplified spon-
taneous emission (ASE) or partial reflections at the two facets. This amounts to
neglecting noise added by ASE and to assuming that the SOA is a traveling-wave
amplifier. Even though these approximations somewhat limit our analysis, past
work has shown that relaxing them only introduces second-order effects of minor
importance [14, 24].
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As we saw in Section 5.5, the propagation of pulses in a dispersive nonlinear
medium such as an optical fiber is governed by the NLS equation (5.30). We can
start with this equation but it simplifies considerably for SOAs because neither the
dispersive effects nor the nonlinear effects, governed by the parameters β2 and γ ,
are important because of their extremely short lengths (1 mm or less). Setting these
parameters to zero but adding the gain g(z, t) provided by an SOA, we obtain

∂

∂z
A(z, t)+ 1

vg

∂

∂t
A(z, t) = 1

2
(1− jβc)g(z, t)A(z, t)− αA(z, t), (6.14)

where the parameter βc accounts for small changes in the refractive index which
occur when the carrier density changes in response to the stimulated emission that
amplifies the optical pulse. The inclusion of such carrier-induced index changes is
essential because they lead to frequency chirping and spectral changes during pulse
amplification [6]. This equation should be solved together with the rate equation
(6.5) which describes carrier dynamics in SOAs.

Noting that the carrier rate equation (6.5) involves only the optical inten-
sity I (z, t) = |A(z, t)|2, we convert Eq. (6.14) into the following intensity
equation [6]:

∂

∂z
I (z, t)+ 1

vg

∂

∂t
I (z, t) = g(z, t)I (z, t)− αI (z, t). (6.15)

To make subsequent analysis easier, we make the coordinate transformations ξ = z

and τ = t − z/vg so that we are in a reference plane that moves with the forward
propagating pulse. The transformed equations take the form

∂

∂ξ
I (ξ, τ ) = g(ξ, τ )I (ξ, τ )− αI (ξ, τ ), (6.16)

∂

∂τ
N(ξ, τ ) = ℘(ξ)− N(ξ, τ )

τe
− g(ξ, τ )

I (ξ, τ )

hν
. (6.17)

Equation (6.16) can easily be solved as an initial-value problem for which
I (0, τ ) = I0(τ ) at z = 0, where I0(τ ) represents the intensity profile of the input

SOA
Pulses

z

carrier-injection rate

0 L

( )z

Figure 6.3 Schematic of amplification of picosecond pulses in an SOA of length
L when pulses are incident on its left facet at z = 0.
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pulse. The solution is given by

I (ξ, τ ) = I0(τ ) exp

(∫ ξ

0
[g(ξ, τ )− α] dξ

)
. (6.18)

It is clear from the structure of this equation that subsequent calculations can be
simplified by introducing a new variable h(ξ, τ ) with the definition

h(ξ, τ ) =
∫ ξ

0
g(ξ, τ ) dξ. (6.19)

Substitution of Eq. (6.19) into Eq. (6.17) gives us the following integro-
differential equation describing the gain dynamics of an SOA:

∂

∂τn
h(ξ, τn) = ε

[
h℘ − h(ξ, τn)

]− β(τn) {exp [h(ξ, τn)− αξ ]− 1}

− β(τn)

(
α

∫ ξ

0
exp [h(ξ, τn)− αξ ] dξ

)
,

(6.20)

where we have introduced a normalized time τn = τ/Ts , Ts = L/vg being the
single-pass transit time through the SOA. The dimensionless parameter ε = Ts/τe

is < 1 for SOAs in which transit time is typically below 5 ps. The parameters β

and h℘ are defined as

β(τn) = 'aTs

hν
I0(Tsτn), (6.21a)

h℘(ξ) =
∫ ξ

0
[τe'a℘(ξ)− 'aN0] dξ. (6.21b)

The preceding integro-differential equation can be integrated numerically using
well-known techniques [25]. However, such a numerical analysis does not pro-
vide physical insight because essential dynamical features are not readily evident.
Although it is not possible to solve Eq. (6.20) exactly, in what follows we discuss
an approximate solution that captures all essential features of the dynamics of gain
recovery.

6.3.2 Method of multiple scales

For simplicity, we first assume that losses within the active region are negligible.
This is a reasonable approximation for most SOAs with high internal gain. When
losses are negligible compared with the gain, we can set α = 0 in Eq. (6.20) and
obtain

∂

∂τn
h(ξ, τn) = ε

[
h℘ − h(ξ, τn)

]− β(τn) {exp [h(ξ, τn)]− 1} . (6.22)
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The most effective way of solving this equation approximately is to use the
method of multiple scales. The impetus for this approach is the observation that
stimulated emission and carrier recovery have two distinct time scales. More specif-
ically, stimulated-emission-induced electron–hole recombinations occur on a fast
time scale T = τn, whereas the recovery of carrier density though current and
nonradiative electron–hole recombinations occurs on a much slower time scale
U = ετn ≡ τe. The underlying idea behind the method of multiple scales is to
formulate the original problem in terms of these two time scales from the outset
and treat all physical quantities as a function of these two time variables. Even
though T and U are interdependent, we treat them as two independent variables.
The resulting solution is more general than the solution of the original problem but
contains the original solution as a special case. This aspect can be understood by
noting that because such a solution is valid in a two-dimensional region, it should
also be valid along each and every path in this region.

Since h(ξ, τn) ≡ h(ξ, T , U, ε) in the multiple-scale description, the partial
derivative in Eq. (6.22) is replaced with

∂

∂τn
= ∂

∂T
+ ε

∂

∂U
. (6.23)

Substituting this expression into Eq. (6.22), we obtain

∂

∂T
h(ξ, T , U, ε)+ ε

∂

∂U
h(ξ, T , U, ε) =

ε[h℘ − h(ξ, T , U, ε)] − β(τn){exp[h(ξ, T , U, ε)] − 1}.
(6.24)

Assuming that ε is a small parameter (|ε| � 1), we seek an approximate solution
of the preceding equation as a power series expansion,

h (ξ, T , U, ε) =
∞∑

n=0

hn (ξ, T , U) εn. (6.25)

Substituting Eq. (6.25) into Eq. (6.24) and noting that

exp[h(ξ, T , U, ε)] ≈ exp[h0(ξ, T , U)] × [1+ εh1(ξ, T , U)+ · · · ], (6.26)

we obtain a partial differential equation as a power series in ε. Because each term
in this expansion needs to be identically equal to zero, we obtain an infinite set of
equations. The zeroth-order term in ε leads to an equation for h0,

∂

∂T
h0(ξ, T , U) = −β(T ) {exp [h0(ξ, T , U)]− 1} , (6.27)
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and the first-order term leads to

∂

∂T
h0(ξ, T , U)+ ∂

∂U
h1(ξ, T , U) = [

h℘ − h0 (ξ, T , U)
]

− β(T ) exp [h0(ξ, T , U)] h1 (ξ, T , U) .

(6.28)
We find h0 and h1 in the (T , U) plane by seeking a solution that satisfies Eqs. (6.27)
and (6.28) simultaneously.

To solve the preceding two equations, we assume that the initial condition for
h(ξ, T , U, ε) is independent of the small parameter ε. This is a reasonable assump-
tion because the carrier recovery rate does not affect the initial state of the SOA. If
hI (ξ) is the initial profile of h(ξ, T , U, ε), the initial conditions become

hn (ξ, 0, 0) =
{

hI (ξ) if n = 0,
0 otherwise.

(6.29)

The differential equation (6.27) can be solved by multiplying it by the integrating
factor exp [−h0(ξ, T , U)]. The resulting equation takes the form

∂

∂T
exp [−h0(ξ, T , U ] = β(T ) {1− exp [−h0(ξ, T , U)]} . (6.30)

This equation can be easily integrated to obtain the solution

h0 (ξ, T , U) = − ln

(
1− {1− exp [−h0(ξ, 0, U)]} ϕ(U)

Eβ(T )

)
, (6.31)

where ϕ(U) is an arbitrary function of the slow time scale U , and Eβ(T ) is defined
as

Eβ(T ) = exp

(∫ T

0
β(T ) dT

)
. (6.32)

A long time after an optical pulse has left the SOA, its internal gain will become
independent of the small parameter ε. This observation leads to the condition that
hn(ξ,∞,∞) = 0 for n = 1, 2, · · · . Using Eq. (6.29), it is possible to show that
the general solution of Eq. (6.28) is given by

h0(ξ, T , U) = [h0(ξ, T , 0)+ ϑ(T )] exp (−U)+h℘(ξ) [1− exp[(−U)] , (6.33)

where ϑ(T ) is an arbitrary function of the fast time scale T . However, this solution
must satisfy Eq. (6.27). Enforcing this constraint allows us to obtain a specific
functional form for ϑ(T ).

The time-dependent gain G seen by the optical pulse is related to h0 by the simple
relation

G(ξ, T ,U) = exp[h0(ξ, T , U)]. (6.34)
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Expressions (6.31) and (6.33) for h0(ξ, T , U) need to be identical in the entire
(T , U) space. Considering this, we match the results at T = U = 0. This is
conveniently done by calculating G(ξ, 0, 0). Equation (6.31) leads to

G(ξ, 0, 0) = 1

1− {1− exp[−hI (ξ)]ϕ(0)} , (6.35)

while Eq. (6.33) gives us the relation

G(ξ, 0, 0) = exp[hI (ξ)] exp(ϑ(0)). (6.36)

These two expressions for G(ξ, 0, 0) match only if we choose

ϕ(0) = 1 and ϑ(0) = 0. (6.37)

Taking the exponential of both sides in Eq. (6.33), we obtain

G(ξ, T ,U) = exp [h0(ξ, T , 0) exp (−U)]× exp
{
h℘(ξ) [1− exp(−U)]

}
× exp [ϑ(T ) exp (−U)] .

(6.38)

Using Eq. (6.37) in Eq. (6.31), we obtain the following expression forh0 (ξ, T , 0):

h0 (ξ, T , 0) = − ln

(
1− {1− exp [−hI (ξ)]}

Eβ(T )

)
. (6.39)

Substitution of this result into Eq. (6.38) gives us, finally, the time-dependent gain
along the SOA seen by a picosecond pulse:

G(ξ, T ,U) = exp[h℘(ξ)]
(

exp[ϑ(T )− h℘(ξ)]
1− {1− exp [−hI (ξ)]} /Eβ(T )

)exp(−U)

. (6.40)

To fully characterize the gain evolution, we still need to find the functional form
of ϑ(T ) in Eq. (6.40). For this purpose, we consider a path in the (T , U) plane
along which U = 0, and evaluate the partial derivative of Eq. (6.40) along this
path. The result is

∂h0(ξ, T , U)

∂T

∣∣∣∣
U=0

= d

dT
ϑ(T )− β(T )

{1− exp [−hI (ξ)]} /Eβ(T )

1− {1− exp [−hI (ξ)]} /Eβ(T )
. (6.41)

Substituting Eqs. (6.41) and (6.40) into Eq. (6.27), we obtain the following
differential equation for the unknown variable ϑ(T ):

d

dT
ϑ(T ) = β(T ){1− exp [ϑ(T )]}

1− {1− exp [−hI (ξ)]} /Eβ(T )
. (6.42)



6.3 Picosecond pulse amplification 157

Multiplying Eq. (6.42) by exp[−ϑ(T )] and noting that

β(T )Eβ(T )

Eβ(T )− {1− exp [−hI (ξ)]} ≡
d

dT
ln

(
Eβ(T )− {1− exp [−hI (ξ)]}

)
, (6.43)

we obtain the following general solution of Eq. (6.42):

exp (−ϑ(T )) = 1− C
(
Eβ(T )− {1− exp [hI (ξ)]}

)
, (6.44)

where C is a constant. The use of the initial condition ϑ(0) = 0 results in C = 0.
Hence, we obtain the simple result

ϑ (T ) = 0. (6.45)

This leads to the following final expression for the signal gain:

G(ξ, T ,U) = exp
{
h℘(ξ) [1− exp(−U)]

}(
1− {1− exp [−hI (ξ)]} /Eβ(T )

)exp(−U)
. (6.46)

We can now go back to the original single time scale τ by recalling that ξ = z,
T = τ/Ts , and U = τ/τe. Using these relations, the time-dependent gain seen by
the optical pulse is given by

G(z, τ) = exp
{
h℘(z) [1− exp(−τ/τe)]

}(
1− {1− exp[−hI (z)]} /Eβ(τ)

)exp(−τ/τe)
. (6.47)

This equation shows how the amplification factor depends on the carrier lifetime
τe. In the limit τ/τe � 1, it reduces to the one given in Ref. [6].

6.3.3 Pulse distortion and spectral broadening

In this section we focus on changes in the pulse shape and spectrum occurring when
a picosecond pulse is amplified in an SOA. The gain expression in Eq. (6.47) can
be used to calculate the output pulse shape using

I (L, τ) = G(L, τ)I (0, τ ). (6.48)

In the limit τ/τe � 1, G(L, τ) can be written in the simple form [6]

G(L, τ) = GI

GI − (GI − 1) exp[−E0(τ )/Esat] , (6.49)

where GI = exp[hI (L)] is the unsaturated SOA gain experienced by a low-
power CW beam, Esat the saturation energy Esat = hν(Am/a), and E0(τ ) =∫ τ

−∞ Pin(τ ) dτ is the partial energy of the input pulse defined such that E0(∞)
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equals the total pulse energy. The solution Eq. (6.48) shows that the amplifier gain
is different for different parts of the pulse. The leading edge experiences the full
gain GI since the amplifier is not yet saturated. The trailing edge experiences the
least gain since almost the entire pulse has saturated the amplifier gain by then.

To find the pulse spectrum, we need to take the Fourier transform of A(L, t)

using

Ã(L, ω) = Fτ+
{
A(L, τ)

}
(ω) ≡

∫ ∞

−∞
A(L, τ) exp(jωτ) dτ. (6.50)

Before we can calculate this integral, we need to find the phase of the output pulse.
As seen from the βc term in Eq. (6.14), gain saturation will also produce a time-
dependent phase shift across the pulse. If we use A = √I exp(jφ) in this equation,
we find that the phase φ(z, τ ) satisfies the simple equation

∂φ

∂z
= −1

2βcg(z, τ ), (6.51)

which can be integrated over the amplifier length to provide the following
expression:

φ(L, τ) = −1
2βc

∫ L

0
g(z, τ ) dz = −1

2βch(L, τ) = −1
2βc ln[G(L, τ)]. (6.52)

Since the pulse modulates its own phase through gain saturation, this phenomenon
is referred to as saturation-induced SPM [6].

We can now obtain the pulse spectrum S(ω) = |Ã(L, ω)|2 by taking the Fourier
transform as indicated in Eq. (6.50). Because of SPM and the associated frequency
chirping, we expect that the spectrum of a picosecond pulse will be modified by the
SOA during its amplification. This behavior is similar to that occurring when an
optical pulse propagates through an optical fiber, but major differences are expected
because the SOA nonlinearity responds relatively slowly compared with an optical
fiber, whose Kerr-type response is nearly instantaneous.

To illustrate the nature of pulse amplification in SOAs, we consider the amplifica-
tion of a 10 ps unchirped (transform-limited) Gaussian input pulse. Figure 6.4 shows
the shape and the spectrum of the amplified pulse for several values of the unsat-
urated amplifier gain GI . The input pulse energy corresponds to Ein/Esat = 0.1.
The linewidth enhancement factor βc may vary from one amplifier to another, as
it depends on the relative position of the gain peak with respect to the operating
wavelength. We use a value βc = 5 in this section. Figure 6.4(a) shows clearly that
the amplified pulse becomes asymmetric, with its leading edge sharper than its trail-
ing edge. Sharpening of the leading edge is a common feature of all amplifiers and
occurs because it experiences more gain than the trailing edge. The pulse spectra
in Figure 6.4(b) show features which are unique to SOAs. In general, the spectrum
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Figure 6.4 Interaction of a transform-limited Gaussian pulse with an SOA: (a)
shows the characteristics of the amplified pulse under various SOA gain values;
(b) shows the corresponding spectral changes in the amplified pulse (relative to
the center frequency of the input pulse).

develops an asymmetric, multipeak structure. The dominant spectral peak shifts to
the low-frequency side (red shift). The red shift increases with the amplifier gain
GI and can be as large as 3 to 5 times the spectral width of the input pulse. For
10 ps input pulses, the frequency shift can easily exceed 100 GHz. The temporal and
spectral changes also depend on the level of amplifier gain. Experiments performed
using picosecond pulses have confirmed the behavior seen in Figure 6.4.

It turns out that the frequency chirp imposed by the SOA is nearly linear over a
considerable portion of the amplified pulse. For this reason, the amplified pulse can
be compressed by propagating it in the anomalous-dispersion region of an optical
fiber of suitable length. Such a compression has been observed in an experiment [6]
in which 40 ps optical pulses were first amplified in a 1.52 µm SOA and then
propagated through 18 km of single-mode fiber with β2 = −18 ps2 km−1. This
compression mechanism can be used to design fiber-optic communications systems
in which SOAs are used to compensate simultaneously for both fiber loss and
dispersion.

6.3.4 Impact of waveguide losses

The situation becomes much more complicated mathematically when waveguide
losses are not negligible. However, the method of multiple scales can still provide
an approximate expression for the time-dependent signal gain.As seen in Eq. (6.20),
the α term contains an integral over the amplifier length. When this term is included
in Eq. (6.24) and terms with various powers of ε are considered, the zeroth-order
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equation (6.27) is modified and becomes

∂

∂T
h0(ξ, T , U) =− β(T ) {exp [h0(ξ, T , U)]− 1}

− αβ(T )

∫ ξ

0
exp [h0(ξ, T , U)− αξ ] dξ.

(6.53)

Similarly, the first-order equation (6.28) takes the form

∂

∂T
h0(ξ, T , U)+ ∂

∂U
h1(ξ, T , U) = [

h℘ − h0 (ξ, T , U)
]

− αβ(T )

∫ ξ

0
h1(ξ, T , U) exp[h0(ξ, T , U)− αξ ] dξ

− β(T ) exp [h0(ξ, T , U)] h1 (ξ, T , U) .

(6.54)

It is not possible to solve these two equations exactly, owing to the presence
of the integrals. However, if we homogenize the signal gain by setting local gain
to the averaged gain along the SOA, we can replace h0(ξ, T , U) with ḡ(T , U)ξ ,
where the average gain coefficient ḡ(T , U) is independent of the spatial coordinate
ξ . With this change, we can perform the integration in Eq. (6.53) as∫ ξ

0
exp[h0(ξ, T , U)− αξ ] dξ = exp[ḡ(T , U)ξ − αξ ] − 1

ḡ(T , U)− α
. (6.55)

Noting this relation, we employ the following approximation for the preceding
integral when the gain distribution is spatially nonuniform:∫ ξ

0
exp[h0[(ξ, T , U)] − αξ ] dξ ≈ exp[h0(ξ, T , U)− αξ ] − 1

ḡ(ξ, T , U)− α
, (6.56)

where g̃(ξ, T , U) is calculated from Eq. (6.47) and is found to be

g̃(ξ, T , U) = h℘(ξ)

ξ

[
1− e−U

]
− ln

[(
1− {1− exp[−hI (ξ)]}/Eβ(T )

)]
ξ exp(U)

. (6.57)

As verified through numerical simulations, this turns out to be a good approxi-
mation for the integral in Eq. (6.56), with a relative error of < 10% if input pulse
energy is below 30% of the saturation energy of the amplifier. Substitution of Eq.
(6.56) into Eq. (6.53) then leads to

∂

∂T
h0(ξ, T , U) = −β(T )g̃(ξ, T , U)

g̃(ξ, T , U)− α

(
exp[h0(ξ, T , U)− αξ ] − 1

)
. (6.58)

In the method of multiple scales, lower-order coefficients in the expansionh(ε) =∑∞
n=0 hnε

n affect the higher-order ones, but not the other way around. Using this
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Table 6.1. Parameters used for numerical simulations

SOA length (L) 378 µm
Active region width (w) 2.5 µm
Active region thickness (d) 0.2 µm
Confinement factor (') 0.3
Group index (ng) 3.7
Loss coefficient (α) 30 cm−1

Carrier lifetime (τe) 300 ps
Carrier injection rate (℘) 1.177× 1034 s−1m−3

Material differential gain (a) 2.5× 10−20 m2

Transparency carrier density (N0) 1.5× 1024 m−3

Linewidth enhancement factor (βc) 5.0
Operating wavelength (λ) 1552.5 nm

feature, we split Eq. (6.54) into two separate differential equations:

∂

∂T
h0(ξ, T , U) = h℘ − h0(ξ, T , U), (6.59)

∂

∂U
h1(ξ, T , U) =− β(T ) exp[h0(ξ, T , U)− αξ ]h1 (ξ, T , U)

− αβ(T )

∫ ξ

0
h1(ξ, T , U) exp[h0(ξ, T , U)− αξ ] dξ.

(6.60)

We solve these coupled equations using the procedure used earlier in this section
and obtain the following expression for the time-dependent gain seen by the pulse:

G(ξ, T ,U)e−αξ = exp{[h℘(ξ)− αξ ][(1− exp(−U)]}
× (

1− {1− exp[−hI (ξ)+ αξ ]}/Eγ (T )
)− exp(−U)

,
(6.61)

where Eγ (T ) is defined as

Eγ (T ) = exp

(∫ T

0

β(T )g̃(ξ, T , U)

g̃(ξ, T , U)− α
dT

)
. (6.62)

To check the accuracy of the preceding result, we compare its predictions with
numerical simulations using the parameters given in Table 6.1. The input pulse is
an unchirped Gaussian pulse of energy Ein with the intensity profile

I0(t) = Ein

AmT0
√

π
exp

(
− t2

T 2
0

)
. (6.63)
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Figure 6.5 Variation of carrier density along the SOA length at time intervals of
0,100, and 500 ps (curves marked I to III) after a 2-ps-wide (FWHM) Gaussian
pulse has completely passed through the SOA. Pulse energy is 50 fJ in part (a) and
500 fJ in part (b).

The numerical results were obtained by integrating Eqs. (6.15) and (6.5). The results
provide the intensity profile I (z, t) of the pulse, as it is being amplified, and the cor-
responding carrier-density profile N(z, t), which is then used to calculate h(z, t) by
performing the integral indicated in (6.19). The amplification factor is then obtained
using G(z, t) = exp[h(z, t]. The saturation energy of the amplifier corresponding
to the data in Table 6.1 is 5.5 pJ.

Before the pulse enters the SOA, the carrier density N has a constant value
(3.531×1024 m−3) set by the carrier-injection rate. After the pulse enters the SOA,
gain saturation reduces the carrier density N all along the amplifier, making it a
function of both z and t . After the pulse has passed through the SOA, the carrier
density and the saturated gaing begin to recover as carriers are continuously injected
into the active region. Figure 6.5 shows the gain-recovery dynamics by plotting
(N − N0)/N0 as a function of z at intervals of 0 ps (I), 100 ps (II), and 500 ps
(III) after a 2-ps-wide (FWHM) Gaussian pulse has completely passed through the
SOA. Input pulse energy is 50 fJ in part (a) and 500 fJ in part (b). Dashed lines
show the results of numerical simulations, while solid lines show the carrier density
calculated using Eq. (6.61). Clearly, the analytical expression predicts the spatial
and temporal gain dynamics of SOAs quite accurately.

Figure 6.6 shows (a) the pulse shape and (b) the pulse spectrum when a
20-ps-wide Gaussian pulse is amplified. Its energy is 50 fJ for trace I and 500 fJ
for trace II. The dashed lines show numerical simulation results and the solid lines
correspond to analytical results. Finally, Figure 6.7 shows the impact of waveguide
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Gaussian pulse is amplified in the SOA. Pulse energy is 50 fJ for trace I and 500 fJ
for trace II. (After Ref. [18]; © IEEE 2008)
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Figure 6.7 Output pulse spectra when a 20-ps-wide input Gaussian pulse with
500 fJ energy is amplified in the SOA. The waveguide loss is 30 cm−1 for trace I
and zero for trace II.

losses on the spectrum of the amplified pulse when a 20 ps input Gaussian pulse
with 500 fJ of energy is launched. The loss is 30 cm−1 for trace I but zero for
trace II. As before, dashed lines show numerical results, while solid lines show the
corresponding analytical results. Losses reduce the magnitude of red shift as well
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as peak heights. The good match obtained in all cases shows the accuracy of the
approximate treatment based on the multiple-scales method.

6.4 Femtosecond pulse amplification

The theory presented in the preceding section is not adequate for femtosecond pulses
or for pulses with high energies, >10 pJ. Under such conditions, the response of
an SOA is significantly influenced by carrier heating, spectral hole burning, and
two-photon absorption (TPA) [26,27], phenomena that are not included in Section
6.3. If the input pulses have high peak powers, TPA-initiated hot carrier generation
also plays a dominant role in the recovery dynamics of the SOA [28].

It is possible to analyze the operation of SOAs in the femtosecond and high-power
regime using the density-matrix equations of Chapter 4 [29, 30]. In this approach,
carrier–carrier and carrier–phonon scattering events are described using phe-
nomenological relaxation rates, and carrier occupation probabilities are assumed
not to deviate significantly from equilibrium Fermi distributions [31]. The main
advantage of these approximations is that one can avoid solving a complicated
many-body problem associated with the SOA dynamics, without a significant loss
of accuracy [32]. Since such an approach provides valuable physical insight, we
discuss it in this section.

Let ρck be the probability that an electron occupies a state with momentum �k in
the conduction band of the SOA material, and let ρvk represent this probability for
holes in the valence band. The situation is similar to that of an inhomogeneously
broadened two-level system except that the electron’s momentum is used to distin-
guish various states, in place of atomic velocities. The total carrier densities in the
conduction and valence bands can thus be written as

Nc(t) = 1

V

∑
k

ρck(t), Nv(t) = 1

V

∑
k

ρvk(t). (6.64)

where V is the volume of the active region. Owing to charge neutrality in the
semiconductor, these two densities must be equal to the single carrier density N(t)

used earlier, i.e., N(t) ≡ Nc(t) = Nv(t).
If we assume that various carrier–carrier scattering processes take place with

relaxation times τ1c and τ1v in the conduction and valence bands, respectively, we
can include these processes through simple rate equations:

∂ρck(t)

∂t

∣∣∣∣
e-e scat.

= − 1

τ1c
[ρck(t)− fck(Uck, Fc, Tc)], (6.65a)

∂ρvk(t)

∂t

∣∣∣∣
e-e scat.

= − 1

τ1v
[ρvk(t)− fvk(Uvk, Fv, Tv)], (6.65b)
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where fck and fvk represent the corresponding quasi-equilibrium Fermi distribu-
tions given by [30]:

fck = 1

1+ exp
(

Uck−Fc

kBTc

) , fvk = 1

1+ exp
(

Uvk−Fv
kBTv

) . (6.66)

In these relations, kB is the Boltzmann constant, Ts is the carrier temperature, Usk

is the carrier energy, and Fs is the quasi-Fermi level (with s = c, v).
The carrier temperatures Tc and Tv in the conduction and valence bands, respec-

tively, relax toward a common lattice temperature, denoted by TL, owing to
carrier–phonon collisions. We denote the quasi-Fermi level at the lattice temperature
by FL

s , with s = c, v. Since intraband processes such as carrier–carrier scattering
and carrier–phonon scattering do not change the total number of carriers within the
conduction or valence band, we have the following constraints [30]:

N(t) = 1

V

∑
k

fck(Uck, Fc, Tc) = 1

V

∑
k

fvk(Uvk, Fv, Tv)

= 1

V

∑
k

fck(Uck, F
L
c , TL) = 1

V

∑
k

fvk(Uvk, F
L
v , TL).

(6.67)

These equations show that, once the carrier density N(t) and temperatures Tc, Tv,
and TL are known, it is possible to find the quasi-Fermi levels and the associated
quasi-Fermi distributions uniquely. If τhc and τhv denote the relaxation times for
electron–phonon collisions in the conduction and valence bands, respectively, we
can incorporate such collisions through

∂ρck(t)

∂t

∣∣∣∣
e-p scat.

= − 1

τhc
[ρck(t)− fck(Uck, F

L
c , TL)], (6.68a)

∂ρvk(t)

∂t

∣∣∣∣
e-p scat.

= − 1

τhv
[ρvk(t)− fvk(Uvk, F

L
v , TL)]. (6.68b)

Finally, if the external pumping is turned off, the carrier populations would
relax toward their thermal equilibrium distribution. At thermal equilibrium, it is
not possible to have any discontinuity in the Fermi levels of the two bands, Fc and
Fv converge to a common value Feq , and the carrier temperatures converge to a
common value Teq . We can calculate Feq for a given equilibrium temperature by
using the relation

1

V

∑
k

fck(Uck, Feq, Teq) ≈ 1

V

∑
k

fvk(Uvk, F
eq, Teq) ≈ 0. (6.69)
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This relation assumes that there are no free carriers in the semiconductor when it
has reached thermal equilibrium. If τs is the characteristic time for attaining thermal
equilibrium, we have the relations

∂ρck(t)

∂t

∣∣∣∣
equ.

= − 1

τs
[ρck(t)− fck(Uck, F

eq, Teq)], (6.70a)

∂ρvk(t)

∂t

∣∣∣∣
equ.

= − 1

τs
[ρvk(t)− fvk(Uvk, F

eq, Teq)]. (6.70b)

This step takes care of all the processes through which carrier populations can relax
spontaneously.

The amplification process in an SOA is dominated by carrier recombinations ini-
tiated by stimulated emission. Following the density-matrix approach of Chapter 4,
it is possible to write the rate of such recombinations in the form[30]

∂ρck(t)

∂t

∣∣∣∣
stim-em

= −j

�
[d∗k ρcv,k(t)− dkρvc,k(t)]E(z, t), (6.71a)

∂ρvk(t)

∂t

∣∣∣∣
stim-em

= −j

�
[d∗k ρcv,k(t)− dkρvc,k(t)]E(z, t), (6.71b)

where E is the electric field of the optical signal being amplified, and the cross-
density matrix element ρcv,k(t) satisfies

∂ρcv,k(t)

∂t
= −

(
jωk + 1

T2

)
ρcv,k(t)− j

dk

�
[ρck(t)+ ρvk(t)− 1]E(z, t). (6.72)

Here T2 is the dipole relaxation time and ωk is the transition frequency between
the conduction and valence band states with wave number k. The dipole moment
dk for many semiconductors can be written in the form [33]

d2
k =

e2

6m0ω
2
k

(
m0

mc

− 1

)
Eg(Eg +�0)

Eg + 2�0/3
, (6.73)

where mc is the effective mass of carriers in the conduction band, m0 is the
free-electron mass, �0 is the spin–orbit splitting value, and Eg is the bandgap.
The macroscopic polarization P(z, t) induced by the electric field E(z, t) can be
calculated using

P(t) = 1

V

∑
k

dk[ρcv,k(t)+ ρvc,k(t)]. (6.74)
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We can now combine all the recombination mechanisms to obtain the following
rate equations for ρck(t) and ρvk(t):

∂ρck

∂t
= Tck − 1

τ1c
[ρck(t)− fck(Uck, Fc, Tc)] − 1

τhc
[ρck(t)− fck(Uck, F

L
c , TL)]

− 1

τs
[ρck(t)− fck(Uck, F

eq, Teq)] − j

�
[d∗k ρcv,k(t)− dkρvc,k(t)]E(z, t),

(6.75)

∂ρvk

∂t
= Tvk − 1

τ1v
ρvk(t)− fvk(Uvk, Fv, Tv)] − 1

τhv
[ρvk(t)− fvk(Uvk, F

L
v , TL)]

− 1

τs
[ρvk(t)− fvk(Uvk, F

eq, Teq)] − j

�
[d∗k ρcv,k(t)− dkρvc,k(t)]E(z, t),

(6.76)

whereTck andTvk denote the pumping rates that generate carriers in the conduction
and valence bands, respectively.

Equations (6.72), (6.75), and (6.76) must be solved numerically for each value
of k corresponding to the momentum �k. Such solutions provide neither physical
insight into the operation of an SOA nor a direct way to correlate the results with
experimental observations. A simpler approach is to employ the carrier density
N(t), as defined in Eq. (6.67), and introduce the two variables representing the
total energy densities in the conduction and valence bands:

Uc(t) = 1

V

∑
k

Uckρck(t), Uv(t) = 1

V

∑
k

Uvkρvk(t). (6.77)

Noting that all intraband collisions of carriers are elastic and hence do not change
the energy density of an energy band, we can write these energy densities using
Fermi distributions as

Uc(t) = 1

V

∑
k

Uckfck(Uck, Fc, Tc), (6.78a)

Uv(t) = 1

V

∑
k

Uvkfvk(Uvk, Fv, Tv). (6.78b)

Similarly, we define the lattice energy distributions UL
c (t) and UL

v (t) by using
the corresponding Fermi distributions fck(Uck, F

L
c , T L

c ) and fvk(Uvk, F
L
v , T L

v ),
and neglect any residual energy present at thermal equilibrium by using the
approximation

1

V

∑
k

Uckfck(Uck, Feq, Teq) ≈ 0. (6.79)
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Now, summing Eq. (6.75) or Eq. (6.76) over all possible values of k , we obtain
the carrier-density rate equation in the form

∂N(t)

∂t
= I

eV
− N(t)

τs
− j

�V

∑
k

(
d∗k ρcv,k(t)− dkρvc,k(t)

)
E(z, t). (6.80)

To simplify this equation further, we need an explicit expression for ρcv,k(t). We
can obtain such an expression using the steady-state solution of Eq. (6.72) when the
widths of pulses being amplified by the SOA are sufficiently larger than the dipole
relaxation time T2. Under such conditions, we get from Eq. (6.72) the result

ρcv,k(t) exp(jω0t) = −j
dk

�

[ρck(t)+ ρvk(t)− 1]
j (ωk − ω0)+ 1/T2

E (z, t), (6.81)

where we have assumed that the carrier frequency of the pulse is ω0. The slowly
varying amplitude E (z, t) of the electric field E(z, t) is defined, as usual, by the
relation

E(z, t) = Re[E (z, t) exp(−jω0t)]. (6.82)

We are now in a position to calculate the gain coefficient at the carrier frequency
ω0. It is related to the imaginary part of the susceptibility χ by

g(ω0) = −ω0

cn
Im(χ), (6.83)

where n is the modal refractive index. The susceptibility χ is related to the
macroscopic polarization P(z, t) given in (6.74) through the relation

Re[ε0χE exp (−jω0t)] = 1

V

∑
k

dk(ρcv,k(t)+ ρvc,k(t)). (6.84)

We can write the last term of Eq. (6.80) in the form [34]

j

�V

∑
k

(
d∗k ρcv,k(t)− dkρvc,k(t)

)
E(z, t) =

vg

[
g(ω0)− '2ε0nng

'�ω0
β2|E (z, t)|2

] [
ε0nng

�ω0
|E (z, t)|2

]
,

(6.85)

where vg = c/ng is the group velocity, ' is the confinement factor, β2 is the TPA
coefficient, and '2 is the TPA confinement factor. Substitution of this expression
into Eq. (6.80) leads to the final rate equation,

∂N(t)

∂t
= I

eV
− N(t)

τs
− vg

[
g(ω0)− '2ε0nng

'�ω0
β2|E (z, t)|2

] [
ε0nng

�ω0
|E (z, t)|2

]
.

(6.86)
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Similarly, by multiplying Eqs. (6.75) and (6.76) by Uk and summing over all
values of k, we obtain the following rate equations for the energy densities:

∂Uc(t)

∂t
=− Uc(t)

τs
− 1

τhc
[Uc(t)− UL

c ] +
∑
k

UckTck

− vg

[
g(ω0)Ec,ω0 −

'2ε0nng

'�ω0
β2Ec,2ω0 |E (z, t)|2

] [
ε0nng

�ω0
|E (z, t)|2

]
,

(6.87)

∂Uv(t)

∂t
=− Uv(t)

τs
− 1

τhv
[Uv(t)− UL

v ] +
∑
k

UvkTvk

− vg

[
g(ω0)Ev,ω0 −

'2ε0nng

'�ω0
β2Ev,2ω0 |E (z, t)|2

] [
ε0nng

�ω0
|E (z, t)|2

]
,

(6.88)

where Eα,ω0 and Eα,2ω0 (with α = c, v) correspond to carrier energies participating
in optical transition at ωk = ω0 and ωk = 2ω0, respectively.

Experiments have shown that there are two types of carriers in an SOA [26].
The first category constitutes carriers that interact directly with the optical field,
and the second category corresponds to those whose energies are so different that
they cannot interact with the optical field directly. If the pulse width is significantly
larger than the dipole relaxation time T2, then one can isolate the carriers in the
first category by grouping energies around the photon energy �ω0 over a bandwidth
≈ �/T2. If the effective carrier densities of this energy band are given by nc(t) and
nv(t) for the conduction and valence bands, respectively, then using Eqs. (6.75)
and (6.76) we obtain

∂nc(t)

∂t
= − 1

τ1c
[nc(t)− nc] − vgg(ω0)

[
ε0nng

�ω0
|E (z, t)|2

]
, (6.89)

∂nv(t)

∂t
= − 1

τ1v
[(nv(t)− nv] − vgg(ω0)

[
ε0nng

�ω0
|E (z, t)|2

]
, (6.90)

where nα = N0fα,k(Uα,k, Fα, Tα) (α = c, v) and N0 is the carrier density of
available states in the optically coupled region. These coupled carrier densities can
then be used to write the following approximate expression for the gain [26]:

g(ω0) = 1

vg

ω0d
2
0T2

�ε0nng

(nc + nv −N0), (6.91)

where d0 is obtained by evaluating the expression (6.73) at ωk = ω0.
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The preceding analysis completes the derivation of equations governing the
femtosecond (or subpecosecond) response of an SOA. Of course, it must be
supplemented with the propagation equation (6.15),

∂I (z, t)

∂z
+ 1

vg

∂I (z, t)

∂t
= g(ω0)I (z, t)− αI (z, t)− β2I (z, t), (6.92)

where the intensity I (z, t) is related the electric field E (z, t) by

I (z, t) = ε0nng

�ω0
|E (z, t)|2. (6.93)

To illustrate the value of this type of a detailed model of SOAs, we consider the
pump-probe configuration in which a femtosecond pump pulse is sent through an
InGasAsP amplifier together with an orthogonal, polarized weak probe pulse [34].
In the following example, both pulses have widths of 120 fs. Figure 6.8 shows
the experimentally observed probe intensities as a function of time, together with
corresponding theoretical predictions for two different pump-pulse energies (input
probe pulse energy is 1 fJ in both cases). The list of parameter values used in
the simulations can be found in Ref. [34]. The agreement between theory and
experiment is remarkable when the femtosecond model of this section is used. The
picosecond model of Section 6.3 cannot explain the experimental observations.
Physically, the narrow peak observed for 1.28 pJ pump energy is due to spectral
hole burning, and the longer transient tail with a time constant of around 0.7 ps
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reflects the relaxation of the carrier temperature towards the lattice temperature.
Both of these features are observed in the case of 5.4 pJ pump pulses but with
considerable quantitative differences. The peak due to spectral hole burning is less
pronounced in the measured data then in the simulations. This may be due to the
fact that intraband scattering times actually depend on carrier density but were
considered constant in the theoretical model [35]. However, the model is powerful
enough to capture most of the subtle features observed in the experiment. Further
improvements to this model require self-consistent many-body calculations of the
carrier dynamics [32].
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7

Raman amplifiers

Light gets scattered when it encounters an obstacle or inhomogeneity even on a
microscopic scale.Awell-known example is the blue color of the sky, resulting from
Rayleigh scattering of light by molecules in the air. Such redirection of energy can
be used to amplify signals by taking power from a “pump" wave co-propagating
with the signal in an appropriate optical medium. An example of this is provided
by Raman scattering. Having said that, it is important to realize that scattering does
not always occur when light interacts with a material [1]. In some cases, photons
get absorbed in the medium, and their energy is eventually dissipated as heat.
In other cases, the absorbed light may be re-emitted after a relatively short time
delay in the form of a less energetic photon [2], a process known as fluorescence.
If fluorescence takes place after a considerable delay, the same process is called
phosphorescence [3].

For a photon to get absorbed by a material, its energy must correspond to the
energy required by the atoms or molecules of that material to make a transition from
one energy level to a higher energy level. In contrast, the scattering of photons from
a material can take place without such a requirement. However, if the energy of the
incident photon is close to an allowed energy transition, significant enhancement
of scattering can occur. This type of enhanced scattering, often called resonance
scattering, has characteristics significantly different from “normal" scattering [4].
If the energy of a scattered photon is exactly equal to the incident photon energy, the
scattering event is termed elastic scattering. Examples of elastic scattering include
Mie scattering and Rayleigh scattering. The former is observed from dielectric
objects (such as biological cells) whose size is large compared to the wavelength
of the incident light [5]. However, in general, scattered radiation consists of many
other pairs of frequencies of the form ω+1n and ω−1n, where ω is the frequency
of the incident radiation and 1n (n = 1, 2, · · · ) are frequency shifts produced by
molecules of the scattering material. Their numerical values depend on the specific
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rotational, vibrational, and electronic energy levels involved in the scattering pro-
cess. Such inelastic scattering is called Raman scattering. Raman amplifiers make
use of stimulated Raman scattering (SRS) to amplify an optical signal. After dis-
cussing the general aspects of Raman scattering in Section 7.1, we focus in Section
7.2 on SRS in optical fibers. Section 7.3 provides details on how this process can
be used to make fiber-based Raman amplifiers. Silicon-based Raman amplifiers are
covered in Section 7.4.

7.1 Raman effect

The Raman effect was discovered in 1928 by two Indian scientists, C. V. Raman and
K. S. Krishnan [6]. It has proven to be extremely useful for a variety of spectroscopic
applications in physics, chemistry, and biology. The reason is easy to understand:
spontaneous Raman scattering has its origin in the vibrational states of molecules,
and reduces the frequency of incoming light by a precise amount associated with
a specific molecule. Moreover, it can occur for any frequency of the incident light
because of it its nonresonant nature. However, it is important to recognize that the
incident photon must be able to interact with one of the vibrational energy levels
of a molecule to initiate Raman scattering. If a material allows such an interaction,
it is called Raman-active. There exists a large number of Raman-active materials,
and we consider two of them, silica and silicon, in later sections. In this section we
discuss the general aspects of Raman scattering that apply for any Raman-active
material.

7.1.1 Spontaneous Raman scattering

Figure 7.1 shows the origin of spontaneous Raman scattering using the vibrational
states associated with a specific molecule. The energy of the incident photon is not in
resonance with any electronic transition. In quantum mechanics, such a situation is

Virtual state

Vibrational states

Incident
photon

Incident
photon

Stokes
photon

Anti-Stokes
photon

E
ne

rg
y

Figure 7.1 Schematic illustration of Stokes and anti-Stokes Raman scattering with
the assistance of a virtual energy level.
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represented by means of a virtual state, as shown by the dashed line in Figure 7.1.
The molecule makes a transition to the virtual electronic state by absorbing the
incident photon, but it stays in this virtual state only for the relatively short time
permitted by Heisenberg’s uncertainty principle (typically < 1 fs) before it emits a
photon to end up in one of the vibrational states associated with the ground state.
In the case of spontaneous Raman scattering, the molecule ends up in the first
vibrational state, and the photon frequency is reduced by a specific amount. The
frequency shift experienced by the incident light during spontaneous Raman scat-
tering is called the Raman shift, and corresponds to a specific vibrational resonance
associated with the Raman-active medium [7]. Another process, which increases
the frequency of the incident photon, can also occur with a smaller probability.
As a result, for each vibrational resonance, two Raman bands appear in the opti-
cal spectrum on opposite sides of the incident frequency. These are classified as
follows:

Stokes band A Raman band with frequencies less than the incident radiation is
called a Stokes band (see Figure 7.1). During its creation, incident photons have
lost energy to the material’s molecules, which end up in an excited vibrational
state. The stored energy is eventually dissipated as heat.

Anti-Stokes band A Raman band with frequencies greater than the incident radia-
tion is called an anti-Stokes band (see Figure 7.1). During its creation, incident
photons receive energy from the material’s molecules. This can only happen if
a molecule is initially in an excited vibrational state before the incident photon
arrives.After the scattering event, the molecule ends up in the lower energy state.

The strength of spontaneous Raman scattering is directly proportional to the
number of molecules occupying different vibrational states of the Raman-active
material. At room temperature, the population of vibrationally excited states is typ-
ically small but not negligible. In thermal equilibrium, the occupancy of vibrational
states is governed by the Boltzmann distribution, which favors low-lying energy
states over higher energy states at a given temperature. For this reason, each Stokes
band dominates over the corresponding anti-Stokes band in thermal equilibrium.

7.1.2 Stimulated Raman scattering

Consider a Raman-active material pumped by an intense optical beam at a certain
frequency. If a second optical beam whose frequency is lower by exactly the Raman
shift associated with the material’s molecules is also launched into this medium,
the presence of the second beam should stimulate the emission of Stokes photons
from the Raman-active molecules (similar to the case of stimulated emission). This
type of interaction, stimulated Raman scattering, discovered in 1962 by Woodbury
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and Ng [8], is known as (SRS). One can understand this process from Figure 7.1
as follows. Owing to the presence of the pump field, molecules in the electronic
ground state are excited to a virtual energy state with higher energy. The presence
of another external field matching the Stokes frequency stimulates each excited
molecule in this virtual state to emit a Stokes photon such that it ends up in a
vibrational state of the ground state [7]. In contrast to conventional gain media
(such as semiconductor optical amplifiers or doped fiber amplifiers), in which gain
occurs only when a population inversion exists, SRS takes place in Raman-active
media without any population inversion. Except for the presence of a pump beam,
no additional preparation is necessary for SRS to occur. As expected, if the external
Stokes field is switched off, the SRS process falls back to the traditional spontaneous
Raman scattering.

On physical grounds one should expect the growth rate of the Stokes field to
depend on the intensities of both the pump and the Stokes fields, and this is indeed the
case [7]. For this reason, SRS can be categorized as a nonlinear process. In contrast,
spontaneous Raman scattering depends linearly only on the intensity of the pump
beam. The most striking aspect of the SRS process is that laser light at virtually any
wavelength can be used for pumping as long as it lies within the transparency region
of the Raman medium. Clearly, SRS-based amplification has a wider applicability
than amplification mechanisms that rely on the excited electronic states of a gain
medium. It is also interesting to note that if the medium has an external beam
coinciding in frequency with the anti-Stokes frequency, it is possible to achieve
stimulated scattering of photons at the anti-Stokes frequency. However, this process
is considerably less efficient than the normal SRS process because it also depends
on how many molecules exist in the excited vibrational state [7].

Figure 7.2 shows schematically several types of Raman scattering that may occur
in a Raman-active material when two beams with frequencies ωa > ωb are incident
on it. During the interaction of the two beams within the material, optical phonons

Raman-active Material 

ωa

ωb

ωa – ωb = ωM ωa + ωM 

ωb – ωM 

ωb

ωb

ωa > ωb

SRS (gain)

SRLS (loss)

CARS

CSRS

Figure 7.2 Different Raman processes; SRS and SRLS, CARS, CSRS, due to
interaction of light with a Raman-active material.
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of a specific frequency ωM are created, where ωM is a characteristic vibrational
frequency associated with the molecules of the medium. The Stokes beam at fre-
quency ωb is amplified through SRS, while the other beam at frequency ωa is
attenuated. In addition, two other beams may be created from processes known as
coherent Stokes Raman scattering (CSRS) and coherent anti-Stokes Raman scatter-
ing (CARS). CSRS and CARS differ from conventional SRS in several respects [9],
the most important being that their intensities depend on the square of the pump
intensity and the square of the number of molecules participating in the scatter-
ing process. CARS is generally described as a four-wave mixing (FWM) process
enhanced through the Raman effect [10]. CSRS and CARS have less relevance for
optical amplification and thus fall outside the scope of this book.

7.2 Raman gain spectrum of optical fibers

Since optical fibers are made of silica glass consisting of randomly distributed
SiO2 molecules, they are a good candidate for Raman amplification by SRS [11].
Stolen and Ippen [12] were the first to observe, in 1973, Raman amplification in
optical fibers. However, until the late 1990s, not much interest was shown in the
use of Raman amplification in telecommunications systems. One reason was that
the erbium-doped fiber amplifiers (EDFAs) discussed in Chapter 5 were serving
this purpose reasonably well. Another reason was the unavailability of the high-
power semiconductor lasers required for pumping Raman amplifiers. Owing to the
need to expand the wavelength-division multiplexed (WDM) systems beyond the
traditional telecommunications band near 1550 nm and the inability of EDFAs to
operate much beyond their resonance near 1530 nm, Raman-amplifier technology
was adopted for modern WDM systems after the year 2000.

The Raman effect in silica arises from vibrational modes of SiO4 tetrahedra, in
which corner oxygen atoms are shared by adjacent units [14]. Figure 7.3 displays
the Raman gain spectrum of a silica fiber when both the pump and the signal waves
are linearly copolarized. It shows that the Raman gain spans a bandwidth in excess
of 40 THz with a dominant peak close to 440 cm−1 or 13.2 THz. In addition to the
dependence of the Raman gain in Figure 7.3 on the difference in optical frequencies
between the pump and signal, Raman gain also depends on the pump wavelength
and the relative polarizations of the pump and signal. In particular, it nearly vanishes
when the two are orthogonally polarized.

In spite of its complex nature, the Raman gain spectrum can be well approx-
imated using a basis consisting of a finite set of Gaussian functions convolved
with Lorentzian functions [15]. The reason behind this expansion-basis choice is
that the dynamics of each vibrational mode can be approximated with that of a
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Figure 7.3 Raman gain spectrum of a fused silica fiber with copolarized pump
and signal beams. (After Ref. [13]; © OSA 1989)

damped harmonic oscillator with a Lorentzian frequency response. If the oscilla-
tion frequencies of a large number of such vibrational modes are represented by a
Gaussian distribution, the spectrum of the ensemble becomes a convolution of this
Gaussian with individual Lorentzian response functions [16]. It turns out [15] that
the inclusion of just 13 vibrational modes provides a reasonable approximation to
the experimentally measured Raman impulse response hR(t) of optical fibers, and
hence to the Raman spectrum, which is related to the imaginary part of the Fourier
transform of hR(t). More specifically, the Raman impulse response vanishes for
t < 0 to ensure causality, and for t ≥ 0 has the form

hR(t) =
13∑

n=1

An

ωn

exp(−γnt) exp(−'2
nt

2/4) sin(ωnt), (7.1)

where An is the amplitude of the nth vibrational mode, ωn is its frequency, and γn is
its decay rate. The parameter 'n in the Gaussian function represents the bandwidth
associated with the nth vibrational mode.

The Raman impulse response of optical fibers has been measured experimen-
tally [13]. Figure 7.4 shows how well the experimental data can be fit using
Eq. (7.1). Table 7.1 provides the values of the parameters used for the 13 vibra-
tional modes, with the notation fn = ωn/(2πc), Bn = An/ωn, δn = γn/(πc),
and �n = 'n/(πc). The inset in Figure 7.4 compares the corresponding Raman
gain spectra obtained by taking the Fourier transform of hR(t). It is evident that the
approximation in Eq. (7.1) is excellent throughout the frequency range of interest.
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Table 7.1. Parameter values used to fit the Raman response
of silica fibers [15]

n fn (cm−1) Bn �n (cm−1) δn (cm−1)

1 56.25 1.00 52.10 17.37
2 100.00 11.40 110.42 38.81
3 231.25 36.67 175.00 58.33
4 362.50 67.67 162.50 54.17
5 463.00 74.00 135.33 45.11
6 497.00 4.50 24.50 8.17
7 611.50 6.80 41.50 13.83
8 691.67 4.60 155.00 51.67
9 793.67 4.20 59.50 19.83
10 835.50 4.50 64.30 21.43
11 930.00 2.70 150.00 50.00
12 1 080.00 3.10 91.00 30.33
13 1 215.00 3.00 160.00 53.33
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Figure 7.4 Experimentally measured Raman impulse response (solid curve) and
a theoretical fit based on Eq. (7.1). The inset shows the corresponding fit to the
Raman gain spectrum. (After Ref. [15]; © OSA 2002)

The model in Eq. (7.1) is too simplistic to account for the polarization dependence
of the Raman gain. In general, the Raman gain is anisotropic. This can be seen by
considering the third-order nonlinear response of silica, whose most general form
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is given by [17]

R
(3)
ijkl(τ ) =

(1− fR)

3
δ(τ )(δij δkl + δikδjl + δilδjk)

+ fRha(τ )δij δkl + fR

2
hb(τ )(δikδjl + δilδjk),

(7.2)

where the subscripts take values x, y, and z. The first term, containing δ(τ ), results
from the nearly instantaneous electronic response, but the other two terms have
their origins in molecular vibrations. The functions ha(τ ) and hb(τ ) represent the
isotropic and anisotropic parts of the Raman response function, respectively, and
fR represents the relative contribution of molecular vibrations to the total nonlinear
response (determined in practice by fitting the experimental data). The often-used
scalar form of the nonlinear Raman response can be obtained by setting i, j, k, and
l equal to x or y, and is given by

R(3)
xxxx(τ ) = R(3)

yyyy(τ ) = (1− fR)δ(τ )+ fRha(τ )+ fRhb(τ ). (7.3)

This form corresponds to launching linearly polarized light along a principal axis
of a polarization-maintaining fiber.

Noting that the isotropic part of the Raman response stems predominantly from
the symmetric stretching motion of the the bridging oxygen atom in the Si–O–Si
bond, a Lorentzian oscillator model can be used to approximate ha as [17]

ha(τ ) = fa

τ1

τ 2
1 + τ 2

2

exp

(
− τ

τ2

)
sin

(
τ

τ1

)
, (7.4)

where τ1 = 12.2 fs, τ2 = 32 fs, and fa = 0.75 represents the fractional contribution
of ha to the total copolarized Raman response.

To model hb(τ ), we need to take into account the low-frequency behavior of the
Raman gain spectrum. In addition, one needs to consider the bond-bending motion
and strong intermediate-range correlations between neighboring bonds in glass
media [18]. It was found by Lin and Agrawal [17] empirically that the following
function provides a good approximation to hb(τ ):

hb(τ ) = fb

(
2τb − τ

τ 2
b

)
exp

(
− τ

τb

)
+ fc

τ1

τ 2
1 + τ 2

2

exp

(
− τ

τ2

)
sin

(
τ

τ1

)
, (7.5)

where fb and fc are fractional contributions such that fa + fb + fc = 1. The three
new parameters appearing in this equation are found to have values τb = 96 fs,
fb = 0.21, and fc = 0.04 to match the dominant peak in the experimentally
measured Raman response of silica. Figure 7.5 shows the predicted Raman gain
spectrum (solid curve) together with with the experimental data in the case in which
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Figure 7.5 The theoretical fit (solid line) to the measured Raman gain spectrum
(dotted line) calculated using Eq. (7.3) (After Ref. [17]; © OSA 2006)

the Stokes radiation is copolarized with the pump. The fit is quite good in the low-
frequency region of the gain spectrum extending up to the gain peak, but it fails in
the frequency region beyond 15 THz because it is based on the response of a single
vibrational mode. In practice, the high-frequency response becomes relevant only
for ultrashort pump pulses.

The Raman gain spectrum in Figure 7.5 results from the interaction of copolar-
ized pump and signal waves. The case in which the pump and signal waves are
orthogonally polarized is also interesting. The Raman gain for this configuration
can also be calculated from Eq. (7.2). Figure 7.6 compares the Raman gain spectra
for the copolarized and orthogonally polarized cases. It shows that the Raman gain
is reduced by more than a factor of 10 near the peak of the Raman curve when
the pump and signal are orthogonally polarized. One can use these polarization
properties to make a Raman amplifier that is insensitive to polarization by using a
polarization-diversity scheme for pumping [11].

Another aspect that we have not considered so far is the dependence of the Raman
gain on the fiber design. Clearly, Raman interaction can be enhanced at a given pump
power by reducing the diameter of the fiber core to enhance the local intensity. As
an example, Figure 7.7 shows the measured Raman gain efficiency [19], defined
as the ratio gR/Aeff where Aeff is the effective mode area, for standard single-
mode fiber (SMF), dispersion-shifted fiber (DSF), and dispersion-compensating
fiber (DCF). The Raman gain efficiency depends to some extent on the composition
of the fiber core but the most important factor is the size of the fiber core. The DCF
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Figure 7.7 Raman gain efficiency for three different fibers. (After Ref. [19];
© OSA 2000)

curve in Figure 7.7 shows significantly higher Raman gain because a DCF employs
a relatively narrow core size together with the dopants to change its dispersive
properties.

To summarize, Raman gain depends primarily on the frequency difference
between the pump and signal waves but not on their absolute frequencies. This is
the result of energy conservation, requiring that the energy of the optical phonons
participating in the SRS process matches the energy difference between the pump
and signal photons. Momentum conservation is also required for such interactions,
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but this is easily achieved in practice because optical phonons associated with
vibrating molecules have a wide range of momenta. An implicit consequence of
this feature is that Raman gain is independent of the relative propagation directions
of the pump and signal waves. As a result, a Raman amplifier can be pumped in the
forward or backward direction with similar performance. However, as we saw in
Figure 7.6, Raman gain depends on the relative polarization of the pump and signal
waves, and attains its highest value when the waves are copolarized.

7.3 Fiber Raman amplifiers

A very useful application of an optical fiber is to exploit SRS, achieve the Raman
gain by pumping it suitably, and use it as a Raman amplifier. Figure 7.8 shows
schematically how a fiber can be used as a Raman amplifier. It depicts three potential
pumping schemes, obtained when the pump propagates (a) in the direction of the
signal (forward pumping), (b) in the opposite direction (backward pumping), or
(c) in both directions (bidirectional pumping). We analyze the performance of fiber
Raman amplifiers in these three cases by considering the cases of a CW signal and
a pulse signal separately.

7.3.1 CW operation of a Raman amplifier

We consider the general case of bidirectional pumping and assume that both pumps
as well the signal being amplified are in the form of CW waves. If If (z) and Ib(z)

represent, respectively, the forward and backward pump intensities at a distance z

from the front end of the fiber and Is(z) is the signal intensity at that distance, the
interaction between the pumps and the signal is governed by the following set of
three coupled equations [20]:

∂Is

∂z
= −αsIs + gR(If + Ib)Is, (7.6a)

signal+

co-pump+ counter-pump–

fibercoupler

coupler

Figure 7.8 Schematic of a fiber Raman amplifier with bidirectional pumping. The
amplifier can also be pumped in one direction only, by eliminating the pump in
the other direction.
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∂If

∂z
= −αsIf − ωp

ωs

gRIf Is, (7.6b)

−∂Ib

∂z
= −αsIb − ωp

ωs

gRIbIs, (7.6c)

where gR is the Raman-gain coefficient at the difference frequency 1 = ωp − ωs ,
ωs and ωp are the signal and pump frequencies, respectively, and αs and αp account
for fiber losses at these frequencies. The case of forward pumping can be studied by
setting Ib = 0. Similarly, the case of backward pumping can be studied by setting
If = 0. The latter case is sometimes preferred because it can reduce the impact of
pump noise on the signal.

Consider first the forward-pumping case and set Ib = 0 in Eqs. (7.6). A simple
analytic solution is possible if we ignore the the second term in Eq. (7.6b), which
corresponds to pump depletion, by assuming that the pump remains much more
intense than the signal throughout the amplifier length. The pump intensity then
varies as If (z) = I0 exp(−αpz), where I0 is the input pump intensity. Substituting
this form into Eq. (7.6a), we obtain

∂Is

∂z
= −αsIs − gRI0 exp(−αpz)Is. (7.7)

This equation can be easily integrated and provides the following expression for
the signal intensity at the output of a Raman amplifier of length L:

Is(L) = Is(0) exp (gRI0Leff − αsL) , (7.8)

where the effective length of the amplifier is defined as

Leff = 1− exp(αpL)

αp

. (7.9)

This effective length is shorter than the actual length L because absorption experi-
enced by the pump in the amplification medium reduces the interaction length of
the SRS process.

The solution of Eqs. (7.6) shows that the signal power grows exponentially along
the amplifier length. The same exponential dependence is found when the amplifier
is backward pumped. The solution is more complicated in the case of bidirectional
pumping but can be easily obtained. Figure 7.9 shows the evolution of signal power
in a 100-km-long Raman amplifier pumped bidirectionally such that the original
signal power of 1 mW is recovered at the output end in spite of 0.2 dB km−1 loss
in the fiber. The percentage of pump power launched in the forward direction is
varied from 0% to 100%. In all cases, the total pump power is chosen such that the
Raman gain is just sufficient to compensate for fiber losses.
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7.3.2 Amplification of ultrashort pulses

In this section we consider amplification of ultrashort pulses in a fiber Raman ampli-
fier. As discussed in Section 5.5, pulse amplification in doped-fiber amplifiers is
governed by a generalized nonlinear Schrödinger (NLS) equation, modified suit-
ably to account for the optical gain. In the case of Raman amplification, this NLS
equation requires further modification, and takes the following form [11]:

∂A

∂z
+ 1

2

(
α(ω0)+ jα1

∂

∂t

)
A+ jβ2

2

∂2A

∂T 2
− β3

6

∂3A

∂T 3

= j

(
γ (ω0)+ jγ1

∂

∂t

)(
A(z, t)

∫ ∞

0
R(3)

xxxx(t
′)|A(z, t − t ′)|2dt ′

)
,

(7.10)

where A(z, t) is the slowly varying envelope of the electric field at a reference
frequency ω0, α is the loss parameter, β2 and β3 are the second- and third-order
dispersion parameters, and γ is the nonlinear parameter, all evaluated at ω0. The
frequency dependence of the loss and nonlinear parameters is included through the
derivatives α1 = dα/dω and γ1 = dγ /dω, both evaluated at ω0. In practice, γ1

can be approximated by γ /ω0, if the effective mode area of the fiber is nearly the
same at the pump and signal wavelengths.

In the case of Raman amplifiers, the total electric field contains both the signal
and the pump fields, i.e., E = Ae−iω0t ≡ Ase

−iωs t + Ape
−iωpt , where ωs and

ωp are the carrier frequencies of the signal and pump pulses, respectively. If we
choose ω0 = ωs , we obtain A = As + Ape

−i1t , where 1 = ωp − ωs . Since
1/(2π) is close to the Raman shift of 13.2 THz for silica fibers, a direct solution
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of Eq. (7.10) is time-consuming because it requires a temporal step size < 10 fs to
cover the entire bandwidth. The computational time can be significantly reduced
by recasting the pulse-amplification problem as a coupled set of equations for the
signal amplitude As and the pump amplitude Ap. Using the preceding form of A

in Eq. (7.10), we obtain the following set of two coupled equations [21]:

∂As

∂z
+αs

2
As + jβ2s

2

∂2As

∂T 2
− β3s

6

∂3As

∂T 3

= jγs

(
1+ j

ωs

∂

∂t

)[
(1− fR)(|As |2 + 2|Ap|2)As

+ fRAs

∫ ∞

0
[ha(t

′)+ hb(t
′)][As(z, t − t ′)|2 + |Ap(z, t − t ′)|2]dt ′

+ fRAp

∫ ∞

0
[ha(t

′)+ hb(t
′)]As(z, t − t ′)A∗p(z, t − t ′)e−j1t ′dt ′

]
,

(7.11)

∂Ap

∂z
+αp

2
Ap + (β1p − β1s)

∂Ap

∂t
+ jβ2p

2

∂2Ap

∂T 2
− β3p

6

∂3Ap

∂T 3

=jγp

(
1+ j

ωp

∂

∂t

)[
(1− fR)(|Ap|2 + 2|As |2)Ap

+ fRAp

∫ ∞

0
[ha(t

′)+ hb(t
′)][As(z, t − t ′)|2 + |Ap(z, t − t ′)|2]dt ′

+ fRAs

∫ ∞

0
[ha(t

′)+ hb(t
′)]Ap(z, t − t ′)A∗s (z, t − t ′)e−j1t ′dt ′

]
,

(7.12)

where the subscripts s and p on the parameters α, β, and γ indicate whether they
are evaluated at ωs or ωp.

These equations can be simplified considerably for picosecond pump and signal
pulses whose widths are much larger than the Raman response time (about 60 fs).
The final result can be written in the following compact form [11]:

∂As

∂z
+ αs

2
As + jβ2s

2

∂2As

∂T 2

= jγs[|As |2 + (2− fR)|Ap|2]Ap + gR

2
|Ap|2As,

(7.13a)

∂Ap

∂z
+ αp

2
Ap + d

∂Ap

∂T
+ jβ2p

2

∂2Ap

∂T 2

= jγp[|Ap|2 + (2− fR)|As |2]Ap − gRωp

2ωs

|As |2Ap,

(7.13b)
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where d = β1p−β1s represents the group-velocity mismatch and gR is the Raman
gain at the signal frequency.

Amplification of picosecond pulses in Raman amplifiers requires a numerical
solution of the preceding two equations. Before solving them, it is useful to intro-
duce four length scales that determine the relative importance of various terms in
these equations. For a pump pulse of duration T0 and peak power P0, these are
defined as follows:

Dispersion length LD = T 2
0 /|β2p| is the length scale over which the effects of

group-velocity dispersion become important. Typically, LD > 1 km for T0 =
5 ps but becomes ∼1 m for a femtosecond pulse.

Walk-off length LW = T0/|β1p −β1s | is the length scale over which the walk-off
between pump and signal resulting from their different group velocities becomes
important. Typically LW ≈ 1 m for T0 < 1 ps.

Nonlinear length LNL = 1/(γpP0) is the length scale over which nonlinear effects
such as self- and cross-phase modulation become important. Typically LNL ∼
1 km for P0 = 100 mW.

Raman gain length LG = 1/(gpP0), wheregp is the Raman-gain coefficient at the
pump frequency, is the length scale over which Raman gain becomes important.
Typically LG ∼ 1 km for P0 > 100 mW.

It is important to note that the shortest length among the four length scales plays
the dominant role during pulse propagation.

To illustrate the amplification of ultrashort pulses in a fiber Raman amplifier, it
is instructive to look at a specific example. Figure 7.10 shows the evolution of the
pump and signal pulses in the normal-GVD regime over three walk-off lengths when
the pump pulse and fiber parameters are such thatLD/LW = 1000,LW/LNL = 24,
and LW/LG = 12. The pump pulse is assumed to have a Gaussian shape initially.
The input signal pulse is also Gaussian with the same width but its peak power
is quite small initially (Ps = 2 × 10−7 W at z = 0). The signal pulse starts to
grow exponentially close to the input end, but its growth slows down because of
the walk-off effects between the pump and the signal. In fact, energy transfer from
the pump pulse stops after z = 3LW as the two pulses are then physically separated
because of their group-velocity mismatch. Since the signal pulse moves faster than
the pump pulse in the normal-GVD regime, the energy for Raman amplification
comes from the leading edge of the pump pulse. This is apparent near z = 2LW ,
where energy transfer has led to a two-peak structure in the pump pulse as a result of
pump depletion. The hole near the leading edge corresponds exactly to the location
of the signal pulse. The small peak near the leading edge disappears with further
propagation as the signal pulse walks through it. The pump pulse at z = 3LW is
asymmetric in shape and appears narrower than the input pulse as it consists of the
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Figure 7.10 Evolution of pump (top) and signal (bottom) pulses over three walk-
off lengths when LD/LW = 1000, LW/LNL = 24, and LW/LG = 12. (After
Ref. [11]; © Elsevier 2007)

trailing portion of the input pulse. The signal pulse is also narrower than the input
pulse and is asymmetric with a sharp leading edge.

The preceding results show that the transfer of energy from a pump pulse to a
signal pulse of comparable width is hindered considerably by the walk-off effects
resulting from a mismatch between their group velocities. This problem is reduced
considerably when pump pulses are much wider than the signal pulses, and disap-
pears for a CW pump. Indeed, fiber Raman amplifiers employ a CW pump when they
are used for amplifying picosecond signal pulses in telecommunications systems.

7.4 Silicon Raman amplifiers

Silicon is called the material where the “extraordinary is made ordinary" [22].
Silicon continues to dominate the microelectronics industry because of its remark-
able electrical, chemical, thermal, and mechanical properties that enable mass-scale
manufacturing methods [23]. In contrast to this, no single material or technology
plays a dominant role in the photonics area, a fact that creates a plethora of interfac-
ing and manufacturing problems. The use of silicon for photonic integrated circuits
is attracting attention because it capitalizes on the success of the silicon revolution
[22–24]. Silicon-based optical devices have the potential for providing a monolith-
ically integrated optoelectronic platform. However, as mentioned in Section 6.1,
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silicon is an indirect bandgap material, and this feature makes light emission in
silicon quite inefficient. To make matters worse, nonradiative recombination rates
in silicon are much higher than radiative ones.

Because of the indirect bandgap of silicon, it is unlikely that electrical pumping
can be used to achieve the population inversions required for optical gain. Even
if a population inversion is achieved, nonlinear absorption mechanisms such as
two-photon absorption in silicon will make it difficult to obtain a net optical gain.
However, it has been known for years that the Raman-gain coefficient in silicon
is higher than that of a silica fiber by a large factor. At the same time, the effec-
tive mode area is about 100 times smaller in typical silicon waveguides, known
as nanowires, because of their relatively small dimensions, resulting in consider-
able enhancement of pump intensity at a given pump power. For these reasons,
the use of the Raman effect in silicon waveguides has attracted considerable atten-
tion. Spontaneous Raman scattering was observed in 2002 using such a silicon
nanowire [25]. Soon afterward, SRS was employed to achieve Raman gain in such
waveguides [26]. Since then, the SRS process has been utilized to make silicon-
based Raman amplifiers [26–33] as well as Raman lasers [34–37]. Since silicon
nanowires exhibit a strong nonlinear response [38–41], they have been used for
many other applications. For example, four-wave mixing has been used to make
parametric amplifiers acting as broadband wavelength converters [17,42–47]. Such
amplifiers are discussed in Chapter 8.

7.4.1 Coupled pump and signal equations

Similarly to the case of a fiber Raman amplifier, we need to find the coupled set of
two equations governing pulse amplification in silicon Raman amplifiers. The form
of these equations is similar to those in Eqs. (7.13), but they must be generalized
to include new features that are unavoidable in silicon devices. The most important
among these is two-photon absorption (TPA), which occurs whenever the energies
of pump and signal photons exceed one-half of the bandgap. Since the bandgap of
silicon is near 1.1 eV, this is the case in the wavelength region near 1550 nm, where
photon energies are close to 0.8 eV. Another complication is that the electron–
hole pairs produced by TPA can create a substantial density of free carriers, which
not only absorb light (free-carrier absorption) but also change the refractive index
within the silicon waveguide region (free-carrier dispersion). A third issue that
needs attention is that the Raman gain spectrum of silicon is so narrow compared
with optical fibers (only about 100 GHz wide) that the Raman response time is close
to 3 ps.Taking into account all these three issues, one obtains the following coupled
NLS-type equations that govern the evolution of the pump and signal pulses in a
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silicon waveguide [48]:

∂As

∂z
+ β1s

∂As

∂t
+ jβ2s

2

∂2As

∂t2
= −αs

2
As + j (γs |As |2 + 2γsp|Ap|2)As

− σs

2
(1+ jµs)NAs + jγsAp

t∫
−∞

hR(t − t ′)A∗p(z, t ′)As(z, t
′) e−j1(t−t ′)dt ′,

(7.14a)

∂Ap

∂z
+ β1p

∂Ap

∂t
+ jβ2p

2

∂2Ap

∂t2
= −αp

2
Ap + j (γp|Ap|2 + 2γps |As |2)Ap

− σp

2
(1+ jµp)NAp + jγpAs

t∫
−∞

hR(t − t ′)A∗s (z, t ′)Ap(z, t
′) ej1(t−t ′)dt ′.

(7.14b)

The first term on the right side of Eqs. (7.14) represents linear losses, while
the second term accounts for SPM, cross-phase modulation, and TPA through the
nonlinear parameters defined as γm = (ωm/c)n2 + jβT (ωm)/2 (m = p, s), where
βT (ω) is the TPA coefficient of silicon. In addition, we have two other nonlinear
parameters, defined as γps = bxn2+ j (ωp/ωs)βT /2, where bx has its origin in the
anisotropic nature of third-order susceptibility for silicon [48]. The third term on
the right side of Eqs. (7.14) represents the impact of TPA-generated free carriers on
the pump and signal pulses through the parameter σm = σr(λm/λr)

2 (m = p, s),
where, σr = 1.45 × 10−21 m2 is the FCA coefficient at a reference wavelength
λr = 1550 nm. The dimensionless parameter µm = 2kmσn/σr , with σn = 5.3 ×
10−27 m3, accounts for free-carrier-induced changes in the refractive index. It plays
the same role as the linewidth enhancement factor in SOAs and its value is about
7.5 for silicon amplifiers.

The integrals in Eqs. (7.14) account for SRS whose magnitude depends on the
pump-signal frequency detuning, 1 = ωp −ωs , and the Raman response function
hR(t). Using the classical oscillator model of SRS [49], this function for silicon is
given by

hR(t) = 12
R

10
sin(10t) exp(−'Rt), (7.15)

where 10 = (12
R −'2

R)1/2, 'R is the bandwidth of the Lorentzian-shaped Raman
gain spectrum in silicon (about 105 GHz), and 1R is the Raman shift (about
15.6 THz for silicon). The parameters γp and γs depend on the Raman gain and are
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defined as

γp = gR'R

1R

, (7.16a)

γs = ωs

ωp

γp, (7.16b)

where gR is the Raman-gain coefficient.
Similarly to the case of SOAs, we need a rate equation for the density N(z, t) of

free carriers before we can solve Eqs. (7.14). This equation should include all mech-
anisms by which free carriers can be generated and all channels through which they
may recombine, including radiative recombination, thermal diffusion, and nonra-
diative recombination at the defects on waveguide interfaces. It is common to lump
the impact of all recombination channels in a single parameter τc, called the effec-
tive carrier lifetime. With this simplification, the carrier rate equation becomes [48]

∂N

∂t
= −N

τc
+ ρp|Ap|4 + ρs |As |4 + ρps |ApAs |2, (7.17)

where the carrier-generation parameters are defined as

ρp = βT

2�ωp

, ρs = βT

2�ωs

, ρps = 2βT

�ωs

. (7.18)

Owing to the presence of cross-coupling terms, Eqs. (7.14) and (7.17) cannot be
solved analytically. Nevertheless, several approximate solutions that shed light on
the operation of silicon Raman amplifiers can be derived in few cases of practical
interest [50]. We focus on these solutions in what follows.

7.4.2 CW operation of silicon Raman amplifiers

In the CW regime, the envelopes of the pump and signal fields do not change with
time. As a consequence, all time derivatives in Eqs. (7.14) vanish. The integrations
in the Raman term can be performed by noting that∫ t

−∞
hR(t − t ′) e±i1(t−t ′)dt ′ = 12

R

12
R −12 ± 2i'R1

. (7.19)

In addition, the free-carrier density can be obtained from Eq. (7.17) by setting
∂N/∂t = 0 and is given by

N(z) = τc
(
ρp|Ap|4 + ρs |As |4 + ρps |ApAs |2

)
. (7.20)
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Using this result in Eqs. (7.14) and introducing the intensities of pump and signal
(Stokes) waves, Ip(z) = |Ap(z)|2 and Is(z) = |As(z)|2, we obtain [50]

dIp

dz
=− αpIp − βTpI

2
p − ζpsIpIs − σpτc(ρpI

2
p + ρsI

2
s + ρpsIpIs)Ip,

(7.21a)

dIs

dz
=− αsIs − βT sI

2
s − ζspIsIp − σsτc(ρpI

2
p + ρsI

2
s + ρpsIpIs)Is, (7.21b)

where we have introduced two new quantities,

ζps = 2βT

ωp

ωs

+ 4gR'2
R1R1

(12
R −12)2 + 4'2

R12
, (7.22a)

ζsp = 2βT − 4gR'2
R1R1(ωs/ωp)

(12
R −12)2 + 4'2

R12
. (7.22b)

To solve Eqs. (7.21) analytically, we make some reasonable simplifications. First,
we assume that linear losses are equal at the pump and signal wavelengths, i.e.,
αp = αs ≡ α. Second, we discard the second terms on the right side of Eqs. (7.21)
since losses from TPA are typically much smaller than losses from FCA in the case
of CW pumping [48]. Third, noting that 1R � ωp or ωs , we make two rough
approximations, σp ≈ σs and ρp ≈ ρs ≈ ρps/4. Fourth, noting that gR � βTps ,
we set ζps ≈ |ζsp| ≡ γ . With these simplifications, the coupled intensity equations
(7.21) become

dIp

dz
≈ −αIp − κ(I 2

p + 4IpIs + I 2
s )Ip − γ IsIp, (7.23a)

dIs

dz
≈ −αIs − κ(I 2

p + 4IpIs + I 2
s )Is + γ IpIs, (7.23b)

where κ = τcσsρs is an effective TPA parameter. These equations cannot yet
be solved in an analytic form, so, we make one more simplification. It consists
of replacing the quantity in the parenthesis of Eqs. (7.23) with (Ip + Is)

2 and
amounts to replacing 4 with 2 in the cross-TPA term that corresponds to simultane-
ous absorbtion of one photon from the pump and another from the signal. Numerical
simulations used to judge the error introduced with this replacement show that it is
a reasonable approximation. After this change, we obtain the following set of two
coupled equations:

dIp

dz
≈ −α Ip − κ(Ip + Is)

2Ip − γ IsIp, (7.24a)

dIs

dz
≈ −α Is − κ(Ip + Is)

2Is + γ IpIs. (7.24b)
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An important point to note is that, even though we have made several approxi-
mations in arriving at Eqs. (7.24), they still contain all the physics of Eqs. (7.23)
and should predict all the features associated with the FCA and SRS processes
qualitatively.

Equations (7.24) can be solved analytically by noting that the total intensity
I (z) = Ip(z)+Is(z) satisfies the Bernoulli equation (see Ref. [51]) whose solution
is given by

I (z) = I0 exp(−αz)√
1+ κ I 2

0 Leff (2z)
, (7.25)

where I0 = Ip0+ Is0 is the total input intensity, with Ip0 = Ip(0) and Is0 = Is(0).
By substituting Ip(z) = I (z) − Is(z) into Eq. (7.24b), we can solve this equation
as well. The resulting solution is given by

Is(z) = I (z)

1+ (I0/Is0) exp[−γ I0Leff(z)] , (7.26a)

Ip(z) = I (z)− Is(z), (7.26b)

where the generalized effective length of the silicon waveguide is defined as

Leff(z) = f (0)− f (z)

I0
√

ακ
, (7.27a)

f (z) = tan−1
[√

κ

α
I (z)

]
. (7.27b)

In the limit in which FCA becomes negligible (I0 → 0 or κ → 0), it is easy to
show that

Leff(z)→ Leff(z) = (1− e−αz)/α, (7.28)

and we recover the usual definition of the effective length.
Equation (7.26a) shows that changes in the signal intensity result from two

sources with different physical origins. The steadily decreasing function I (z) results
from linear losses and FCA, whereas the denominator of Eq. (7.26a) arises from
SRS and exhibits a saturable character. The structure of the denominator shows that
the generalized effective length has a direct influence on the signal gain. If the pump
intensity is so large that the condition I0/Is0 � exp[γ I0Leff(z)] remains satisfied
for all z, we can neglect 1 in the denominator of Eq. (7.26a). In this limit, we recover
the exponential growth of the signal resulting from Raman amplification and obtain

Is(z) = Is0 exp[γ I0Leff(z)] I (z)
I (0)

. (7.29)

In the other extreme limit, I0/Is0 � exp[γ I0Leff(z)], we can replace the denom-
inator in Eq. (7.26a) with 1 and obtain Is(z) = I (z), indicating that the signal
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intensity approaches the total intensity I (z). This is the limit in which the pump is
nearly depleted because of an efficient transfer of pump power to the signal.

The influence of FCA on CW Raman amplification manifests in two ways. First,
FCA leads to an overall attenuation of the signal, as indicated by the denominator
in Eq. (7.25). Second, it leads to a decrease in the generalized effective length
compared with Leff and, what is more important, makes it intensity-dependent. The
influence of total input intensity on the generalized effective length is illustrated
by solid curves in Figure 7.11. Clearly, one can increase Leff(z) substantially by
decreasing I0. This is somewhat counterintuitive because one tends to increase
pump power to increase the signal gain. The effective length can also be increased
by reducing τc because κ scales linearly with τc. This approach is pursued often
for silicon Raman amplifiers because it allows for significant amplification of the
signal.

The approximate solution (7.26) contains errors resulting from the simplifications
that were used to obtain Eq. (7.23) and the terms that we discarded in Eq. (7.24).
We can reduce the errors of the second type by introducing corrective multipliers.
Assuming a corrected solution of the form

Is,corr(z) = ξ(z)Is(z), (7.30a)

Ip,corr(z) = ξ(z)Ip(z), (7.30b)

we find from Eq. (7.23) that the corrective multiplier is

ξ(z) =
(

1+ 2κ
∫ z

0
Ip(z

′)Is(z′) dz′
)−1/2

, (7.31)
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where Ip(z) and Is(z) are given in Eq. (7.26). Once corrected with this multiplier,
the analytical solution in Eq. (7.23) becomes quite close to the numerical solution
of Eq. (7.21).

The validity range of this analytic solution can be estimated by asking when the
TPAterms in Eq. (7.21) become small compared with the linear loss and FCAterms.
This requirement leads to the condition I0 � α/β or I0 � β/κ . For α = 1 dB/cm,
β = 0.5 cm/GW, and λs near 1600 nm, we obtain α/β ≈ 0.5 GW cm−2 and β/κ ≈
0.01 GW cm−2. Thus, the result in Eq. (7.26) is a good approximate solution of Eq.
(7.21) for input pump intensities in the range 0.02 to 0.5 GW cm−2. Figure 7.12
compares the analytical solution with the numerical solution (solid curves) for input
powers of I0 = 0.5 GW cm−2 (left) and 0.05 GW cm−2 (right) using Is0 = 0.01I0.
The other parameter values are: α = 1 dB cm−1, β = 0.5 cm GW−1, τc = 1 ns,
gR = 76 cm GW−1, λp = 1550 nm, and λs = 1686 nm. The corrected and
uncorrected solutions are shown by the dashed and dotted curves, respectively. For
reference, the solution that corresponds to the undepleted-pump approximation is
shown by the dash-dotted curves. It is evident that this approximation becomes
invalid within a distance of 2 mm inside a silicon waveguide and should be used
with caution.

7.4.3 Amplification of picosecond pulses

We now consider the situation in which a silicon Raman amplifier, pumped with a
CW beam, is used to amplify a train of signal pulses whose carrier frequency differs
from the pump frequency by the Raman shift of 15.6 THz. Each signal pulse, as it
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is amplified through SRS, is also affected by several nonlinear processes including
SPM, XPM, and TPA. All of these phenomena are included in Eqs. (7.14), which
must be solved numerically. Since such an approach requires extensive computa-
tional resources and also does not provide much physical insight, one may ask if
an approximate solution can be obtained with a different approach. It turns out that
the variational technique allows one to derive a set of relatively simple first-order
differential equations [52] that describe the evolution of pulse parameters such as
amplitude, phase, width, and chirp. A numerical solution of these equations can
be obtained much faster than one for the original equations, and it also provides
considerable physical insight for designing silicon Raman amplifiers

Variational technique method

The calculus of variations was developed into a full mathematical theory by Euler
around 1744 and extended further by Lagrange [53].Although developed originally
for mechanical systems, it can also be used for solving optics problems [54]. Let us
assume that the problem under consideration can be described using n generalized
coordinates, written in vector form as q = (q1, q2, · · · , qn). These coordinates
change with distance z and time τ as the system evolves. One may thus speak of
generalized velocities qτ and qz, defined as

qτ =
(

∂q1

∂τ
,
∂q2

∂τ
, · · · , ∂qn

∂τ

)
, (7.32a)

qz =
(

∂q1

∂z
,
∂q2

∂z
, · · · , ∂qn

∂z

)
. (7.32b)

Consider first a conservative system with no dissipation. The dynamic evolution
of such a system can be studied by using a generic variational principle known as
the principle of least action (or Hamiltonian principle):

δ

(∫∫
L(q, qτ , qz, τ, z)dτdz

)
= 0, (7.33)

where L is called the Lagrangian density of the system, and its integral z and τ

over the variables is called the action. The operator δ represents the variation of
the action taken over both z and τ . The precise meaning of Eq. (7.33) is that the
action takes an extreme value (a minimum, maximum, or saddle point) for the
space–time trajectory associated with the system’s motion. Equation (7.33) leads
to the Euler–Lagrange equation,

∂

∂τ

∂L

∂qτ

+ ∂

∂z

∂L

∂qz

− ∂L

∂q
= 0, (7.34)
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where the derivative with respect to a vector s ≡ (s1, s2, · · · , sn) is defined as

∂L

∂s
=

(
∂L

∂s1
,
∂L

∂s2
, · · · , ∂L

∂sn

)
. (7.35)

The variational technique has been extended to lossy systems by including the
effects of dissipation through a function called the Rayleigh dissipation function,
denoted by R [52,55,56]. The generalized Euler–Lagrange equation then takes the
form

∂

∂τ

∂L

∂qτ

+ ∂

∂z

∂L

∂qz

− ∂L

∂q
+ ∂R

∂qz

+ ∂R

∂qτ

= 0. (7.36)

Inherent in this formalism is the assumption that losses are a function only of the
generalized velocities. Even though this assumption is restrictive, it is adequate to
handle pulse propagation through silicon amplifiers. The interested reader can find
more details in Ref. [56].

We now apply this general approach to the propagation of optical pulses in a
nonlinear medium. If u(z, τ ) represents the slowly varying amplitude of a pulse
propagating through a silicon amplifier, both u and u∗ should be treated as gener-
alized coordinates. The Lagrangian L of the propagation problem depends on the
following variables:

L ≡ L

(
z, τ, u(z, τ ), u∗(z, τ ), ∂u

∂z
,
∂u

∂τ
,
∂u∗

∂z
,
∂u∗

∂τ

)
. (7.37)

We assume that the functional form of the pulse shape at z = 0 is known in terms of
N specific parameters such that u(z, τ ) = f (b1, b2, · · · , bN, τ ). Now comes the
chief limitation of the variational technique. It consists of assuming that the pulse
evolves in such a fashion that its N parameters change with z but the overall shape
of the pulse does not change. We can express this requirement by writing u(z, τ )

as [57]

u(z, τ ) = f (b1(z), b2(z), · · · , bN(z), τ ). (7.38)

Notice that the N pulse parameters change with z but not with τ .
Since we are only interested in the evolution of pulse parameters with z, the

problem can be simplified considerably by carrying out time integration in Eq.
(7.33) and reducing the dimensionality of the problem by one. The resulting reduced
Lagrangian Lg and the Rayleigh dissipation function are obtained using

Lg =
∫

Ldτ, Rg =
∫

Rdτ. (7.39)



198 Raman amplifiers

By applying the variational principle to the reduced Lagrangian Lg , one can obtain
the following reduced Euler–Lagrange equation:

∂

∂z

∂Lg

∂bz

− ∂Lg

∂b
+ ∂Rg

∂bz

= 0, (7.40)

where b = (b1, b2, · · · , bN). We use this equation to analyze the amplification of
Gaussian pulses in a silicon Raman amplifier.

Variational method for Gaussian pulses

The pulse amplification problem requires the solution of a set of three coupled
equations, Eqs. (7.14) and (7.17). However, we can simplify these equations by
noting that the pump is much stronger than the signal in practice. Thus, free carriers
in the silicon amplifier are generated predominantly by the CW pump. If we discard
all terms depending on the signal amplitude As in Eq. (7.17), we obtain

∂N

∂t
≈ − N

τc
+ ρp|Ap|4. (7.41)

In the case of a CW pump,N does not vary with time, and we can use the steady-state
solution

N(z) = ρpτc|Ap(z)|4. (7.42)

Even though the free-carrier density is constant over time under CW pumping, it
changes with the propagation distance z because the pump power varies with z.

Consider next the pump equation, Eq. (7.14a). For a CW pump, we can neglect
the dispersion terms in this equation. The integral in this equation can also be
performed analytically. Using hR(t) from Eq. (7.15) and γs from Eq. (7.16), the
last term, denoted by YR , can be written as

YR = jγs |Ap(z)|2
∞∫

0

h(t ′)As(z, t − t ′) ej1spt ′dt ′

≈ gR'R

2
|Ap(z)|2

∞∫
0

ej (1−1R)t ′−'Rt ′As(z, t − t ′) dt ′,

(7.43)

where we have assumed 1 ≈ 1R and neglected the nonresonant term in the Raman
response function. Taking the Fourier transform of this expression (see Section
1.1.2) and assuming |ω +1−1R| � 'R , we obtain

ỸR = Ft+ {YR} (ω) ≈ gR

2

|Ap(z)|2As(z, ω)

1− j (ω +1−1R)/'R

. (7.44)
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This equation shows explicitly the frequency dependence of the Raman suscep-
tibility. It leads to a Lorentzian profile for the Raman gain with the bandwidth
'R/π .

To proceed further, we use the condition 1 ≈ 1R (a prerequisite for Raman
amplification to take place), expand the result in a Taylor series assuming ω � 'R ,
retain the first three terms, and take the inverse Fourier transform. The result is

YR ≈ gR

2
|Ap(z)|2

[
As(z, t)+ 1

'R

∂As

∂t
+ 1

'2
R

∂2As

∂t2

]
. (7.45)

The first-derivative term provides a small correction to the group velocity and can
be neglected in practice. With these simplifications, the pump Eq. (7.14a) takes the
following simple form:

dAp

dz
= −αp

2
Ap − κp

2
(1+ jµp)|Ap|4Ap + j

2
(2kpn2 + jβT (ωp))|Ap|2Ap,

(7.46)

where κp = τcσpρp and kp = ωp/c.
The signal equation, Eq. (7.14b), can also be simplified using YR from Eq. (7.45).

Introducing the retarded time τ = t − β1sz and using N(z) from Eq. (7.42), it can
be written as

∂As

∂z
+ jβ2s

2

∂2As

∂τ 2
=− αs

2
As − κsp

2
(1+ jµs)|Ap|4As,

+ jksn2(|As |2 + 2|Ap|2)As + gR

2

(
1+ T 2

2
∂2

∂τ 2

)
|Ap|2As,

(7.47)

where κsp = τcσsρp, ks = ωs/c, and T2 = 1/'R . To solve this equation with
the variational technique, we need the Lagrangian density L and the Rayleigh
dissipation function R associated with Eq. (7.47). These are found to be [52]

L = 1

2

(
As

∂A∗s
∂z

− A∗s
∂As

∂z

)
+ jβ2s

2

∣∣∣∣∂As

∂τ

∣∣∣∣2 − jµsκsp

2
I 2
p|As |2

+ j

2
ksn2(|As |2 + 4Ip)|As |2,

(7.48)

R = 1

2

[
αs + β(|As |2 + 2Ip)− gRIp + κspI

2
p

](
As

∂A∗s
∂z

− A∗s
∂As

∂z

)
− gR

2
T 2

2 Ip

(
∂2As

∂τ 2

∂A∗s
∂z

− ∂2A∗s
∂τ 2

∂As

∂z

)
.

(7.49)
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We assume that the signal pulse launched into the silicon Raman amplifier has a
Gaussian shape and maintains this shape during Raman amplification, even though
its parameters change and evolve with z. Thus, the signal field has the form

As(z, τ ) =
√

Is(z) exp

{
−[1− jcs(z)] τ 2

2T 2
s (z)

+ jϕs(z)

}
, (7.50)

where Is , cs , Ts , and ϕs represent, respectively, the peak intensity, frequency chirp,
width, and phase of the signal pulse. Using the reduced Euler–Lagrange equation
(7.40) with q = (Is, cs, Ts, ϕs), we obtain the following set of four equations for
the four pulse parameters [52]:

dIs

dz
=− (αs + 2βIp)Is + gR

(
1− T 2

2

T 2
s

)
IpIs + β2s

cs

T 2
s

Is − 5β

4
√

2
I 2
s − κspI

2
pIs,

(7.51a)

dTs

dz
=−β2s

cs

Ts

+ β

4
√

2
TsIs+ gR

2

T 2
2

Ts

(1− c2
s )Ip, (7.51b)

dcs

dz
=− β2s

T 2
s

(1+ c2
s )−

ksn2√
2

Is + β

2
√

2
csIs − gR

T 2
2

T 2
s

(1+ c2
s ) csIp, (7.51c)

dϕs

dz
= β2s

2T 2
s

+ 5ksn2

4
√

2
Is − µsκsp

2
I 2
p +

(
2ksn2 + gR

2

T 2
2

T 2
s

cs

)
Ip. (7.51d)

These equations determine the evolution of the signal pulse parameters during
Raman amplification. By looking at their structure, one can understand physically
which nonlinear phenomenon affects which pulse parameters. For example, the
presence of the parameter T2 in Eqs. (7.51a) to (7.51c) shows explicitly that a finite
bandwidth of the Raman gain affects not only pulse amplitude but also pulse width
and chirp and thus plays a significant role when input pulse width is comparable to
T2. Since T2 = 3 ps for silicon, such effects become negligible for Ts > 30 ps but
cannot be neglected for pulse widths close to 10 ps or less.

In practice, the evolution of pulse intensity Is along the amplifier length is of
primary interest as it governs the extent of Raman amplification. Typically, the input
pump intensity is much higher than that of the signal. As a result, in the vicinity of
the waveguide input, TPA caused by the signal is relatively small and we can safely
drop the I 2

s term in Eq. (7.51a). The amplification of the signal is possible only if
dIs/dz > 0, or

κspI
2
p −

[
gR

(
1− T 2

2

T 2
s

)
− 2β

]
Ip + αs − β2s

cs

T 2
s

< 0. (7.52)
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If αsT
2
s > β2scs , this quadratic equation and the requirement that pump intensity be

a real positive quantity lead to the following limitation on the carrier lifetime [52]:

τc < τth ≡
[
gR(1− T 2

2 /T 2
s )− 2β

]2

4σspp(αs − β2scs/T 2
s )

. (7.53)

Equation (7.53) shows that the carrier lifetime should be less than a threshold
value, τth, before CW pumping can be used for Raman amplification of a signal
pulse. Notice that both the GVD and the pulse chirp affect τth through the sign
of β2scs . In particular, τth is reduced when β2scs becomes negative. On the other
hand, if β2scs > 0, the threshold value can be made relatively high. Note also that
the restriction on τc disappears altogether for β2scs > αsT

2
s . These conclusions are

quite important for Raman amplification of picosecond pulses in silicon waveguides
and show why analytic tools are essential for understanding nonlinear phenomena
in such devices.

As an example, we consider the amplification of 10 ps Gaussian pulses in a
1-cm-long SOI waveguide and solve the three coupled equations (7.51a)–(7.51c)
numerically using αs = 1 dB cm−1, β = 0.5 cm GW−1, n2 = 6× 10−18 m2 W−1,
gR = 76 cm GW−1, τc = 10 ns, β2s = 20 ps2 m−1, µs = 7.5, λs = 1550 nm,
Ts = 10 ps, T2 = 3 ps, Ip(0) = 250 MW cm−2, and Is(0) = 0.25 MW cm−2.
Figure 7.13 shows the amplification factor, Gs = Ps(L)/Ps(0), as a function of
input pump power for T2 = 0 (solid curves) and T2 = 3 ps (dashed curves) for
three values of the carrier lifetime τc. The Raman gain bandwidth corresponds to
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Figure 7.13 (a) Amplification factor as a function of launched pump power for
three values of τc. Solid curves correspond to T2 = 0 whereas T2 = 3 ps for
dashed curves. (b) Evolution of pulse width with z for several values of initial
chirping. Open circles represent the corresponding values obtained numerically.
(After Ref. [52]; © OSA 2009)
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the realistic value of 105 GHz in the latter case. In all cases, an increase in the pump
power does not always enhance the output signal power, even decreasing it after a
certain value of input pump power. This feature can be attributed to an increase in
TPA, and the resulting FCA, with increasing pump powers. The important point to
note is that Gs for 10 ps pulses is considerably reduced when T2 = 3 ps because
their spectral width is comparable to Raman-gain bandwidth. The signal gain is also
affected by the carrier lifetime and increases rapidly as τc decreases. Figure 7.13(b)
shows how the width of amplified pulses changes along the waveguide. Although
unchirped input pulses always broaden because of gain dispersion, chirped pulses
go through an initial compression stage. The width reduction occurs because the
central part of a linearly chirped pulse experiences more amplification than its
pedestals. Numerical results, shown by circles and obtained by solving the full
model, support the narrowing of chirped pulses.

Direct-integration method for arbitrarily shaped pulses

A major assumption of the variational method is that the shape of a pulse does
not change during its amplification, even though its amplitude, width, and chirp
evolve within an SOA. This is a very restrictive assumption because, in reality,
pulse shape may deviate considerably from the incident shape in any amplifier.
For this reason, we look at another solution method with wider applicability than
the variational formalism. However, we must approximate the original propagation
equations because, in their complete form, they are not analytically tractable. For
this purpose, we need to introduce reasonable assumptions that are applicable in
most practical situations.

Consider the generalized NLS equation (7.14a) governing signal propagation in
a silicon Raman amplifier. If we assume that the pump remains much stronger than
the signal throughout the SOA length, we can approximate γs |As |2 + 2γsp|Ap|2
by 2γsp|Ap|2. With the same approximation, we can use the result given in
Eq. (7.42) for the free-carrier density N(z) in the case of a CW pump. Using
these simplifications, Eq. (7.14a) takes the form

∂As

∂z
− jF−1

ω+ {β(ω)} (t)As = −αs

2
As − σsρpτc

2
(1+ jµs)|Ap(z)|4As

+ 2jγsp|Ap|2As + jγsAp

∫ t

−∞
hR(t − t ′)A∗p(z, t ′)As(z, t

′) e−j1(t−t ′)dt ′,

(7.54)

where β(ω) is the propagation constant of the waveguide. We have also assumed
that the pump wavelength is chosen such that the peak of the signal spectrum
coincides with the Raman-gain peak (1 = 1R).



7.4 Silicon Raman amplifiers 203

We now use the results given in Eqs. (7.43) and (7.44) to obtain

jγsAp

∫ t

−∞
hR(t − t ′)A∗p(z, t ′)Ãs(z, t

′) e−j1(t−t ′)dt ′

≈ gR'R

2
|Ap(z)|2

∞∫
0

e−j'Rt ′As(z, t − t ′) dt ′

≈ F−1
ω+

{
gR

2

|Ap(z)|2As(z, ω)

1− jω/'R

}
(t),

(7.55)

where we use the notation Ãs(z, ω) = Ft+ {As} (ω). Since As is the only time-
dependent variable in Eq. (7.54), it is easy to take the Fourier transform of this
equation to obtain the following linear differential equation for the signal spectrum:

∂Ãs(z, ω)

∂z
=

[
p0 + p1|Ap(z)|2 + p2|Ap(z)|4

]
Ãs(z, ω), (7.56)

where the parameters p0, p1, and p2 are defined as

p0 = jβ(ω)− αs

2
, (7.57a)

p1 = 1

2

gR

1− jω/'R

+ 2jγsp, (7.57b)

p2 = −1

2
σsρpτc(1+ jµs). (7.57c)

Equation (7.56) can be easily integrated to obtain the evolution of the signal
spectrum along the amplifier length. The result is given by

Ãs(z, ω) = Ãs(0, ω) exp

(
p0 z+ p1

∫ z

0
|Ap(z)|2dz+ p2

∫ z

0
|Ap(z)|4dz

)
.

(7.58)
To evaluate this expression, we need to know the spatial evolution of the pump
intensity |Ap(z)|2 along the amplifier length. The pump intensity can be calculated
by carrying out the following two steps. First, we multiply Eq. (7.46) by A∗p(z) to
get

A∗p(z)
dAp(z)

dz
=− αp

2
|Ap(z)|2 − κp

2
(1+ jµp)|Ap(z)|6

+ j

2
[2kpn2 + jβT (ωp)]|Ap(z)|4.

(7.59)
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Second, we take the complex conjugate of Eq. (7.46) and multiply the resulting
equation by Ap(z) to get

Ap(z)
dA∗p(z)

dz
=− αp

2
|Ap(z)|2 − κp

2
(1− jµp)|Ap(z)|6+

− j

2
[2kpn2 − jβT (ωp)]|Ap(z)|4.

(7.60)

We now add the preceding two equations to obtain the following equation for
the spatial evolution of the CW pump intensity along the silicon amplifier:

dIp(z)

dz
= −αpIp(z)− κpI

3
p(z)− βT (ωp)I

2
p(z), (7.61)

where Ip(z) = |Ap(z)|2. This equation has an analytical solution depending on the
sign of the parameter � = 4αpκp − β2

T (ωp). When � > 0, the solution is given
by [

I 2
p(z)

I 2
p(0)

][
αpIp(0)+ κpI

3
p(0)+ βT (ωp)I

2
p(0)

αpIp(z)+ κpI 3
p(z)+ βT (ωp)I 2

p(z)

]
e2αpz

= exp
[
2b

(
tan−1[F(z)] − tan−1[F(0)]

)]
,

(7.62)

where the function F(z) and the constant b are defined as

F(z) = [2κpIp(z)+ βT (ωp)]/
√

�, b = βT (ωp)/
√

�. (7.63)

When � < 0, the right-hand side (RHS) of this solution changes to

RHS =
(

F(z)− 1

F(z)+ 1

)b (
F(0)− 1

F(0)+ 1

)b

. (7.64)

The solution of the preceding transcendental equation provides the pump inten-
sity Ip(z) at any distance z. The use of this pump intensity in Eq. (7.58) gives us the
signal spectrum Ãs(z, ω). Taking its Fourier transform, we can study the evolution
of the signal envelope As(z, t) for an arbitrary pulse shape. Clearly, this direct-
integration method is superior to the variational technique because it imposes no
restriction on the shape of the signal pulse as it is amplified in the silicon Raman
amplifier. The only assumption it makes is that the amplifier is pumped by an
intense CW pump beam. The situation changes considerably when a pump pulse is
used to amplify a signal pulse of comparable with. This configuration has attracted
attention recently [58, 59]. More specifically, it was found that the SPM-induced
spectral broadening of pump pulses affects the signal gain considerably because it
leads to saturation of the Raman gain. A theoretical understanding of this saturation
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behavior requires a numerical solution of the coupled NLS equations given as Eqs.
(7.14a) and (7.14b).
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8

Optical parametric amplifiers

Optical parametric amplifiers constitute a category of amplifiers whose operation
is based on a physical process that is quite distinct from other amplifiers discussed
in the preceding chapters. The major difference is that an atomic population is
not transferred to any excited state of the system, in the sense that the initial and
final quantum-mechanical states of the atoms or molecules of the medium remain
unchanged [1]. In contrast, molecules of the gain medium end up in an excited
vibrational state, in the case of Raman amplifiers. Similarly, atoms are transferred
from an excited electronic state to a lower energy state in the case of fiber amplifiers
and semiconductor optical amplifiers.

Optical parametric amplification is a nonlinear process in which energy is trans-
ferred from a pump wave to the signal being amplified. This process was first used
to make optical amplifiers during the 1960s and has proved quite useful for prac-
tical applications. In Section 8.1 we present the basic physics behind parametric
amplification, and then focus on the phase-matching requirement in Section 8.2.
In Section 8.3 fiber-based parametric amplifiers are covered in detail, because of
the technological importance of such amplifiers. Section 8.4 is devoted to paramet-
ric amplification in birefringent crystals, while Section 8.5 focuses on how phase
matching is accomplished in birefringent fibers.

8.1 Physics behind parametric amplification

From a classical point of view, a parametric process has its origin in the nonlin-
ear nature of an optical material, manifested though the second- and third-order
susceptibilities, χ(2) and χ(3), respectively [2, 3]. In the case of χ(2), parametric
amplification is synonymous with difference-frequency generation. To illustrate
this case, consider the scheme shown in Figure 8.1, where an input field at fre-
quency ωp, called the pump, and another input field at frequency ωs , called the
signal, interact in a medium exhibiting significant χ(2) nonlinearity. We assume
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Figure 8.1 Optical parametric amplification viewed as difference-frequency gen-
eration. Energy-level diagrams show how absorption of a pump photon creates
two photons at the signal and idler frequencies. Dashed lines show virtual states
involved in this parametric process. Both the signal and the idler are amplified at
the output at the expense of the pump.

ωp > ωs so that pump photons have more energy than signal photons. Under cer-
tain conditions, discussed later, the interaction of the pump and the signal in the
nonlinear medium leads to the creation of another optical field, called the idler,
whose frequency ωi = ωp − ωs corresponds exactly to the difference between the
two incident frequencies. This process can be understood as the annihilation of a
pump photon, followed by the simultaneous creation of two photons at the signal
and idler frequencies [2–4].

Quantum-mechanically, the creation of an idler wave during the parametric inter-
action of two incident waves can be described as a process in which an atom or
molecule of the nonlinear medium absorbs one pump photon to make a transition
from its ground state to a virtual high-energy state (the upper dashed line in the
energy-level diagrams of Figure 8.1). Since a virtual state survives for a very short
time dictated by Heisenberg’s uncertainty principle, the atom decays to the ground
state almost immediately. Although this decay can take place spontaneously by a
process known as spontaneous parametric down-conversion, it is stimulated by sig-
nal photons such that a two-stage emission process creates one photon at the signal
frequency and another at the idler frequency. Once idler photons are created, they
can also stimulate the decay of the virtual state through the second process shown
in Figure 8.1. The net result is a continuous transfer of pump power to the signal
and idler waves all along the length of a nonlinear medium, leading to amplification
of the signal at the expense of the pump [5]. The optical gain experienced by the
signal by this process is called the parametric gain. It is important to stress that
virtual states exist only momentarily in this picture. The time interval �t for which
a virtual state can survive is roughly �/�E, where �E is the energy difference
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between the virtual state and the ground state [2]. Noting that �E = �ωp for the
upper virtual state in Figure 8.1, �t ≈ 1/ωp is below 1 fs in the visible regime.

In general, regardless of the number of waves interacting with one another, any
gain process in which the initial and final states of the material are identical is
called a parametric-gain process [5, 4]. Since no energy is transferred to the gain
medium during a parametric-gain process, the susceptibility associated with such
a process is a real-valued function [2, 3]. In contrast to this, nonparametric gain
mechanisms discussed earlier in the chapters on fiber amplifiers and semiconductor
optical amplifiers employ transitions between distinct energy levels and require a
population inversion in which more atoms are in the excited state than in the ground
state [6,7]. Since energy stored in the gain medium can decay through other channels
(such as spontaneous emission), a nonparametric gain medium always exhibits a
susceptibility with an imaginary part [2].

As we shall see later, mathematical description of the parametric response of
a medium is carried out by invoking changes in the medium’s refractive index
and then relating those changes to phases of the individual waves. Therefore, the
refractive index of the parametric medium plays a central role in this chapter, and its
frequency dependence leads to the so-called phase-matching condition (discussed
in the next section). It is interesting to note that the real part of the refractive index
associated with any dielectric medium represents parametric or nonresonant pro-
cesses, while its imaginary part represents nonparametric or resonant processes [3].
As we saw in Chapter 2, these processes are tightly coupled to one another through
the Kramers–Kronig relations in both linear and nonlinear regimes [8, 9].

Before considering the phase-matching condition, we clarify some terminology
issues. The parametric-gain process in Figure 8.1 is often referred to as three-
wave mixing because it involves three waves: pump, signal, and idler [2, 3, 48].
If the frequencies of the signal and idler are distinct, the process is identified as
nondegenerate three-wave mixing. If both the frequencies and polarization states
of the signal and idler coincide, the process is called degenerate. In the degenerate
case, the signal frequency has to be exactly one-half the pump frequency. If only
the pump is launched at the input end, signal and idler waves can still be generated,
through a process called spontaneous parametric down-conversion, provided the
phase-matching condition is satisfied for some specific frequencies.

If a nonlinear medium does not exhibit second-order susceptibility, parametric
amplification requires the use of third-order susceptibility, χ(3). In this case, two
pumps and a signal are launched into the medium, and the idler frequency is given
by ωi = ωp1 + ωp2 −ωs . In the energy-level diagram of Figure 8.1, the transition
to the virtual excited state now involves the simultaneous absorption of two pump
photons. Since four distinct waves are involved, this parametric-gain process is
referred to as four-wave mixing (FWM). In practice, two photons can come from
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a single pump beam at the frequency ωp. In this case, the parametric process is
known as degenerate FWM or single-pump FWM, and the idler frequency is given
by ωi = 2ωp − ωs . If the pump and signal frequencies also coincide (ωs = ωp),
such a parametric process becomes a fully degenerate FWM process in which all
four waves have the same frequency.

8.2 Phase-matching condition

Parametric processes are sensitive to the phases of the optical waves involved; that
is, energy transfer from the pump to the signal and idler waves requires a definite
phase relationship among the waves involved in the parametric process, and this is
expressed mathematically as a phase-matching condition [2,4,10]. This condition
depends inherently on the pump and signal frequencies and makes it clear that the
parametric gain required for signal amplification cannot be achieved for arbitrary
pump and signal wavelengths.As phase matching is required for efficient parametric
interaction in a nonlinear medium, the gain bandwidth is largely determined by
the phase-matching bandwidth, which itself depends on the characteristics of the
medium involved. In short, efficient parametric interaction can only take place in a
certain frequency window and is highly dependent on the dispersive properties of
the medium, or on the nature of wave-guiding in the case of an optical waveguide.

From a physical standpoint, phase matching has its origin in the requirement for
momentum conservation. In the quantum-mechanical picture, we can think of a
three-wave mixing process as the breakup of a pump photon of energy �ωp into
two photons of energies �ωs and �ωi . Energy is clearly conserved if ωp = ωs+ωi .
However, momentum conservation requires that the corresponding wave vectors
(also called propagation vectors) satisfy the phase-matching condition [2,4,10]

kp = ks + ki . (8.1)

If several pump waves are involved in the parametric process, the phase-matching
condition can be easily extend to account for them. For example, if two pumps with
propagation vectors kp1 and kp2 are involved in a nondegenerate FWM process,
the phase-matching condition (8.1) becomes

kp1 + kp2 = ks + ki . (8.2)

In most cases, the phase-matching condition cannot be satisfied precisely, for a
variety of reasons. Therefore, it is common to define a phase-mismatch parameter
�k to characterize deviations from the ideal matching condition, as follows:

�k =
{

ks + ki − kp, for three-wave mixing,

ks + ki − kp1 − kp2, for four-wave mixing.
(8.3)
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When �k �= 0, the contributions to signal and idler get out of phase and interfere
destructively after a distance Lcoh, commonly known as the coherence length of
the interaction process and defined as

Lcoh = 2π

|�k| . (8.4)

In a nondispersive, isotropic medium, the phase-matching condition is satisfied
automatically in the case of collinear interaction because the propagation constant,
k = (nω/c) ∝ ω, is directly proportional toω whenndoes not depend on frequency.
However, it is not possible to find materials for which refractive index stays constant
over a wide frequency range. In the case of a normally dispersive medium where the
refractive index n(ω) increases with frequency, n(ωp) exceeds in value both n(ωs)

and n(ωi). Clearly, it is impossible to satisfy the phase-matching condition in Eq.
(8.1) for a normally dispersive material. However, if the material has anomalous
dispersive properties (i.e., refractive index decreases in magnitude with increasing
frequency), then it is possible to satisfy the phase-matching condition with the right
choice of frequencies.

A technique that is used commonly for phase matching makes use of the bire-
fringence properties of the nonlinear medium. In this case, the refractive index
of the medium depends on the state of polarization of the incident beams and it
becomes possible to obtain phase matching even in a normally dispersive medium.
We discuss this phase-matching technique in some detail in Section 8.4, where we
discuss specific examples of parametric amplification in a birefringent medium.

8.3 Four-wave mixing in optical fibers

Optical fibers do not exhibit nonlinear effects governed by the second-order suscep-
tibility χ(2). For this reason, FWM governed by the third-order susceptibility χ(3)

is employed for parametric amplification [10]. Even though the magnitude of χ(3)

for silica fibers is relatively small compared with many other materials, relatively
long propagation lengths of pump and signal waves in the form of well-confined
fiber modes make possible the use of optical fibers as parametric amplifiers. In this
section we first discuss fiber-optic parametric amplifiers pumped with a single laser
and then consider briefly the case of dual-wavelength pumps.

8.3.1 Coupled amplitude equations

We assume that the CW pump and signal waves at frequencies ωp and ωs are
launched into a single-mode fiber. Their parametric interaction through FWM cre-
ates the idler wave at the frequency ωi = 2ωp − ωs . The total electric field at any
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point inside the fiber is given by

E(r, t) = Ep(r, t)+ Es(r, t)+ Er(r, t). (8.5)

Since each wave propagates as a fundamental mode inside the fiber, it is useful to
write their electric fields in the form

Ep(r, t) = Re[F(x, y)Ap(z) exp(jβpz− jωpt)], (8.6a)

Es(r, t) = Re[F(x, y)As(z) exp(jβsz− jωst)], (8.6b)

Ei(r, t) = Re[F(x, y)Ai(z) exp(jβiz− jωit)], (8.6c)

where Ap(z), As(z), and Ai(z) are the slowly varying amplitudes, and βp, βs , and
βi are the propagation constants, for the pump, signal, and idler waves, respectively.
For simplicity, the mode distribution F(x, y) is assumed to be the same for all three
waves. This is justified in the case of FWM because the three frequencies are not
too far apart from one another.

Substituting these expressions into Maxwell’s equations, including the third-
order nonlinear effects through χ(3), and making the slowly-varying-envelope
approximation, it is possible to derive the following set of three coupled equations
[10, 11]:

dAp

dz
+ αp

2
Ap = jγ

(
|Ap|2 + 2|As |2 + 2|Ai |2

)
Ap + 2jγAsAiA

∗
p exp(j�βz),

(8.7a)

dAs

dz
+ αs

2
As = jγ

(
|As |2 + 2|Ap|2 + 2|Ai |2

)
As + jγA∗i A2

p exp(−j�βz),

(8.7b)

dAi

dz
+ αi

2
Ai = jγ

(
|Ai |2 + 2|As |2 + 2|Ap|2

)
Ai + jγA∗sA2

p exp(−j�βz),

(8.7c)

where �β = βs + βi − 2βp is the propagation-constant mismatch, γ is the non-
linear coefficient of the fiber (related linearly to χ(3)), and αp, αs , and αi are loss
coefficients of the pump, signal, and idler waves, respectively.

In Eqs. (8.7), multiple nonlinear terms on the right side are responsible for dif-
ferent nonlinear effects. The first term represents the self-phase modulation (SPM)
phenomenon. The next two terms represent the cross-phase modulation (XPM)
between two waves. The last term in each equation represents the FWM term that
is responsible for energy transfer among the three waves through their parametric
interaction. In these equations, the fields Aq (q = p, s, i) are normalized such that
|Aq |2 provides the optical power in watts for the corresponding wave.
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Following Refs. [12] and [13], it is possible to recast these equations in terms of
mode powers and their phases. Such a formulation not only provides insight into the
nature of energy transfer among the three waves but also leads to the correct phase-
matching condition under high-power conditions. Using Aq =

√
Pq exp(θq), with

q = p, s, i, we can write Eqs. (8.7) in the following equivalent form:

dPp

dz
= −αpAp − 4γ

(
P 2

pPsPi

)1/2
sin θ, (8.8a)

dPs

dz
= −αsAs + 2γ

(
P 2

pPsPi

)1/2
sin θ, (8.8b)

dPi

dz
= −αiAi + 2γ

(
P 2

pPsPi

)1/2
sin θ, (8.8c)

dθ

dz
= �β + γ (2Pp − Ps − Pi)

+ γ
[
Pp(Pi/Ps)

1/2 + Pp(Ps/Pi)
1/2 − 2(PsPi)

1/2
]

cos(θ), (8.8d)

where θ(z) = �βz+ θs(z)+ θi(z)− 2θp(z).

8.3.2 Impact of nonlinear effects on phase matching

The preceding set of four equations requires four initial conditions at z = 0. Three of
them, Pp(0) = Pp0, Ps(0) = Ps0, and Pi(0) = 0, follow from the fact that only the
pump and the signal are launched into the fiber. However, the fourth one, for θ(0), is
not immediately obvious. It turns out that θ has an initial value of π/2 at z = 0 [13].
To see why this must be so, we note from the idler equation in the set (8.7) that
after a short distance δz, the idler field is given by Ai = jγA2

pA
∗
s exp(−j�βz)δz.

Since Ai should vanish in the limit δz → 0, the phase of the idler is set such that
θi = 2θp − θs −�βz+ π/2, or θ = π/2, at z = 0.

If θ stays at its initial value of π/2, power transfer from the pump to the signal
(and to the idler) will continue all along the fiber.As seen from Eq. (8.8d), θ can stay
at its initial value only if the right side of this equation vanishes. This is possible
only if the condition

�β + γ
(
2Pp − Ps − Pi

) = 0 (8.9)

remains satisfied along the fiber length. Physically, in the presence of SPM and
XPM, the phase-matching condition �β = 0 is modified and replaced with
Eq. (8.9). In practice, it is hard to satisfy this condition exactly for all distances,
and it is useful to introduce a net phase mismatch [13, 14],

κ = �β + γ
(
2Pp − Ps − Pi

)
. (8.10)

A scalar form is employed here because κ points in the z direction.
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Further simplification can be introduced by assuming that the parametric ampli-
fier operates in a regime where the undepleted-pump approximation is valid [10].
This can happen in practice when the input pump power is so much larger than
the signal power that it remains nearly unchanged even when the signal and idler
are amplified inside the fiber. Under such conditions, we can neglect Ps and Pi in
comparison to 2Pp in Eq. (8.10) and obtain

κ ≈ �β + 2γPp. (8.11)

It is possible to obtain an approximate analytic expression for�β = 2βp−βs−βi

in terms of the fiber’s dispersion parameters. For this purpose, we note that βs ≡
β(ωs) and βi ≡ β(ωi) can be expanded around the pump frequency ωp as

β(ωs) = β(ωp)+ β1(ωp)(ωs − ωp)+ 1
2β2(ωp)(ωs − ωp)

2 + · · · , (8.12a)

β(ωi) = β(ωp)+ β1(ωp)(ωi − ωp)+ 1
2β2(ωp)(ωi − ωp)

2 + · · · , (8.12b)

where βm = dmβ/dωm. Introducing 1 = ωs−ωp as a detuning of the signal from
the pump and noting that ωi = 2ωp − ωs , we obtain the simple expression [10]

�β ≈ β2(ωp)1
2 + β4(ωp)

12
14

s + · · · , (8.13)

where only the even-order dispersion terms appear. Often, the first term in this series
dominates. Assuming that to be the case, the net phase mismatch in Eq. (8.11) is
given by

κ ≈ β2(ωp)1
2
s + 2γPp. (8.14)

8.3.3 Parametric gain

We now obtain an expression for the parametric gain in the approximation that the
pump remains undepleted all along the fiber length. For this purpose, it is better to
solve the set (8.7) of three amplitude equations. We further assume that the fiber
length is short enough (< 1 km) that losses can be neglected for all three waves.
With these simplifications, the pump equation can be solved easily to obtain the
pump power Ap =

√
Pp exp(2jPpz), where Pp is the input pump power, which

we have assumed to remain constant along the fiber. Since the pump modulates
its own phase through SPM, we include its phase changes. The signal and idler
equations then take the following simplified form:

dAs

dz
= 2jγPpAs + jγPpA

∗
i exp(−j�βz+ j2γPpz), (8.15a)

dA∗i
dz

= −2jγPpA
∗
i − jγPpAs exp(j�βz− j2γPpz), (8.15b)
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where we have kept only the dominant pump-induced XPM terms. Since As couples
to A∗i , the idler equation is written for A∗i rather than Ai . This feature is referred to
as phase conjugation and has many important applications. For example, it can be
used for dispersion compensation in fiber-optic communications systems [15].

The preceding set of two first-order differential equations can be solved
analytically. To solve them, we first make the substitution [14]

As = Bs exp(2jγPpz), A∗i = B∗i exp(−2jγPpz), (8.16)

and obtain the following simplified coupled equations:

dBs

dz
= jγPpB

∗
i exp(−jκz), (8.17a)

dB∗i
dz

= −jγPpBs exp(jκz). (8.17b)

These equations clearly show the role played by the net phase mismatch κ . We now
assume a solution of the form

Bs = C exp(gz− jκz/2), B∗i = D exp(gz+ jκz/2), (8.18)

where C and D are constants, and obtain a set of two linear coupled equations of
the form [

g − jκ/2 −jγPp

jγPp g + jκ/2

] [
C

D

]
= 0. (8.19)

These equations have a nontrivial solution only if the determinant of the coefficient
matrix vanishes. This requirement leads to

g = ±
√

(γPp)2 − (κ/2)2. (8.20)

This relation shows that g is real when 2γPp exceeds κ . Since both the signal and
the idler are amplified under such conditions, g is referred to as the parametric-gain
coefficient.

Since g has two possible values, a general solution of Eq. (8.17) is of the form

Bs(z) = (C1e
gz + C2e

−gz)e−jκz/2, (8.21a)

B∗i (z) = (D1e
gz +D2e

−gz)ejκz/2, (8.21b)

where the four constants are determined from the boundary conditions. In a typical
experimental situation, no idler wave exists at the fiber input end. Thus, Bs(0) �= 0
but dBs/dz = 0. The constants C1 and C2 can be found using these boundary
conditions. Similarly the use of B∗i (0) = 0 and dB∗i /dz = −jγPpBs(0) provides
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us with the constants D1 and D2. Using them, we obtain the final solution in the
form [14]

Bs(z) = Bs(0)[cosh(gz)− (jκ/2g) sinh(gz)]e−jκz/2, (8.22a)

B∗i (z) = −j (γPp/g)Bs(0) sinh(gz)ejκz/2. (8.22b)

The preceding solution shows that both the signal and the idler grow along
the fiber length if g is real. This is possible only if 2γPp exceeds κ < 2γPp,
or �β < 4γPp if we use Eq. (8.11). Figure 8.2 shows variations of g with �β

for several values of γPp. The maximum value of g occurs when the net phase
mismatch vanishes (κ = 0). Shifts in the gain peak with peak power result from
the power dependence of κ .

8.3.4 Signal gain in parametric amplifiers

The general solution in Eq. (8.22) can be used to calculate the signal and idler
powers using Pq = |Bq |2 (q = s, i). The result can be written in the form

Ps(z) = Ps(0)
[
1+ (γPp/g)

2 sinh2(gz)
]
, (8.23a)

Pi(z) = Ps(0)(γPp/g)
2 sinh2(gz). (8.23b)

Equation (8.23b) shows that the idler wave is generated almost immediately after the
input signal is launched into the fiber. Its power increases as z2 initially, but both the
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signal and idler grow exponentially after a distance such that gz > 1. As the idler is
amplified together with the signal all along the fiber, it can build up to nearly the same
level as the signal at the amplifier output. In practical terms, the same parametric
process can be used to amplify a weak signal and to generate simultaneously a new
wave at the idler frequency. The idler wave mimics all features of the input signal
except that its phase is reversed (or conjugated). Among other things, such phase
conjugation can be used for dispersion compensation and wavelength conversion
in a WDM system [10].

Further insight can be gained by considering the factor by which the signal is
amplified in an amplifier of length L. This signal gain, Gs = Ps(L)/Ps(0), can be
obtained from Eq. (8.23a) in the form

Gs = 1+ (γPp/g)
2 sinh2(gL) = 1+ sinh2(gL)/(gLNL)2, (8.24)

where LNL = (γPp)
−1 is the nonlinear length. Consider now the impact of net

phase mismatch κ on the signal gain. If phase matching is perfect (κ = 0), and
noting that g = γPp, the amplifier gain can be written as

Gs = cos2(γPpL) ≈ 1
4 exp(2γPpL), (8.25)

where the last approximation applies in the limit γPpL � 1. This result shows
that the signal power increases exponentially with the pump power Pp in the case
of perfect phase matching. As κ increases, g decreases, and the signal gain is
reduced. When κ = γPp, g vanishes and the amplification factor is given by
Gs = 1 + (γPpL)2, i.e., the signal grows only quadratically with an increase in
the pump power or the amplifier length.

One may ask what happens when κ > γPp, and g becomes imaginary. Using g =
jh in Eq. (8.24) we find that the gain is now given by Gs = 1+(γPp/h)

2 sin2(hL).
In the limit κ � γPp, the gain expression reduces to

Gs ≈ 1+ (γPpL)2 sin2(κz/2)

(κL/2)2
. (8.26)

The signal gain is relatively small and increases with pump power as P 2
p if phase

mismatch is relatively large.
As an example, consider a parametric amplifier designed using a 2.5-km-long

fiber with its zero-dispersion wavelength λ0 at 1550 nm, i.e., β2(ω0) = 0, where
ω0 = 2πc/λ0. The amplifier is pumped with 0.5 W of power, resulting in a nonlinear
length of 1 km when γ = 2 W−1 km−1. Figure 8.3.4(a) shows the gain spectra for
several pump wavelengths around 1550 nm. The dispersion parameter at the pump
wavelength was obtained using the Taylor series expansion

β2(ωp) = β3(ω0)(ωp − ω0)+ 1
2β4(ω0)(ωp − ω0)

2, (8.27)
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with β3(ω0) = 0.1 ps3 km−1 and β4(ω0 = 10−4 ps4 km−1. The dotted curve
shows the case ωp = ω0 for which pump wavelength coincides exactly with the
zero-dispersion wavelength. The peak gain in this case is about 8 dB. When the
pump is detuned by−0.1 nm such that it experiences normal GVD, gain bandwidth
is substantially reduced. In contrast, both the peak gain and the bandwidth are
enhanced when the pump is detuned toward the anomalous-dispersion side. In this
region, the gain spectrum is sensitive to the exact value of pump wavelength. The
best situation from a practical standpoint occurs for a pump detuning of 0.106 nm
because in that case the gain is nearly constant over a wide spectral region. In all
cases, the signal gain drops sharply and exhibits low-amplitude oscillations when
the signal detuning from the pump exceeds a critical value. This feature is related
to the large-detuning case in which the signal gain is given by Eq. (8.26).

8.3.5 Amplifier bandwidth

An important property of any optical amplifier is the bandwidth over which the
amplifier can provide a relatively uniform gain. This amplifier bandwidth, �1A,
is usually defined as the range of ωs over which Gs exceeds 50% of its peak
value, and depends on many factors such as fiber length L and pump power Pp.
However, a convenient definition of �1A corresponds to a net phase mismatch of
κ = 2π/L. This definition provides a bandwidth slightly larger than the full width
at half maximum [14].
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As we saw earlier, the signal gain peaks at a signal frequency for which the phase-
matching condition is perfectly satisfied (κ = 0). In the case of a single-mode fiber,
κ is given by Eq. (8.11). This equation shows that phase matching cannot occur if
the pump frequency lies in the normal-dispersion region of the fiber (unless fourth-
order dispersive effects are considered). However, β2 is negative when the pump
frequency lies in the anomalous-dispersion region of the fiber, and κ = 0 can be
achieved for

1s = |ωs − ωp| =
√

2γPp

|β2(ωp)| . (8.28)

The amplifier bandwidth can now be obtained by finding the frequency shift �1A

for which κ = 2π/L. Again using κ from Eq. (8.11), we obtain the condition

β2(ωp)(1s +�1A)2 + 2γPp = 2π/L. (8.29)

Since typically �1A � 1s , we can neglect the (�1A)2 term in this expression
and obtain the simple expression [14]

�1A = π

|β2(ωp)|1sL
= π

L
[2γPp|β2(ωp)|]−1/2. (8.30)

A more accurate expression of the amplifier bandwidth can be obtained from Eq.
(8.24), providing the signal gain as a function of g, which depends on κ as indicated
in Eq. (8.20). Its use leads to the following bandwidth expression [14]:

�1A = 1

|β2(ωp)|1s

[(π

L

)2 + (γPp)
2
]1/2

. (8.31)

At relatively low pump powers, this reduces to the bandwidth given in Eq. (8.30).
However, at high pump powers, it leads to a bandwidth that scales linearly with the
pump power as

�1A ≈ γPp

|β2(ωp)|1s

. (8.32)

As a rough estimate, the bandwidth is only 160 GHz for a fiber-optic parametric
amplifier designed using a dispersion-shifted fiber such that γ = 2 W−1 km−1

and β2(ωp) = −1 ps2 km−1 at the pump wavelength, and the amplifier is pumped
with 1 W of CW power. Equation (8.30) shows that at a given pump power, the
bandwidth can only be increased considerably by reducing |β2(ωp)| and using short
fiber lengths.

From a practical standpoint, one wants to maximize both the peak gain and
the gain bandwidth at a given pump power Pp. Since the peak gain in Eq. (8.24)
scales exponentially with γPpL, it can be increased by increasing the fiber length
L. However, from Eq. (8.30), gain bandwidth scales inversely with L. The only
solution is to use a fiber as short as possible. Of course, shortening of the fiber
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length must be accompanied by a corresponding increase in the value of γPp to
maintain the same amount of gain. This behavior is illustrated in Figure 8.3(b),
where the gain bandwidth increases considerably when large values of γP0 are
combined with shorter fiber lengths such that γP0L remains fixed. The solid curve
obtained for a 250-m-long FOPA exhibits a 30-nm-wide region on each side of the
pump wavelength over which the gain is nearly flat.

The nonlinear parameter γ can be increased by reducing the effective area of
the fiber mode.This is the approach adopted in modern fiber parametric amplifiers,
designed using highly nonlinear fibers with γ > 10 W−1 km−1 and choosing
the pump wavelength close to the zero-dispersion wavelength of the fiber so that
|β2(ωp)| is reduced. However, as β2(ωp) is reduced to below 0.1 ps2 km−1, one
must consider the impact of higher-order dispersive effects. It turns out that the
bandwidth of a fiber-optic parametric amplifier can be increased to beyond 5 THz by
suitably optimizing the pump wavelength. A 200 nm gain bandwidth was achieved
as early as 2001 by using a 20-m-long fiber with γ = 18 W−1 km−1 [16]. The
required pump power (∼10 W) was large enough that the signal was also amplified
by SRS when its wavelength exceeded the pump wavelength.

8.3.6 Dual-pump parametric amplifiers

Ashortcoming of single-pump parametric amplifiers is their polarization sensitivity,
stemming from the fact that parametric interaction of the four waves participating in
the FWM process depends on their relative polarization states, even in an isotropic
medium such as a silica fiber. This problem can be solved using two orthogonally
polarized pumps. The use of two pumps can also enhance the bandwidth of a
parametric amplifier.

It is relatively easy to extend the FWM theory given earlier in this section. The
total electric field in Eq. (8.5) should include two pumps by replacing Ep with
Ep1 + Ep2. As a result, the set (8.7) of three amplitude equations now consists of
the four following equations [10]:

dAp1

dz
+ αp1

2
Ap1

= jγ
(
|Ap1|2 + 2|Ap2|2 + 2|As |2 + 2|Ai |2

)
A1 + 2jγAsAiA

∗
p2e

j�βz,

(8.33a)

dAp2

dz
+ αp2

2
Ap2

= jγ
(
|Ap2|2 + 2|Ap1|2 + 2|As |2 + 2|Ai |2

)
A2 + 2jγAsAiA

∗
p1e

j�βz,

(8.33b)
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dAs

dz
+ αs

2
As

= jγ
(
|As |2 + 2|Ap1|2 + 2|Ap2|2 + 2|Ai |2

)
As + 2jγA∗i Ap1Ap2e

−j�βz,

(8.33c)
dAi

dz
+ αi

2
Ai

= jγ
(
|Ai |2 + 2|As |2 + 2|Ap1|2 + 2|Ap2|2

)
Ai + 2jγA∗sAp1Ap2e

−j�βz,

(8.33d)

where Ap1 and Ap2 are the amplitudes and αp1 and αp2 are the loss coefficients of
the two pumps at frequencies ωp1 and ωp2, respectively. All other parameters have
the same meaning as before, except that the phase mismatch is now defined as

�β = β(ωs)+ β(ωi)− β(ωp1)− β(ωp2). (8.34)

As before, we can solve these equations analytically when the two pumps are
so strong that their deletion can be ignored. Although fiber losses can be included
[17], we neglect them so that the results can be compared to the single-pump case.
The two pump equations can be solved easily to obtain

Ap1(z) =
√

P1 exp[jγ (P1 + 2P2)z], (8.35a)

Ap2(z) =
√

P2 exp[jγ (P2 + 2P1)z], (8.35b)

where P1 and P2 are the incident pump powers. Substituting these expressions into
signal and idler wave equations, we obtain

dAs

dz
= 2jγ (P1 + P2)As + 2jγ

√
P1P2 exp(jϑ)A∗i , (8.36a)

dA∗i
dz

= −2jγ (P1 + P2)A
∗
i − 2jγ

√
P1P2 exp(−jϑ)As, (8.36b)

where ϑ = �βz+ 3γ (P1 + P2)z.
We can remove the pump-induced XPM terms with the substitution

As = Bs exp[2jγ (P1 + P2)z], A∗i = B∗i exp[−2jγ (P1 + P2)z], (8.37)

and obtain the following set of two equations:

dBs

dz
= jγ

√
P1P2B

∗
i exp(−jκz), (8.38a)

dB∗i
dz

= −jγ
√

P1P2Bs exp(jκz). (8.38b)
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where κ is the net phase mismatch. These equations are formally identical to Eqs.
(8.17) for the single-pump case and can be solved using the same method. In
particular, the solution given in Eq. (8.22) remains valid but the parametric gain g

is now given by

g =
√

4γ 2P1P2 − (κ/2)2, κ = �β + γ (P1 + P2). (8.39)

The signal gain Gs for a parametric amplifier of length L is now found to be

Gs = 1+ (2γ /g)2P1P2 sinh2(gL). (8.40)

The most commonly used configuration for a dual-pump parametric amplifier
employs a relatively large wavelength difference between the two pumps. At the
same time, the center frequency ωc is set close to the zero-dispersion frequency
ω0 of the fiber so that the linear phase mismatch is constant over a broad range of
frequencies. To achieve a fairly wide phase-matching range, the two pump wave-
lengths should be located on opposite sides of the zero-dispersion wavelength in a
symmetrical fashion [18]. With this arrangement, κ can be reduced to nearly zero
over a wide wavelength range, resulting in a gain spectrum that is nearly flat over
this entire range.

The preceding discussion assumes that only the nondegenerate FWM process,
ωp1 + ωp2 → ωs + ωi , contributes to the parametric gain. In reality, the situation
is much more complicated for dual-pump parametric amplifiers because the degen-
erate FWM process associated with each pump occurs simultaneously and creates
two other idlers at frequencies 2ωp1 − ωs and 2ωp2 − ωs . These three idlers can
create several other idler fields through various FWM processes [10]. A complete
description of a dual-pump amplifier becomes quite complicated if one includes all
underlying FWM processes. Fortunately, the phase-matching conditions associated
with these processes are quite different. When the two pumps are located symmetri-
cally far from the zero-dispersion wavelength of the fiber, the dominant contribution
to the central flat part of the gain spectrum results from the nondegenerate FWM
process ωp1 + ωp2 → ωs + ωi .

Figure 8.4 compares the signal gain calculated numerically as a function of
signal wavelength using all idlers (solid curve) with that obtained using only the
nondegenerate FWM process. Other FWM processes only affect the edges of gain
spectrum and reduce the gain bandwidth by 10% to 20%. The device parameters
used in this calculation were L = 0.5 km, γ = 10 W−1 km−1, P1 = P2 =
0.5 W, β3(ω0) = 0.1 ps3 km−1, β4(ω0) = 10−4 ps4 km−1, λp1 = 1502.6 nm,
λp2 = 1600.6 nm, and λ0 = 1550 nm. The central flat part of the gain spectrum
with a bandwidth of 80 nm (or 10 THz) results from the dual-pump nature of this
parametric amplifier.
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Abandwidth of close to 40 nm was achieved for a dual-pump parametric amplifier
in a 2003 experiment [19], and this value was increased beyond 50 nm in later
experiments. It is hard to much larger amplifier bandwidths in practice because
of a number of detrimental factors. A major limitation stems from the fact that a
realistic fiber is far from having a perfect cylindrical core. In practice, the core shape
and size may vary along the fiber length in a random fashion as a consequence of
the manufacturing process. Such imperfections produce random variations in the
zero-dispersion wavelength of the fiber along its length. Since the phase-matching
condition depends on this wavelength, and parametric gain is extremely sensitive
to dispersion parameters of the fiber, even small changes in the zero-dispersion
wavelength (<0.1 nm) produce large changes in the gain spectrum.

8.4 Three-wave mixing in birefringent crystals

The most widely used method of achieving parametric amplification is to employ the
birefringence of an anisotropic nonlinear medium for phase matching a three-wave
mixing process [2,10]. In a birefringent medium, depending on the polarization of
the propagating light, its refractive index takes different values. There is a direct
relationship between the internal structure of a crystal and its birefringent behav-
ior [20]. Birefringence can occur only if the material is anisotropic (directionally
dependent), and it does not occur in a centro-symmetric medium such as a silicon
crystal with cubic symmetry [21,22]). In this section, we consider parametric ampli-
fication in a birefringent crystal (e.g., a potassium dihydrogen phosphate or KDP
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crystal). To simplify the following discussion, we consider only uniaxial crystals,
but the analysis can be easily extended to biaxial or other anisotropic media.

8.4.1 Uniaxial nonlinear crystals

Unlike an isotropic medium, the Poynting vector S does not remain parallel to the
propagation vector k of an optical wave in an anisotropic medium. In electrically
anisotropic crystals, the electric field E is not parallel to the electrical flux density
vector D. However, the angle between D and E equals the angle between k and
S [20]. In such a material, it is possible to launch an optical wave in a certain
direction such that k is parallel to S. Such a wave is called an ordinary wave
(o-wave). All other waves for which this property does not hold are known as
extraordinary waves (e-waves).

In general, the dielectric constant of any optical crystal takes the form of a 3× 3
matrix whose elements obey the symmetry property εij = εji to satisfy the recip-
rocal nature of optical propagation. This matrix can be diagonalized along specific
coordinate axes known as the principal axes of the crystal. If the diagonal elements
are all equal to one another, then the crystal is isotropic. If the two diagonal ele-
ments are equal to one another but different from the third one, the crystal is known
as uniaxial. If all the diagonal elements are distinct, the crystal is termed biaxial.
This classification has a one-to-one correspondence with the index ellipsoid of the
wave normals associated with a crystal [20]. The isotropic crystals have ellipsoids
in the form of a sphere; the uniaxial crystals have ellipsoids with degeneracy along
two axes; and biaxial crystals corresponds to fully nondegenerate ellipsoids.

In a uniaxial crystal, the direction associated with the single distinct diagonal
element of the permittivity matrix is called the optical axis. To describe a uniaxial
crystal, it is sufficient to define two refractive indices: ne, the refractive index along
the optical axis, and no, the refractive index perpendicular to the optical axis (which
is the same along any direction in a plane perpendicular to the optical axis). The
dielectric constant of such a medium can be written in the form

ε = ε0

n2
o 0 0

0 n2
o 0

0 0 n2
e

 . (8.41)

The uniaxial crystal is classified as positive uniaxial if no > ne; otherwise it is
known as negative uniaxial. The magnitude of birefringence of a uniaxial crystal
is governed by the difference between the two refractive indices associated with
ordinary and extraordinary waves [2].
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Figure 8.5 Rotation of the optical axis of a uniaxial crystal by an angle θ ,
transforming the right-handed coordinate system {x, y, z} into {x′, y′, z′}.

8.4.2 Ordinary and extraordinary waves

An interesting feature of a birefringent crystal is that, when an optical wave is
launched into the crystal along a direction making an angle θ with its optical axis,
the refractive index n(ω, θ) seen by this wave depends on both the frequency of the
wave ω and the angle θ . This property can be used to satisfy the phase-matching
condition associated with the three-wave mixing process. To calculate n(ω, θ) for
any angle θ , we need to consider the rotation of the principle coordinate system
{x, y, z}, into a rotated frame {x′, y′, z′} as shown schematically in Figure 8.5.

Note that the diagonal permittivity matrix in Eq. (8.41) is defined relative to a
coordinate system {x, y, z} in which the optical axis coincides with the z axis (see
Figure 8.5). Let us denote the unit vectors along the axes of this coordinate system
by {x̂, ŷ, ẑ}. When we rotate this coordinate system by an angle θ from the optical
axis, the unit vectors in the rotated coordinate system are related to the original
ones by [23]

x̂′ = x̂ sin(φ)− ŷ cos(φ), (8.42a)

ŷ′ = x̂ cos(θ) cos(φ)+ ŷ cos(θ) sin(φ)− ẑ sin(θ), (8.42b)

ẑ′ = x̂ sin(θ) cos(φ)+ ŷ sin(θ) sin(φ)+ ẑ cos(θ). (8.42c)

It is easy to see from Figure 8.5 that the axis x̂′ lies at the intersection of the xy

and x′y′ planes. The rotation matrix R that takes any vector V with components
(Vx, Vy, Vz) in the original coordinate system into its components (Vx′, Vy′, Vz′) in
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the rotated frame can be written asVx′
Vy′
Vz′

 = R

Vx

Vy

Vz

 ≡
 sin(φ) − cos(φ) 0

cos(θ) cos(φ) cos(θ) sin(φ) − sin(θ)
sin(θ) cos(φ) sin(θ) sin(φ) cos(θ)

Vx

Vy

Vz

 .

(8.43)
Using this rotation matrix, we can transform the permittivity matrix in Eq. (8.41)

into a frame rotated by θ relative to the optical axis. The transformed permittivity
matrix ε′ has the form

ε′ = Rε0

n2
o 0 0

0 n2
o 0

0 0 n2
e

R−1

= ε0

n2
o 0 0

0 n2
o cos2(θ)+ n2

e sin2(θ) (n2
o − n2

e) sin(θ) cos(θ)
0 (n2

o − n2
e) sin(θ) cos(θ) n2

o sin2(θ)+ n2
e cos2(θ)

 .

(8.44)

For a wave propagating along the +ẑ′ direction, its propagation constant k′ can
be written as k′ = kẑ′. Noting that D and B are orthogonal to this axis, we use the
relations k′ ×E = ωB and D = ε′ ·E from Maxwell’s equations to obtain 1

n2
o

0

0 cos2(θ)

n2
o
+ sin2(θ)

n2
e

[
Dx′
Dy′

]
= ε0

[
0 ω

k−ω
k

0

] [
Bx′
By′

]
. (8.45)

Similarly, using the relations k′ × H = −ωD and B = µ0H from Maxwell’s
equations, we obtain in the rotated frame[

Bx′
By′

]
= µ0

[
0 −ω

k
ω
k

0

] [
Dx′
Dy′

]
. (8.46)

Combining the two preceding equations, we obtain the matrix relation 1
n2
o
− ε0µ0

ω2

k2 0

0 cos2(θ)

n2
o
+ sin2(θ)

n2
e
− ε0µ0

ω2

k2

[
Dx′
Dy′

]
= 0, (8.47)

leading to the following two equations for the two components of D:[
1

n2
o

− ε0µ0
ω2

k2

]
Dx′ = 0, (8.48a)[

cos2(θ)

n2
o

+ sin2(θ)

n2
e

− ε0µ0
ω2

k2

]
Dy′ = 0. (8.48b)
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Table 8.1. Phase-matching schemes for uniaxial crystals

Scheme Crystal type Pump Signal Idler

Type I positive uniaxial (ne > no) ⊥ ‖ ‖
Type I negative uniaxial (ne < no) ‖ ⊥ ⊥
Type II positive uniaxial (ne > no) ⊥ ⊥ ‖
Type II negative uniaxial (ne < no) ‖ ‖ ⊥

It is clear from these equations that, when θ �= 0, it is not possible to have a
nonzero solution for both Dx′ and Dy′ because the bracketed terms cannot vanish
simultaneously. Hence, we are left with the following two possibilities:

• Dx′ �= 0 and Dy′ = 0: this case corresponds to a wave launched perpendicular
to the plane containing ẑ and ẑ′. These waves are called ordinary waves, and the
refractive index n⊥(ω, θ) is independent of their direction of propagation:

1

n2⊥(ω, θ)
= 1

n2
o(ω)

. (8.49)

• Dy′ �= 0 and Dx′ = 0: this case corresponds to a wave launched parallel to the
plane containing ẑ and ẑ′. These waves are called extraordinary waves, and the
refractive index n‖(ω, θ) depends on their direction of propagation:

1

n2‖(ω, θ)
= cos2(θ)

n2
o(ω)

+ sin2(θ)

n2
e(ω)

. (8.50)

8.4.3 Phase-matching condition

Suppose pump and signal waves are launched into a uniaxial crystal along the
directions making angles θp and θs from the optical axis, respectively. Then, the
idler wave is generated in a direction θi from the optical axis such that the phase-
matching condition is automatically satisfied. From Eq. (8.1), this happens when
the refractive indices satisfy the relation

ωpn(ωp, θp) = ωsn(ωs, θs)+ ωin(ωi, θi). (8.51)

This condition can be satisfied in four different ways, listed in Table 8.1 [24]. Type-I
phase matching refers to the situation in which the signal and idler waves have the
same state of polarization. In contrast, they are orthogonally polarized in the case
of type-II phase matching. The ‖ and⊥ planes in Table 8.1 are relative to the plane
containing the ẑ and ẑ′ axes in Figure 8.5.
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Consider, for example, a negative uniaxial crystal subjected to a type-I scheme
(see the second row of Table 8.1). In this case, the signal and idler waves propagate
as ordinary waves and do not see any change in the refractive index if their angle of
incidence changes because n⊥(ω, θ) is independent of the incident angle θ . Thus,
only the refractive index of the pump changes with incident angle. The phase-
matching condition Eq. (8.51) for this scenario can be written as

cos2(θp)

n2
o(ωp)

+ sin2(θp)

n2
e(ωp)

= ω2
p

[ωsno(ωs)+ (ωp − ωs)no(ωp − ωs)]2 , (8.52)

where we have used ωi = ωp − ωs as required for three-wave mixing. If a real
solution for θp exists for this equation, then it is possible to achieve type-I phase
matching in a negative uniaxial crystal by launching the pump in that direction.

The situation is somewhat more complicated for type-II phase matching in a
negative uniaxial crystal (see the fourth row of Table 8.1). Because the idler is an
ordinary wave, it does not see any change in refractive index relative to the incident
angle θi . However, the refractive indices for both the pump and the signal change
with their incident angles. Phase matching in this case requires that the following
two equations be satisfied simultaneously:

cos2(θp)

n2
o(ωp)

+ sin2(θp)

n2
e(ωp)

= ω2
p

[ωsns(ωs, θs)+ (ωp − ωs)no(ωp − ωs)]2 , (8.53a)

cos2(θs)

n2
o(ωs)

+ sin2(θs)

n2
e(ωs)

= 1

n2
s (ωs, θs)

. (8.53b)

If a real solution exists for both θp and θs , then it possible to achieve type-II phase
matching. It is possible to have situations where such such a solution does not
exist in a uniaxial crystal for any choice of input parameters. Once the phase-
matching condition is satisfied, it is easy to carry out an analysis of the parametric
amplification in uniaxial crystals in a way similar to the theory developed earlier
for optical fibers [2].

8.5 Phase matching in birefringent fibers

As mentioned earlier, birefringence vanishes for silica glass because of its isotropic
nature. However, when silica is used to make single-mode fibers, it is possible to
introduce birefringence intentionally. The reason is that a single-mode fiber is not
truly single-mode when the polarization of the light is taken into account. Rather,
such a fiber supports two degenerate modes that are polarized in two orthogonal
directions. Under ideal conditions (perfect cylindrical symmetry and a stress-free
fiber), these two modes have the same effective refractive index and they couple to
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one another. Real optical fibers do not have perfect cylindrical symmetry because
of random variations in the core shape along the fiber length, and exhibit weak
fluctuating birefringence that changes the state of polarization in a random fashion
as light propagates through the fiber. This phenomenon, referred to as polarization-
mode dispersion (PMD), has been studied extensively because of its importance
for long-haul lightwave systems [25, 26, 27].

8.5.1 Polarization-maintaining fibers

The effects of such random birefringence can be overcome by intentionally intro-
ducing a large birefringence during the manufacturing process, either by using
an elliptical core (geometrical birefringence) or by stressing a circular core in a
specific direction (stress-induced birefringence). Such fibers are sometimes called
polarization-maintaining fibers because they have two principal axes along which
the the state of linear polarization of the incident light is maintained. These axes
are called the slow and fast axes, based on the speed at which light polarized along
them travels within the fiber. If ns and nf are the effective mode indices along the
slow and fast axes of the fiber, respectively, ns > nf because the speed is inversely
proportional to the refractive index. Using these parameters, it is possible to define
the modal birefringence as a dimensionless parameter [28],

Bm = ns − nf . (8.54)

The important point to note is that ns and nf play the same roles as no and ne in
the case of birefringent crystals. This makes it possible to use a birefringent fiber
for parametric amplification, provided FWM is employed in place of three-wave
mixing.

When low-power, CW light is launched with its polarization direction oriented
at an angle with respect to the slow (or fast) axis, the polarization state of the CW
light changes along the fiber from linear to elliptic, elliptic to circular, and then back
to linear, in a periodic manner. The distance over which the two modes complete
one such cycle is known as the beat length, defined by [28]

LB = λ

Bm

, (8.55)

where λ is the wavelength of the light launched into the fiber. The beat length can
be as small as 1 cm in high-birefringence fibers with Bm = 10−4, but it may exceed
1 m in low-birefringence fibers [10].

Figure 8.6 shows how a large modal birefringence can be induced in a single-
mode fiber by surrounding its 3-µm-radius core by two stress-inducing elements.
The magnitude of the birefringence depends on both the shape and the size of these
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Figure 8.6 Variation of birefringence parameter Bm with thickness of the stress-
inducing element, for four different polarization-preserving fibers. Different
shapes of the stress-applying elements (shaded region) are shown in the inset.
(After Ref. [29]; © IEEE 1986)

elements. The most notable feature is that a value of Bm ∼ 10−4 can easily be
obtained in practice.

To make use of fiber birefringence for parametric amplification, we can follow
the FWM theory of Section 8.3, with the difference that the propagation constants
associated with the pump, signal, and idler waves have additional contributions
resulting from fiber birefringence, i.e.,

βm = β(ωm)+ (ωm/c)�nm, (m = p, s, i), (8.56)

where the first term results from fiber dispersion and the second term accounts for
fiber birefringence. Here �nm can be either �ns or �nf , depending on whether
the corresponding optical wave is polarized along the slow or the fast axis of the
fiber. The quantities �ns and �nf represent changes in the effective mode indices
resulting from birefringence for the optical fields polarized along the slow and fast
axes of the fiber, respectively. Their difference,

δn = �ns −�nf , (8.57)
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is related to the fiber birefringence parameter Bm.
As seen in Section 8.3, the parametric gain depends on the net phase mismatch

κ . As an example, if the pump is polarized along the slow axis, and the signal and
the idler are polarized along the fast axis, then the net gain given in Eq. (8.14) has
an additional term resulting from fiber birefringence, given by [10]

κ ≈ β2(ωp)1
2
s + 2γPp/3+ [�nf (ωs + ωi)− 2�nsωp]/c, (8.58)

where the nonlinear XPM term has 2/3 in place of 2 because the pump is polarized
orthogonally to both the signal and the idler [10]. Noting the energy conservation
condition, ωs + ωi = 2ωp, we can write κ in the form

κ ≈ β2(ωp)1
2
s + 2γPp/3− 2δnωp/c, (8.59)

where we have used the relation (8.57).
Since the birefringence term is negative, the FWM process can be phase-matched

even in the normal-dispersion region of a birefringent fiber. Assuming this to be
the case, the frequency shift 1s = ωs −ωp for which phase matching can occur is
found to be

1s =
√

2δnωp/(|β2|c), (8.60)

where we have neglected the nonlinear term because it does not affect the frequency
shift significantly.As an example, at a pump wavelength of 0.532 µm, the dispersion
parameter has a value of β2(ωp) ≈ 60 ps2 km−1. If we use δn = 1× 10−5 for the
fiber birefringence, the frequency shift 1s/2π is ∼10 THz. In a 1981 experiment
on FWM in birefringent fibers, the frequency shift was indeed in the range of 10
to 30 THz [30]. Furthermore, the measured values of 1s agreed well with those
estimated from Eq. (8.60).

The use of birefringence for phase matching in single-mode fibers has an added
advantage in that the frequency shift 1s can be tuned over a considerable range
(∼4 THz). Such a tuning is possible because birefringence can be changed by means
of external factors such as stress and temperature. In one experiment, the fiber was
pressed with a flat plate to apply the stress [31]. The frequency shift 1s could be
tuned through 4 THz for a stress of 0.3 kg cm−1. In a similar experiment, stress
was applied by wrapping the fiber around a cylindrical rod [32]. The frequency
shift 1s was tuned through 3 THz by changing the rod diameter. Tuning is also
possible by varying the temperature, as the built-in stress in birefringent fibers is
temperature-dependent. A tuning range of 2.4 THz was demonstrated by heating
the fiber up to 700◦C [33].

Equation (8.60) for the frequency shift is derived for a specific choice of field
polarizations in which the pump is polarized along the slow axis while the signal
and idler fields are polarized along the fast axis. Several other combinations can



8.5 Phase matching in birefringent fibers 233

Table 8.2. Phase-matched FWM processes in birefringent
fibersa

Process A1 A2 As Ai Frequency shift 1s Condition

I s f s f δn/(|β2|c) β2 > 0
II s f f s δn/(|β2|c) β2 < 0
III s s f f (4πδn/|β2|λp)

1/2 β2 > 0
IV f f s s (4πδn/|β2|λp)

1/2 β2 < 0

a The symbols s and f denote, respectively, the direction of polarization
along the slow and fast axes of a fiber with birefringence δn; λp is the
pump wavelength.

be used for phase matching, depending on whether β2 is positive or negative. The
corresponding frequency shifts 1s are obtained using κ = 0 and are given by an
expression similar to that in Eq. (8.60). Table 8.2 lists the four phase-matching
processes that can occur in birefringent fibers, together with the corresponding
frequency shifts [34]. The frequency shifts of the first two processes are smaller,
by more than one order of magnitude, then those of the other two processes. All
frequency shifts in Table 8.2 are approximate because the frequency dependence
of δn has been ignored; its inclusion can reduce them by about 10%. Several other
phase-matched processes have been identified [35] but are not generally observed
in a silica fiber because of its predominantly isotropic nature.

From a practical standpoint, the four processes shown in Table 8.2 can be divided
into two categories. The first two correspond to the case in which pump power is
divided between the slow and fast modes. In contrast, the pump field is polarized
along a principal axis of the fiber for the remaining two processes. In the first
category, the parametric gain is maximum when the pump power is divided equally,
by choosing θ = 45◦, where θ is the polarization angle measured from the slow axis.
Even then, different processes compete with one another because the parametric
gain is nearly the same for each of them. In one experiment, parametric interaction
occurring as a result of process I was observed by using 15 ps pump pulses from
a mode-locked dye laser operating at 585.3 nm [36]. Because of a relatively small
group-velocity mismatch among the four waves in this case, process I became
dominant compared with the others.

Figure 8.7 shows the spectrum observed at the output of a 20-m-long fiber for
an input peak power ∼1 kW and a pump-polarization angle θ = 44◦. The Stokes
and anti-Stokes bands located near ±4 THz are due to FWM phase-matched by
process I. As expected, the Stokes band is polarized along the slow axis, while
the anti-Stokes band is polarized along the fast axis. Asymmetric broadening of
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the pump and Stokes bands results from the combined effects of SPM and XPM.
Selective enhancement of the Stokes band is due to the Raman gain. The peak near
13 THz is also due to SRS. It is polarized along the slow axis because the pump
component along that axis is slightly more intense for θ = 44◦. An increase in θ

by 2◦ flips the polarization of the Raman peak along the fast axis. The small peak
near 10 THz results from a nondegenerate FWM process in which the pump and
the Stokes band created by it act as two distinct pump waves (ωp1 �= ωp2) and
the Raman band provides a weak signal for the parametric process to occur. Phase
matching can occur only if the Raman band is polarized along the slow axis. Indeed,
the peak near 10 THz disappeared when θ was increased beyond 45◦ to flip the
polarization of the Raman band.

The magnitude of signal gain Gs is not the same for each of the four FWM
processes listed in Table 8.2, and is reduced substantially from the case discussed
in Section 8.3 in which all waves are copolarized. The reason is that the strength of
the parametric interaction among the four waves depends on their relative states of
polarization. For example, when the pump is launched at 45◦ from the slow or fast
axis of the fiber, it excites two distinct orthogonal modes of the fiber. This situation
is similar to the dual-pump configuration discussed in Section 8.3.6, even though
the two pumps have the same frequency, and we must use the expression for Gs
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given in Eq. (8.40). However, if we take into account the fact that γ was reduced by
a factor of 3 when the three fields were not copolarized, Gs is reduced considerably.
Moreover, the effective value of the parametric gain g in Eq. (8.39) is given by

g =
√

4(γ 2/9)P1P2 − κ2/4. (8.61)

Clearly, the FWM process becomes much less efficient in a single-mode fiber when
its birefringence is employed for phase matching. A full vector theory of FWM
in optical fibers was developed in 2004 [37]. It shows that the use of circularly
polarized pumps is beneficial in some cases for improving the efficiency of the
underlying FWM process. We refer the reader to the discussion in Ref. [10] for
further details.
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9

Gain in optical metamaterials

The recent development of artificially structured optical materials—termed opti-
cal metamaterials—has led to a variety of interesting optical effects that cannot
be observed in naturally occurring materials. Indeed, the prefix “meta” means
“beyond” in the Greek language, and thus a metamaterial is a material with prop-
erties beyond those of naturally occurring materials. Examples of the novel optical
phenomena made possible by the advent of metamaterials include optical mag-
netism [1, 2], negative refractive index [3, 4], and hyperbolic dispersion [5, 6].
Metamaterials constitute a 21st-century area of engineering science that is not only
expanding fundamental knowledge about electromagnetic wave propagation but
is also providing new solutions to complex problems in a wide range of disci-
plines, from data networking to biological imaging. Although metamaterials have
attracted public attention, most people see them only in devices such as Harry
Potter’s cloak of invisibility, or machines like StarCraft’s Arbiter, with the abil-
ity to make things invisible. Indeed, the research on metamaterials indicates that
the invisibility cloak is a real possibility, and might find applications in advanced
defence technologies. However, it is worth mentioning other opportunities where
such advanced materials can find practical applications. A very important one is
the transformation of evanescent waves into propagating waves, enabling one to
view subwavelength-scale objects with an optical microscope, thereby surpassing
the diffraction limit [7–9]. Other applications include the achievement of optical
cloaking [10, 11], improved photovoltaics [12], and so-called nanolasers [13, 14].

In Section 9.1, we focus on various types of available metamaterial structures
and their classification. Spasers are seen as viable nano-amplifiers for metamaterial
structures. In Section 9.2, we consider two different ways of transforming a standard
spaser into an optical amplifier. The dynamic equations governing a spaser-based
amplifier are given in this section. In Section 9.3, we look at the amplification
of optical signal propagating in metamaterial structures using three-wave mixing.
One drawback of the three-wave mixing process is that we have to rely on an
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external pump medium to alter the magnitude of gain. To overcome this limitation,
we consider in Section 9.4 the four-wave mixing interaction in a metamaterial
medium containing active doping centers whose density sets the achievable gain
in the metamaterial. Section 9.5 is devoted to the important topic of backward
self-induced transparency as a way to reduce losses in metamaterial media.

9.1 Classification of metamaterials

Metamaterials, being designable man-made materials, present us with the extra-
ordinary ability to control the path of light within them. Owing to their potential
a high refractive index with a positive or negative sign, they can bend light in
various directions, or slow its speed, or completely reverse its propagation direction.
Obviously, this is the ultimate control of light, and can be applied to any photonic
device. The question is how such control is accomplished.

The answer is related to the composite nature of metamaterials on a nanoscale
that allows one to synthesize their optical responses. More specifically, metamate-
rials are made by embedding artificially fabricated inclusions (or inhomogeneities)
within the volume of a host material in the case of three-dimensional (3D) metama-
terials, or placed on the surface of a host material in the case of two-dimensional
(2D) metamaterials. The geometry of these inclusions, their material composition,
and the placement sites within the host medium contribute in various degrees to
their optical properties. Naturally occurring optical materials react mainly to the
electric field of an electromagnetic wave because of the relatively weak interaction
of the magnetic field with the material’s atoms. While traditional material research
employs novel chemical compositions to modify a material’s properties, metamate-
rials are obtained by the nanostructuring of existing materials, thus creating artificial
atoms (or meta-atoms) that interact with light. Therefore, optical metamaterials can
be engineered in such a way that both the electric and the magnetic fields interact
strongly with the structure of a metamaterial (or its meta-atoms), revealing many
properties not observed in the natural world [15].

Figure 9.1 shows schematically the general structure of a metamaterial, resulting
in the formation of meta-atoms through nanoscale inhomogeneities. Because dis-
tances between meta-atoms are on a subwavelength scale, such a structure responds
collectively to electromagnetic radiation. The new properties emerge as a result of
the interaction of an electromagnetic field with the internal structure of a metama-
terial. By configuring the placement of various elements, the optical properties of a
metamaterial can be manipulated. For instance, using metallic structural elements,
it is possible to create a metamaterial with a strong magnetic response at optical fre-
quencies, even though its individual components are nonmagnetic. The availability
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meta-atom

host medium

Figure 9.1 Schematic structure of a metamaterial showing the concept of meta-
atoms; distances among different elements are of subwavelength size.

of a large number of design parameters provides vast flexibility in controlling the
behavior of light propagating in a metamaterial.

Natural crystals have been classified based on their specific atomic configura-
tion (basis) placed in a Bravais lattice (matrix) [16]. Optical metamaterials are
the congregate of meta-atoms arranged in a few regular structures. The meta-
atom placement structure can be mapped to traditional crystal structures in most
cases [17]. Such a mapping provides considerable insight into the properties of
metamaterials because of our existing understanding of traditional crystal groups.
From this point of view, there is a strong analogy between naturally occurring
materials and metamaterials.

There are two fundamentally different ways to create new metameterials. One
is to change the structural arrangement of the meta-atoms, and the other is to alter
the properties of the meta-atoms. A meta-atom can be made of distinct elements
with appropriate electromagnetic properties. Individual meta-atoms can then be
arranged to form a lattice which preserves the electromagnetic properties of each
sublattice. Classification of metamaterials has already been done for 2D passive
metamaterials, using the concept of wallpaper groups [18]. Using this terminology,
Figure 9.2 shows the group classification for 2D metamaterial designs in the cases of
square and hexagonal unit cells [17]. It also shows all the possible groups resulting
from the combination of primitive cells up to n = 3. For example, by tiling the
entire surface with one of the three square metamaterials (under the n = 1 heading),
we obtain patterns that belong to the group pm, pmm, or p4m. The n = 2 column
shows groups with two different metamaterials in one unit cell, tiling the surface
with a checkerboard pattern. The n = 3 column gives groups that are combinations
of three primitive cells spanned by two tiling vectors oriented along−30◦ and 30◦.
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Figure 9.2 Group classification for two dimensional metamaterial designs. (After
Ref. [17]; © OSA 2008)

The bottom part of this figure shows groups that correspond to hexagonal primitive
cells.

So far, uncharacteristically high losses in optical metamaterials compared with
the naturally occurring optical materials have limited their operational bandwidth
and have severely constrained their use in much-anticipated applications in the
areas of sensing and imaging. Both losses and dispersion affect light propagation
in optical metamaterials, and are detrimental to promising applications relying on
information transfer over distances exceeding several wavelengths [10, 19, 20].
Clearly, effective methods to overcome these inherent limitations are needed.
Losses can be partially attributed to the resonant nature of meta-atoms. Recently
proposed methods to control these losses in optical metamaterials include the
compensation of losses through parametric amplification [21, 22], gain-assisted
dispersion management [23, 24], and electromagnetically induced transparency
[25,26]. These methods can be broadly classified into two groups. In the first group,
a gain material is embedded in the metal-dielectric composite making up the meta-
material. In the second group, a nonlinear process such as three- or four-wave
mixing is employed to achieve parametric gain.

Both schemes are limited in practice, for physical reasons. For example, funda-
mental laws of physics prohibit having an active metamaterial at all frequencies.
This is because any wave propagating through an optical metamaterial must have
a positive energy density throughout. However, the dispersive nature of metama-
terials suggests that metamaterials must have finite losses at some frequencies
to comply with fundamental causality constraints [27]. Therefore, metamaterials
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cannot be completely lossless, except perhaps at certain discrete frequencies or
bands [28]. However, one advantage of optical metamaterials over naturally occur-
ring optical materials is that their optical responses can be tailored to suit specific
applications. This kind of engineering demands a fundamental knowledge of how
the gain depends on the unit cell (or meta-atom) and how it affects the overall
response of a metamaterial [29].

9.2 Schemes for loss compensation in metamaterials

As discussed earlier, losses in metamaterials need to be overcome before these mate-
rials can be fully utilized. Many schemes have been proposed in recent years for
reducing or compensating for losses in metamaterial structures [14,30–40], ranging
from purely simulation-based proposals [35,39] to real experimental demonstra-
tions [14, 32]. It is instructive to consider some of these schemes briefly, because
they provide valuable insights into the way researchers have tried to compensate
for intrinsic losses in metamaterials.

9.2.1 Review of loss-compensation schemes

Fu et al. showed through numerical simulations that intrinsic losses could be
reduced in metamaterials made of binary metals and semiconductor quantum
dots [39]. However, it was not possible to show conclusively that such behav-
ior results from the stimulated emission of a plasmonic wave in the structure. They
have also considered several other structures, with very similar results [40].

Gordon et al. carried out extensive numerical simulations to study whether the use
of active, plasmonic-coated, spherical nanoparticles can compensate for intrinsic
losses in a metamaterial [35]. The nanoparticles comprised a central core, containing
a three-level gain medium, surrounded by a plasmonic metal shell. To investigate
the possibility of subwavelength resonant scattering, they used nanospheres around
20–30 nm in size, representative of substructures in a typical optical metamaterial.
Their results suggested the possibility of creating a subwavelength laser, known as
a spaser (see Section 3.2).

Noginov et al. observed experimentally the ability to compensate for losses in a
metal by using the optical gain in a dielectric medium consisting of silver particles in
a rhodamine 6G dye liquid [30]. Their experiment showed a six-fold enhancement
of Rayleigh scattering. Such an enhancement can only be achieved through a strong
resonance mode of surface plasmons in such a metamaterial.

Oulton et al. [32] achieved experimentally a nanometer-scale plasmonic laser
emitting light in the form of an optical beam whose spatial extent was 100 times
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smaller than the diffraction limit. They used a hybrid plasmonic waveguide consist-
ing of a semiconductor (cadmium sulphide) nanowire, capable of exhibiting high
gain when pumped electrically or optically, that was separated from a silver sur-
face by an insulating gap that was only 5 nm wide. Measurements of the emission
lifetime showed a broadband enhancement of the nanowire’s spontaneous emission
rate by up to six times, together with thresholdless lasing.

Noginov et al. generated a coherent plasmonic field using the stimulated emis-
sion of surface-plasmon polaritons on a nanoparticle of 44 nm diameter made up
of a gold core (diameter about 15 nm) surrounded by a dye-doped silica shell
[14]. In this experiment, it was possible to completely overcome the loss of local-
ized surface plasmons by introducing optical gain through a spaser operating at a
visible wavelength. The internal surface plasmons operated at such a wavelength
that out-coupling of surface-plasmon oscillations to photonic modes occurred at a
wavelength of 531 nm. Owing to the relatively small size of the gold particle, the
Q factor of the cavity was limited by its losses. Moreover, the 44 nm size was not
large enough to support a purely photonic mode in the visible wavelengths. Such
a nanoparticle can only be excited through resonant energy transfer from excited
molecules to surface-plasmon oscillations. This process initiates stimulated emis-
sion of surface plasmons in a luminous mode, as originally suggested by Bergman
and Stockman [41] in 2003. This work has demonstrated conclusively the ability
to create a spaser, fueling a large amount of research activity in this area.

In Section 3.2, we looked at the spaser as a device for compensating losses in
plasmonic waves. However, a spaser cannot be directly used as an amplifier because
it possess an inherent source of optical feedback. More specifically, surface-plasmon
modes in the spaser core exert periodic perturbations on the gain medium, causing
feedback which is responsible for saturating the optical gain [34]. Moreover, when
a spaser operates in the CW regime, the gain experienced by the surface plasmons
should compensate completely for the losses, i.e., the net amplification experienced
by a surface plasmon must be zero. Because of this feature, one might naively
conclude that a spaser cannot be operated as an amplifier capable of providing
net amplification to a surface plasmon interacting with it. However, as Stockman
showed recently [34], it is possible to design a spaser-based amplifier using two
different strategies:

Dynamic or transient approach makes use of the fact that, even though the spaser
has an inherent feedback mechanism that leads to zero net amplification in the
steady state, such equilibrium is not reached instantaneously (it needs about
250 fs [34]). Therefore, if the spaser is used in the femtosecond transient regime,
just after the population inversion has occurred but before the CW regime is
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established, it could amplify short optical pulses, making it an effective nanosize
amplifier of such pulses.

Bistability approach is based on operating the spaser as a bistable device by plac-
ing a saturable absorber within the gain medium. The saturable absorber prevents
lasing of the spaser. However, injection of surface plasmons above a certain
threshold level set by the saturable absorber and the cavity geometry initiate
lasing, thus switching on the device. Such a spaser with CW pumping behaves
as an ultrafast nanoscale amplifier if the initial operating point is not too close to
the spaser threshold. A dynamic analysis shows that it has the ability to amplify
and switch with a characteristic time scale of about 100 fs [34].

9.2.2 Modeling of spaser-based amplifiers

We consider a spaser made up of a metal (or semiconductor inclusions) with
permittivity εm(ω), embedded in a host medium with permittivity εh [41]. The
surface-plasmon eigenmodes ϕn(r) and corresponding eigenvalues sn can be
calculated by solving the eigenvalue equation [42]

∇[(r)∇ϕn(r) = sn∇2ϕn(r), (9.1a)

[(r) =
{

1 if r in the metal,

0 if r in the dielectric,
(9.1b)∫

V

|∇2ϕn(r)|2d3r = 1, (9.1c)

where V is the volume of the spaser medium. The eigenvalues sn must be real and
possess values between 0 and 1.

It is common to assume homogeneous boundary conditions such that both [(r)

and ϕn(r) are set to zero at the boundaries. The eigenvalues sn enable us to calculate
the frequency ωn of the nth surface-plasmon mode using the relation [41]

sn = εh

εh − εm(ωn − jγn)
, (9.2)

where γn is the corresponding relaxation rate.
The surface-plasmon eigenmodes provide us with a complete basis for expanding

various field variables associated with the spaser. A field quantity of interest is the
electric field. It can be easily represented using the surface-plasmon eigenmodes
ϕn(r) and the corresponding creation and annihilation operators, â

†
n and ân, and
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has the form [34]

E(r, t) = −
∑
n

√
4π�sn

εds′n
[ân(t)+ â

†
n(t)]∇ϕn(r), (9.3)

where

s′n = Re

[
d

dω

(
εh

εh − εm(ω)

)
ω=ωn

]
. (9.4)

Even though, in principle, it is possible to treat all quantities of interest
quantum-mechanically, it complicates the analysis and requires extensive numer-
ical computations. In practice, it is much more useful to adopt a semiclassical
approach, in which the active medium is treated quantum-mechanically but surface
plasmons are assumed to respond quasi-classically. This amounts to replacing the
operator ân with a c-number an whose time dependence has the form

an(t) = a0n exp(−jωt), (9.5)

where a0n is a slowly varying amplitude such that |a0n|2 gives the number of coher-
ent surface plasmons in the nth mode. Owing to its deterministic nature, such an
approach neglects quantum fluctuations of surface-plasmon modes. However, this
is not a significant source of error and can be corrected by introducing fluctuations
through appropriately chosen relaxation rates [34].

To treat the active medium quantum-mechanically, we adopt the following model.
If |1〉 and |2〉 represent the ground and excited states of the chromophore, respec-
tively, we assume that the transition |2〉 � |1〉 is in resonance with a specific
spasing eigenmode. To initiate gain in this two-level system through population
inversion, it is essential to include a third level. Similarly to the case of fiber ampli-
fiers discussed in Chapter 5, we assume that this third level is pumped optically or
electrically at a rate ℘, but that the pumped population decays rapidly to the state
|2〉.

Let ρ(p)(t) be the density matrix of the two-level system associated with the pth
chromophore. Using the theory given in Section 4.2, we can write its equation of
motion in the form

∂ρ(p)

∂t
= 1

j�
[H, ρ(p)], (9.6)

where H is the Hamiltonian of the spaser in the form [34]

H = Hg + �

∑
n

ωnâ
†
nân −

∑
p

E(rp)d
(p). (9.7)

Here, rp is the position of the pth chromophore, d(p) is its dipole moment, and Hg

is the Hamiltonian of the gain medium.
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To simplify the equation of motion of the density operator, we introduce the
standard rotating-wave approximation (see Section 4.3.4), which gives prominence
to the optical field and chromophores. Within this approximation, the off-diagonal
elements of the density matrix can be written in the form

ρ
(p)

12 (t) = ζ
(p)

12 (t) exp(jωt), ρ
(p)

21 (t) = ρ
(p)∗
12 (t), (9.8)

where ζ
(p)

12 (t) is the slowly varying amplitude of the nondiagonal element ρ(p)

12 (t)

of the density matrix. Following our derivations of density-matrix equations in
chapters 4 and 6, we can write the following two equations for the gain medium of
the spaser:

d

dt
ζ
(p)

12 (t) = −j (ω − ω12)ζ
(p)

12 (t)− '12ζ
(p)

12 (t)+ jn
(p)

21 (t)1
(p)

12 , (9.9a)

d

dt
n
(p)

21 (t) = −4Im
[
ζ
(p)

12 (t)1
(p)

21

]
− γ

(p)

2

[
1+ n

(p)

21 (t)
]+ ℘

[
1− n

(p)

21 (t)
]
, (9.9b)

where n
(p)

21 = ρ
(p)

22 − ρ
(p)

11 is the population inversion of the spasing transition and
'12 is the polarization relaxation rate.

The decay rate γ
(p)

2 represents spontaneous decay of the population from the
state |2〉 to the state |1〉 (responsible for spontaneous emission from excited atoms)
and is given by

γ
(p)

2 = 8πsn

γnεds′n

∣∣∣∇ϕn(rp)d
(p)

12

∣∣∣2 ('12 + γn)
2

(ω12 − ωn)2 + ('12 + γn)2
, (9.10)

where γn is the relaxation rate of the nth surface-plasmon mode of the spaser (see
Eq. (9.2)). The Rabi frequency 1

(p)

12 for the transitions in the pth chromophore (a
real quantity) can be written as

1
(p)

12 =
∣∣∣∣∣a0n

�

√
4π�sn

εds′n
∇ϕn(rp)d

(p)

12

∣∣∣∣∣ , (9.11)

where d
(p)

12 is the dipole moment corresponding to the transition between states |1〉
and |2〉.

The intricate dynamics of the gain medium will contribute to the surface-plasmon
field in the spaser medium through the stimulated emission process. As we have
replaced the annihilation operator with a c-number, a0n exp(−jωt), the correspond-
ing differential equation, derived using the Hamiltonian H in Eq. (9.7), is found
to be

da0n

dt
= j (ω − ωn)a0n − γna0n + j

∑
p

ζ
(p)∗
21 (t)1

(p)

12 . (9.12)
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This completes the derivation of the dynamic equations governing the operation of a
spaser. These equations cannot be solved analytically under transient conditions and
thus require numerical integration. The interested reader is referred to Ref. [34] for
a detailed numerical investigation of these equations under amplifying conditions.

9.3 Amplification through three-wave mixing

It is possible to utilize the nonlinear process of three-wave mixing to provide para-
metric amplification to compensate for losses in a metamaterial in negative-index
regions [43]. A plethora of resonant conditions are responsible for the unique
features of metamaterials. Therefore, if a metamaterial has regions in which the
refractive index is negative, it is most likely that the negative values are limited
to a certain narrow spectral region. In this section we discuss how parametric
amplification can be employed in practice.

9.3.1 Configuration and basic equations for three-wave mixing

In a three-wave mixing process, the interaction of the signal and pump waves at
the frequencies ω1 and ω3, respectively, generates an idler wave at the difference
frequency, ω2 = ω3 − ω1. We limit our analysis to metamaterials in which the
signal wave experiences a negative index of refraction (i.e., n(ω1) < 0) but both
the pump and idler waves experience a positive refractive index (i.e., n(ω2) > 0
and n(ω3) > 0). Here we have assumed that the function n(ω) gives the refractive
index of the metamaterial with the correct sign over the entire frequency range of
interest. Suppose the propagation vectors of the signal wave, idler wave, and pump
are given by k1, k2, and k3, respectively. If the three vectors point from left to right
as shown in Figure 9.3, the idler and pump have energy flows in the direction of their
wave vectors, but the signal energy flows from right to left because of n(ω1) < 0.

Parametric amplification occurs when the energy of a pump photon is used to
create a pair of photons simultaneously at the signal and idler frequencies.Although
not immediately obvious, it is better to solve Maxwell’s equations for the magnetic
fields associated with the three waves [43], as in the case of photonic crystals. We
introduce the slowly varying part of the magnetic field hm using

Hm(z, t) = 1
2{hm(z, t) exp[j (kmz− ωmt)] + c. c.}, (9.13)

where m = 1, 2, 3 for signal, idler, and pump, respectively. The coupled equations
governing the nonlinear interaction of the three waves in a χ(2) medium under the
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Figure 9.3 Schmematic diagram showing the directions of the propagation vectors
for the pump, signal, and idler waves and the corresponding energy-flow direc-
tions (related to the Poynting vector) in a metamaterial in which the signal wave
experiences a negative refractive index.

slowly-varying-envelope approximation can be written in the form [44]

−∂h1

∂z
+ 1

υ(ω1)

∂h1

∂t
= −1

2
α(ω1)h1 + j

ω2
1ε(ω1)

c2k1
χ(2)h3h

∗
2 exp (j�kz) , (9.14a)

∂h2

∂z
+ 1

υ(ω2)

∂h2

∂t
= −1

2
α(ω2)h2 + j

ω2
2ε(ω2)

c2k2
χ(2)h3h

∗
1 exp (j�kz) , (9.14b)

∂h3

∂z
+ 1

υ(ω3)

∂h3

∂t
= −1

2
α(ω3)h3 + j

ω2
3ε(ω3)

c2k3
χ(2)h1h2 exp (j�kz) , (9.14c)

where �k = k3−k2−k1 represents the phase mismatch, α(ω) is the loss coefficient
of the medium, µ(ω) is the permeability of the metamaterial, and υ(ω) is the speed
of the light in the medium, all at the frequency ω.

9.3.2 Solution with undepleted-pump approximation

In general, the preceding set of equations must be solved numerically. However, we
can solve them approximately if we make the so-called undepleted-pump approx-
imation, assuming that the pump does not loose a significant amount of power to
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the signal during the amplification process. Taking the pump field as approximately
constant within the metamaterial and assuming steady-state conditions, we obtain
the following reduced set of two coupled equations:

−dh1

dz
= −1

2
α(ω1)h1 + j

ω2
1ε(ω1)

c2k1
χ(2)h3h

∗
2 exp (j�kz) , (9.15a)

dh2

dz
= −1

2
α(ω2)h2 + j

ω2
2ε(ω2)

c2k2
χ(2)h3h

∗
1 exp (j�kz) . (9.15b)

To simplify these equations further, we introduce the normalized amplitudes a1

and a2 with the following definition [45]:

am(ωm) =
√

η(ωm)

ωm

hm (m = 1, 2), (9.16)

where η, evaluated at appropriate frequency, represents the wave impedance of the
corresponding medium. The quantities a2

1 and a2
2 are proportional to the number of

photons at their corresponding frequencies. Substituting the preceding definition
into Eq. (9.15), we obtain

−da1

dz
= −1

2
α(ω1)a1 + j

ω2
1ε(ω1)

c2k1
χ(2)h3

√
ω2η(ω1)

ω1η(ω2)
a∗2 exp (j�kz) , (9.17a)

da2

dz
= −1

2
α(ω2)a2 + j

ω2
2ε(ω2)

c2k2
χ(2)h3

√
ω1η(ω2)

ω2η(ω1)
a∗1 exp (j�kz) . (9.17b)

Noting that the ratio k2/k1 can can be written as

k2

k1
= ω2

ω1

√
ε(ω2)µ(ω2)

ε(ω1)µ(ω1)
, (9.18)

it is possible to introduce a factor g in Eqs. (9.15) using

g = χ(2)h3

c2

√
ω1ω2

η(ω1)η(ω2)

≡ ω2
1ε(ω1)

c2k1
χ(2)h3

√
ω2η(ω1)

ω1η(ω2)

≡ ω2
2ε(ω2)

c2k2
χ(2)h3

√
ω1η(ω2)

ω2η(ω1)
.

(9.19)

The parameter g can be identified as the local gain in this amplifier configuration.
However, care should be exercised in using this definition because the overall
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parametric gain depends on g in a more complicated fashion than it does with
conventional amplifiers. The use of g in Eqs. (9.17) leads to the following compact
form of the two coupled amplitude equations [45]:

da1

dz
= 1

2
α(ω1)a1 − jga∗2 exp (j�kz) , (9.20a)

da2

dz
= −1

2
α(ω2)a2 + jga∗1 exp (j�kz) . (9.20b)

Even though our derivation of the coupled amplitude equations was almost iden-
tical to a conventional analysis based on the electric field [44], these equations show
an asymmetry which is not present in materials with a purely positive refractive
index [43]. The signs of the nonlinear term differ because the signal and idler waves
propagate in a medium with permittivities of opposite signs. The loss terms also
have opposite signs because energy flows in opposite directions in a metamaterial.

Equations (9.20) can be solved by imposing appropriate boundary conditions.
Noting that energy flow for the signal occurs from right to left, the boundary condi-
tion for the signal must be set at the right-hand end, z = L, where L is the thickness
of the metamaterial slab. Using the boundary conditions a1(z = L) = a1L and
a2(z = 0) = a20, we obtain the following analytic solution [45]:

a1(z) = F1 exp [(β1 + j�k/2)z]+ F2 exp [(β2 + j�k/2)z] , (9.21a)

a2(z) = κ1F1 exp [(β1 − j�k/2)z]+ κ2F2 exp [(β2 − j�k/2)z] , (9.21b)

where we have introduced the following new quantities:

q = [α(ω1)+ α(ω2)]/4− j�k/2, (9.22a)

κ1,2 = ±
√

1− q2/g2 + jq/g, (9.22b)

β1,2 = [α(ω1)− α(ω2)]/4± j

√
g2 − q2, (9.22c)

F1 = a1Lκ2 − a∗20 exp[(β2 + j�k/2)L]
κ2 exp[(β1 + j�k/2)L] − κ1 exp[(β2 + j�k/2)L] , (9.22d)

F2 = − a1Lκ1 − a∗20 exp[(β2 + j�k/2)L]
κ2 exp[(β1 + j�k/2)L] − κ1 exp[(β2 + j�k/2)L] . (9.22e)

From the preceding solution, it is possible to estimate the parametric gain seen
by the signal wave owing to energy transfer from the pump. Noting that no idler
wave exists at the input end (a20 = 0), the parametric gain seen by the signal wave
can be written as [45]:

G =
∣∣∣∣ a10

a1L

∣∣∣∣2 = ∣∣∣∣ exp[−q∗L+ α(ω2)L/2]
cos(RL)+ q sin(RL)/R

∣∣∣∣2 , (9.23)
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Figure 9.4 Gain G seen by the signal wave for several values of �k and gL
assuming α1L = 1 and α2L = 0.5. (After Ref. [46]; © OSA 2007)

where R = √
g2 − q2. Owing to the presence of this distributed parametric gain,

efficient loss compensation in the negative-index region is possible in metamaterials
when R > 0. Figure 9.4 shows the strong dependence of the amplification factor
G on phase matching for both large (gL = 14.17) and small (gL = 1.82) pump
powers.

9.4 Resonant four-wave mixing using dopants

In Section 9.3, χ(2) nonlinearity was exploited for loss compensation in a metama-
terial through three-wave mixing. One drawback of the three-wave mixing process
is that we have to rely on an external pump medium to alter the magnitude of the
gain. A simple way to overcome this deficiency is to dope the metamaterial with
suitable atoms and use a resonant four-wave mixing (FWM) process for signal
amplification by transferring power from a pump beam [46]. As before, we assume
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Figure 9.5 Schematic of the four energy levels involved in the resonant four-wave
mixing process.

that the signal propagates in the negative-index region of a metamaterial, whereas
all other waves, including the pump, see a positive refractive index.

9.4.1 Density-matrix equations for the dopants

Suppose the signal and idler waves have frequencies ω1 and ω2, respectively. The
signal receives a gain due to FWM which is initiated by two pumps at frequencies
ω3 and ω4. Because of the resonant nature of this process, one has to employ a 4×4
density matrix whose diagonal elements represent population densities and whose
off-diagonal elements correspond to atomic transitions among the four levels. The
corresponding density-matrix equations can be written in the following form [47]:

dρnn

dt
+ 'nnρnn = qn − j [V, ρ]nn + γmnρmm, (9.24a)

dρlm

dt
+ 'lmρlm = −j [V, ρ]lm + γmnρmm, (9.24b)
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Figure 9.6 Illustration of the propagation vectors of signal wave, idler wave
and two pump waves, together with the associated energy flow directions, in a
metamaterial when only the signal wave experiences a negative refractive index.

Vlm = −E1 · d lm

�
exp [j (ω1t − ωmlt − kz)] , (9.24c)

where γmn is the rate of relaxation from level m to n, the population relaxation
rates 'n satisfy the relation 'n =∑

j γnj , qn =∑
j wnj rj is the rate of incoherent

excitation to the energy state n, and 'mn is the homogeneous linewidth associated
with the transition m→ n. In the absence of atomic collisions, 'mn = ('m+'n)/2.
The equations for other elements of the density matrix can be written in the same
way.

Figure 9.6 shows the directions of wave propagation and energy flow within
the metamaterial for the four waves involved in the FWM process. We assume
that the wave vectors kj at frequencies ωj (with j = 1 to 4) point in the same
direction and satisfy the phase-matching condition required for FWM to occur.
The interaction of the signal with the two pump fields generates an idler wave at
a frequency ω2 = ω3 + ω4 − ω1 to in order satisfy energy conservation. Owing
to the negative refractive index at the signal frequency, the signal energy flows in
a direction opposite to that of the other three waves. Similarly to the three-wave
mixing case discussed in Section 9.2, the signal wave must enter the medium at
z = L and leave it at z = 0.

9.4.2 Iterative solution for the induced polarization

The analysis of FWM requires a solution of Maxwell’s equations in which the
induced polarization and the associated third-order susceptibility can be calculated
using the density-matrix equations given earlier. The induced polarization P(t)
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along a given direction direction r can be written as [48]

Pr = ε0

∑
s

χ(1)
rs Es + ε0

∑
st

χ
(2)
rst EsEt + ε0

∑
stu

χ
(3)
rstuEsEtEu + · · · , (9.25)

where χ(1), χ(2), and χ(3) are the first-, second-, and third-order susceptibili-
ties, respectively, with subscripts representing the various directions in a Cartesian
coordinate system.

In the quantum-mechanical description of nonlinear susceptibilities, different
nonlinearities originate as perturbative solutions of different orders during an iter-
ative solution of the density-matrix equations. We assume that the density-matrix
element ραβ with α, β ∈ {l, m, n, g} (see Fig. 9.5 for energy levels) can be written

as an iterative sequence ρ
(i)
αβ , where the index i refers to the iteration order. Using

Eq. (9.24), the ith-order solution is used to calculate the (i + 1)-order terms as
follows:

dρ
(i+1)
nn

dt
+ 'nnρ

(i)
nn = qn − j

[
V, ρ(i)

]
nn
+ γmnρ

(i)
mm, (9.26a)

dρ
(i+1)
lm

dt
+ 'lmρ

(i)
lm = −j

[
V, ρ(i)

]
lm
+ γmnρ

(i)
mm, (9.26b)

Vlm = −E1 · d lm

�
exp (j [ω1t − ωmlt − kz]) . (9.26c)

These iterative solutions are then used to construct the original density matrix ρ(t)

using the relation
ρ(t) =

∑
i

ρ(i)(t). (9.27)

The macroscopic polarization P(t) induced by the presence of optical fields in
a medium with dopant density N can be written as [44]

P(t) = Tr(Ndρ) = N
∑
α

∑
β

dαβρβα. (9.28)

Introducing the ith-order polarization term as

P(i)(t) = Tr(Ndρ(i)), (9.29)

it is possible to construct the polarization terms iteratively to any desired order.
These expressions are then used to extract the corresponding susceptibility values,
as discussed in Refs. [44] and [49].

Analysis of FWM is quite complicated in the most general case in which multiple
fields interact with a multi-level atom, but can be simplified considerably if we
assume that the two pump fields remain undepleted in spite of energy transfer from
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them to the signal and idler waves. This is a reasonably good approximation if
the pump powers are initially much higher than the signal power, even when the
signal sees a very high net gain. This is because the amount of energy the signal
receives from the pump is quite low when a low-power signal enters the amplifier.
In other words, a larger signal gain does not translate into a signal power which
is comparable to the pump power level inside the amplifier. This approximation is
known as the undepleted-pump approximation.

9.4.3 Coupled signal and idler equations

In the three-wave case, we used the magnetic field components of the optical waves.
However, in the FWM case, it is more convenient to deal with the corresponding
electric fields Em associated with the four waves (m = 1 to 4). Using a procedure
similar to that employed in Section 9.2, we obtain the following two equations for
the signal and idler waves [47]:

dE1

dz
= −j

ω2
1ε(ω1)

c2k1
χ(3)(ω1)E3E4E

∗
2 exp (j�kz)+ 1

2
α(ω1)E1, (9.30a)

dE2

dz
= +j

ω2
2ε(ω2)

c2k2
χ(3)(ω2)E3E4E

∗
1 exp (j�kz)− 1

2
α(ω2)E2, (9.30b)

where �k = k3 + k4 − k1 − k2 is the phase mismatch, α(ω) is the loss coefficient
of the medium, µ(ω) is the permeability of the metamaterial, and χ(3)(ω) is its
third-order nonlinear susceptibility.

The following example taken from Ref. [46] shows the effectiveness of this
scheme. It uses the following vales for the relaxation rates of the four levels involved
in the FWM process: 'n = 20 × 106 s−1, 'g = 'm = 120 × 106 s−1, γgl =
7 × 106 s−1, γgn = 4 × 106 s−1, γml = 10 × 106 s−1, 'lg = 1 × 1012 s−1,
'lm = 1.9 × 1012 s−1, 'ng = 1.5 × 1012 s−1, 'nm = 1.8 × 1012 s−1, 'gm =
0.05 × 1012 s−1, and 'ln = 0.01 × 1012 s−1. The signal wavelength is 480 nm,
and wavelength of the idler corresponds to 756 nm. The pump powers are chosen
such that the Rabi frequencies 13 and 14 are equal to one another, with the value
50 GHz. The pumps are detuned from exact resonance such that ω3−ωmn = 2.5'lg

and ω4 − ωgl = 2.5'lg .
Figure 9.7 shows the absorption, reflection, and the nonlinear response of signal

and idler as a function of a normalized detuning, defined as y4 = (ω1−ωml)/'ml .
The quantities γ2 and γ4 represent effective nonlinear parameters. Notice the sharp,
narrow resonances at y > 0 that affect the transmission of the signal through
the metamaterial. As an example, Figure 9.8(a) shows the narrow transmission
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(After Ref. [46]; © OSA 2007)

resonance occurring for y = 2.5266 or L/Lra = 36.52, where Lra is the absorp-
tion length, defined as Lra = 1/α40. At the peak of the resonance taking place
when α40L = 37.02, T > 1 because of the amplification provided by FWM.
The corresponding intensity distribution of the signal with in the slab is shown
in Figure 9.8(b). It clearly shows that the intensity of the signal within the slab
significantly exceeds its output value at z = 0. We have used the definition
η2(z) = |E2(z)/E1(L)|2 to denote the idler efficiency.

9.5 Backward self-induced transparency

In some cases, energy losses resulting from absorption can be overcome using
features of the medium. For example, if a pulse of coherent light propagates through
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a two-level medium, the energy absorbed from the first half of the pulse can be
returned to the the pulse during its second half. This can occur only if the wavelength
of the pulse is at or near a resonance peak of an effective two-level medium and
the pulse is very short in duration compared to the material’s lifetime (the time
scale over which its properties can change). This striking phenomena, known as
self-induced transparency (SIT), was first predicted in 1967 [50] and has been
studied extensively since then [51]. SITcan be applied to metamaterials to overcome
moderate absorption and strong dispersion when the signal sees a negative refractive
index. Since the signal propagates backward in such a medium, this effect is called
backward SIT [52].

9.5.1 Mathematical approach

To describe backward SIT mathematically, we assume that the metamaterial is
homogenously doped with two-level centers whose concentration is low enough
that the doping has negligible effect on the metamaterials properties (such as absorp-
tion and dispersion). We also assume that the frequency dependence of the electric
permittivity ε(ω) and magnetic permeability µ(ω) of the metamaterial can be
described using a lossy Drude–Lorentz model, so that [52]

ε(ω) = ε0

[
1− ω2

pe

ω(ω + j'e)

]
, (9.31a)

µ(ω) = µ0

[
1− ω2

pm − ω2
0m

ω(ω + j'm)− ω2
0m

]
, (9.31b)

where ωpe is the electric plasma frequency, ωpm is the magnetic plasma resonance
frequency, 'e is the electric loss rate, 'm is the magnetic loss rate, and ω0m is the
magnetic resonance frequency. Figure 9.9 shows the real and imaginary parts of
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ity ε (solid lines) and permeability µ (crosses) for a metamaterial whose dielectric
response follows the Drude–Lorentz model.

the permittivity ε(ω) and the permeability µ(ω) using ωpm = 1.27 fs−1, ω0m =
0.1 fs−1, and 'e = 0.03 fs−1, 'm = 0.03 fs−1. Negative values for the real parts
of both these quantities confirm that such a metamaterial has a negative refractive
index over a wide frequency range.

Consider a plane-wave pulse propagating along the z axis within such a
doped metamaterial and described using the four electromagnetic field variables
Ex,Dx,Hy , and By . The pairs (Dx,Hy) and (Ex, By) are related to one another
through Maxwell’s equations as follows:

∂Dx

∂t
= −∂Hy

∂z
, (9.32a)

∂By

∂t
= −∂Ex

∂z
. (9.32b)

At the same time, the pairs (Ex,Dx) and (Hy, By) are related to one another through
the constitutive relations,

∂Dx

∂t
= ε0

∂Ex

∂t
+ ω2

pe

∂Kx

∂t
, (9.33a)

∂By

∂t
= µ0

∂Hy

∂t
+

(
ω2

pm − ω2
0m

) ∂My

∂t
, (9.33b)

where Kx and My are the electric and magnetic material polarizations induced in
the medium.
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Kx and My can be obtained using the following two equations derived from the
permittivity and permeability values given in (9.31):

∂2K

∂t2
+ 'e

∂K

∂t
= 1e, (9.34a)

∂2M

∂t2
+ 'm

∂M

∂t
+ ω2

0mM = 1m, (9.34b)

where K = dKx/� is the electrification and M = √ε0/µ0dMy/� is the magneti-
zation of the medium,1 1e = dEx/� is the Rabi frequency of the electric field Ex ,
1m = √ε0/µ0dHy/� is the Rabi frequency of the magnetic field Hy , and d is the
resonant dipole moment.

9.5.2 Bloch equations and Rabi frequencies

Combining Eqs. (9.32) and (9.33), one can obtain the following two equations for
the two Rabi frequencies:

∂1e

∂t
+ 2β

∂Re(ρ12)

∂t
+ ω2

pe

∂K

∂t
= −∂1m

∂z
, (9.35a)

∂1m

∂t
+ (ω2

pm − ω2
0m)

∂M

∂t
= −∂1e

∂z
, (9.35b)

where ρ12 is the off-diagonal element of the density matrix governing the dynamics
of our two-level system. It is obtained by solving the usual Bloch equations [51]:

∂W

∂t
= −(W + 1)

T1
− 2j1e

(
ρ∗12 − ρ12

)
, (9.36a)

∂ρ12

∂t
= jωaρ12 − ρ12

T2
+ j1eW, (9.36b)

where W = ρ22 − ρ11 represents the degree of population inversion, ωa is the
atomic resonance frequency, and T1 and T2 are the population and polarization
relaxation times, respectively.

The nonlinear polarization Px of the two-level system can now be calculated
using the relation Px = 2NdRe(ρ12). From Eq. (9.36b), we can obtain Re(ρ12) to
calculate Px :

∂2Re(ρ12)

∂t2
+ 2

ωa

T2

∂Re(ρ12)

∂t
+ ω2

a = −ωa1eW. (9.37)

1 c = 1 was used in these definitions to reduce the complexity of the equations.
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Figure 9.10 Real parts of the permittivity ε (solid line) and permeability µ (dashed
line) as a function of frequency for a doped metamaterial. The electric susceptibility
χa(ω) is shown by a dashed-dotted, line for W = ±1. (After Ref. [52]; © APS
2009)

This equation can be solved in the frequency domain to get the susceptibility χa(ω)

of the two-level system in the form

χa(ω) = 2ε0ωaβW

ω2 − ω2
a + 2jω/T2

, (9.38)

where β = Nd2/ε0� is the coupling constant representing interaction of the
metamaterial with the dopant atoms, and N is the dopant density.

As an example, Figure 9.10 shows the real part of the electric susceptibility χa(ω)

when ωa = 1.05 fs−1, T2 = 5 ps, d = 1×10−29 cm, and N = 1×1020cm−3. The
real parts of the permittivity and the permeability are also shown for comparison
in this figure. The top two curves shown the variation of χa for W = ±1.

It is possible to find an analytical solution to the preceding equations by making
the transformation τ = t−z/vg , where vg is the group velocity of light propagating
in the doped metamaterial, given by

vg ≡ ∂ω

∂k
= −

[
1

c

∂

∂ω

√[ε(ω)+ χa(ω)]µ(ω)

]−1

. (9.39)

In this equation, the negative branch of the square root was chosen because the
medium has a negative refractive index. Owing to the very low density of doping,
we assume that the condition |χa(ω)| � |ε(ω)| is always satisfied.

In terms of the new variable τ , Eqs. (9.35) and (9.36) take the following form:

∂1e

∂τ
+ 2β

∂Re(ρ12)

∂τ
+ ω2

pe

∂K

∂τ
= 1

vg

∂1m

∂τ
, (9.40a)
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∂1m

∂τ
+ (ω2

pm − ω2
0m)

∂M

∂τ
= 1

vg

∂1e

∂τ
, (9.40b)

∂2M

∂τ 2
+ 'm

∂M

∂τ
+ ω2

0mM = 1m, (9.40c)

∂2K

∂τ 2
+ 'e

∂K

∂τ
= 1e, (9.40d)

∂W

∂τ
= −(W + 1)

T1
− 2j1e

(
ρ∗12 − ρ12,

)
(9.40e)

∂ρ12

∂τ
= jω0ρ12 + j1eW, (9.40f )

where ω0 = ωa − 1/T2.

9.5.3 Solution in the form of a solitary wave

Using our understanding of SIT in a uniform medium, we seek a solution of Eqs.
(9.40) in the following form [52]:

1e = A0 [1−[(τ)] sech(ατ), (9.41a)

1m = 1evg, (9.41b)

K = K0 sech(ατ), (9.41c)

M = M0 sech(ατ), (9.41d)

Re(ρ12) = C0 sech(ατ), (9.41e)

W = −1− A2
0ω

2
pe

βω0α2
sech2(ατ), (9.41f )

where A0 is the amplitude of the solitary wave, α is related inversely to its width,
and [ is a real perturbation parameter that quantifies deviations from the standard
SIT solution.

These parameters can be calculated by substituting the assumed solution into
Eqs. (9.40), resulting in the following relations:

2βC0 + ω2
peK0 = 0, (9.42a)

ω0C0 + α2 C0

A0
− 1 = 0, (9.42b)(

ω2
pm − ω2

0m

)
M0 + A0

(
vg − 1

vg

)
= 0, (9.42c)

±'eK0α + A0([− 1)+K0α
2 = 0, (9.42d)
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±'mM0α + A0vg([− 1)+M0α
2 + ω2

0mM0 = 0. (9.42e)

The preceding equations can be solved under the assumptions that ensure [� 1:

'e ≈ A0[

K0α
� α, 'm ≈ A0vg[

M0α
� α. (9.43)

They provide the following simple analytical solution:

C0 = −
ω2

pe

2β
K0, K0 = A0

α2
, (9.44a)

α =
√

ω0(ω0C0 − A0)

C0
, (9.44b)

M0 =
(1− v2

g)

vg(ω2
pm − ω2

0m)
A0 = vg

α2 + ω2
0m

A0. (9.44c)

We know that, for SIT to occur, the area, defined as θe =
∫∞
−∞1e(τ) dτ , must

be an integer multiple of 2π [50]. Keeping the perturbation terms up to first order
in [, we obtain the relation,

θ = A0

∫ ∞

−∞
sech(ατ) dτ = A0

α
π. (9.45)

Thus, the condition |A0| = 2α must be satisfied for a SIT soliton to exist. To
judge the accuracy of these results, one must perform numerical simulations. Figure
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9.11(a) shows the evolution of a femtoseond pulse in a metamaterial medium with
a negative refractive index (n = −1+ j0.067) using the input field in the form

1e(z = 0, t) = 10 cos(ω0t) sech(t/T0), (9.46)

with 10 = 0.2 fs−1, ω0 = 0.9 fs−1 (λ0 = 2.1 µm), T0 = 10 fs and [ = 10−4. A
Rabi frequency of10 = 0.2 fs−1 corresponds to an electric field of 1.1×1010 V m−1

or an intensity of 32 TW cm−2. The pulse was assumed to have an area of 2π ,
enabling SIT propagation. As expected, the pulse does not change much, even after
traveling a distance of 50 µm. Figure 9.11(b) compares the electric field after 50 µm
with that of the input pulse. Except for minor changes in the trailing parts of the
pulse, the electric field remains nearly unchanged in the metamaterial.
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Bernoulli equation, 193
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Boltzmann distribution, 119, 175
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calculus of variations, 196
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temperature, 165, 171
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active, 240
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doped, 257
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magnetic response of, 238

method of multiple scales, 153, 159
Mie scattering, 173
mode, 38
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surface, 70
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TEM, 31
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molecular-beam epitaxy, 147
momentum conservation, 144, 182, 211
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nonlinear length, 187, 218
nonlinear parameter, 185, 221
nonlinear Schrödinger equation, see NLS equation

optical axis, 225
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optical cloaking, 237
optical pumping, 145
optoelectronic integrated circuits, 188
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p-wave, 35
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parametric amplifier
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fiber-optic, 212–224
single-pump, 221
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parity operator, 94, 95
perfectly matched layer (PML), 48–53

analytic continuation, 49
complex-frequency-shifted, 50
coordinate stretching, 49
generalized theory-based, 49
unsplit, 49

permeability, 32, 247, 254, 256
anisotropic, 49
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matrix, 227
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phosphorescence, 173
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photonic integrated circuits, 143, 188
Planck constant, 1, 92
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pulsed, 24
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polarization
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linear, 30
macroscopic, 168, 253
nonlinear, 258
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state of, 29, 30
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polarization sensitivity, 221
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polarization-mode dispersion, 230
population inversion, 97, 145, 176, 189, 210, 244,
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primitive cell, 240
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principle of charge conservation, 4
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projection operator, 91
pulse
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spectrum of, 158
square, 25
transform-limited, 158
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pump-probe configuration, 170

quantum dot, 71, 241
quantum fluctuations, 244
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Rabi frequency, 96, 99, 105, 245, 258, 262
Raman amplification, 177, 185
Raman effect, 174, 177, 189
Raman gain efficiency, 181
Raman gain spectrum, 177, 190
Raman response function, 180, 198
Raman response time, 189
Raman scattering, 173

coherent anti-Stokes, 177
coherent Stokes, 177
spontaneous, 174, 176, 189
stimulated, 175, 189

Raman shift, 175, 185
Raman-induced spectral shift, 139
rare-earth elements, 113
rate equation, 148, 151, 167, 168, 191

carrier-density, 148
three-level, 120

Rayleigh dissipation function, 197, 199
Rayleigh scattering, 173
recombination

Auger, 148
electron–hole, 154
nonradiative, 145, 147, 148, 154, 189, 191
radiative, 147, 189, 191
spontaneous, 148

refractive index, 14, 210, 212, 238, 246
concept of, 15
definition of, 15
negative, 252, 257, 259

relative permittivity, 10, 126
relativity theory, 56
relaxation time, 10, 164
right-handed medium, 16

sufficient conditions for, 17
rotating-wave approximation, 99, 107, 124, 245
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s-wave, 33
saturable absorber, 243
saturation

energy, 124, 157, 160, 162
intensity, 117
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scalar product, 89
scattering

carrier–carrier, 164

carrier–phonon, 164
elastic, 173
electron–electron, 151
electron–phonon, 151
inelastic, 174
Mie, 173
normal, 173
Raman, 173
Rayleigh, 173, 241
resonance, 173
stimulated Raman, 125
subwavelength resonant, 241

Schrödinger equation, 92, 93
self-induced transparency (SIT), 107, 256
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196, 213
self-similar pulse, 135
self-similar solution, 137
self-similarity, 135
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Shannon sampling theorem, 41
silicon Raman amplifier, 188–202
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slowly-varying-envelope approximation, 42, 104,
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soliton
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dissipative, 131
fundamental, 132
standard, 132

soliton units, 128
spaser, 71, 242, 243
spatial dispersion, 14
spectral hole burning, 164
spin–orbit coupling, 114, 166
split-step Fourier method, 129, 137, 140
SPM-induced spectral broadening, 131
spontaneous emission, see emission
spontaneous parametric down-conversion,

209, 210
spurious reflections, 48
staggered grid, 43, 109
Stark effect, 119
state

excited, 210
final, 210
ground, 210
initial, 210
virtual, 176, 209, 210

stimulated emission, see emission
Stokes band, 175, 233
Stokes theorem, 3
subluminal speed, 84
subwavelength scale, 237, 238
superluminal propagation, 77, 84
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definition of, 9
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thermal diffusion, 191
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third-order dispersion, 139, 219
third-order nonlinear response, 179
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degenerate, 210
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TM mode, 69
total field/scattered field (TF/SF) formulation, 45
total internal reflection, 65
transfer function, 38, 58
transition cross-section, 117
traveling-wave amplifier, 152
triangle inequality, 90
two-level system, 101, 117, 148, 151, 244, 256, 258

effective, 93
inhomogeneously broadened, 164
inverted, 109

undepleted-pump approximation, 195, 215, 247, 254

uniaxial crystal, 225, 229
unit cell, 239

vapor-phase epitaxy, 147
variational technique, 196, 197
vector space, 89
vibrational mode, 177
vibrational state, 174, 176
virtual state, see state

walk-off effect, 188
walk-off length, 187
wallpaper groups, 239
wave

evanescent, 237
extraordinary, 225, 228
impedance, 31
incident, 45
ordinary, 225, 228
plasmonic, 241
scattered, 45

waveguide
dielectric, 66
loss, 159
modes of, 31
nano-, 79
plasmonic, 242
silicon, 189

wavelength converter, 189
wavelength-division multiplexing (WDM), 177

WDM system, 218

Yee cell, 109
ytterbium-doped fiber amplifier, 138

Z-transform technique, 51
Zassenhaus product, 129
zero-dispersion wavelength, 128, 139, 218, 219, 221,

223, 224
zero-frequency sum rule, 54
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